THE DISTRIBUTION OF NODES OF GIVEN DEGREE IN RANDOM
TREES

MICHAEL DRMOTA AND BERNHARD GITTENBERGER

ABSTRACT. Let 7, denote the set of unrooted unlabeled trees of size n and let k > 1 be given.

By assuming that every tree of 7, is equally likely it is shown that the limiting distribution of

the number of nodes of degree k is normal with mean value ~ pgn and variance ~ azn with

positive constants py and oy. Besides, the asymptotic behavior of ug and o for k — oo as
well as the corresponding multivariate distributions are derived. Furthermore, similar results
can be proved for plane trees, for labeled trees, and for forests.

1. INTRODUCTION

Let 7,, denote the set of unlabeled unrooted trees of size n and Tn(r) the set of unlabeled
rooted trees. The corresponding cardinalities will be denoted by ¢,, = |7,,| and ) = |’2}(T)|. In
1937 Pélya [7] already discussed the generating function

1) = Y 1
n>1
and showed that the radius of convergence p satisfies 0 < p < 1 and that x = p is the only
singularity on the circle of convergence |z| = p. Later Otter [6] showed that ¢(")(p) = 1 and
used the asymptotic expansion
0 (z) =1 —blp—2)'* +clp —a) +d(p—2)** + - (1.1)
to deduce that b
)~ 2£n73/2p7”.
VT
(Note that ¢ = b?/3 ~ 2.3961466.) He also calculated p ~ 0.3383219 and b ~ 2.6811266.

However, his main contribution was to show that
: 1, 1.,
t(z) = Ztnm" =tM(z) — §t(r)(m)2 + 575(7)(332).
n>1
Hence ¢(x) has a similar expansion, namely
1+t(r) 2 b2 — t(r) 142
(z) = () 02 = p(t)(P)
2 2
and it follows that

(p—z)+be(p—z)3?+-.- |

b3p3/2
——n
4w
In 1975 Robinson and Schwenk [8] showed by an extension of Pdlya’s and Otter’s method that
the mean value of the number of those nodes of degree k is approximately pin. The asymptotic
behavior of py is given by

—-5/2 —n

by ~

p

K ~ Cpk
where C' =~ 6.380045 see [10]. However, the distribution has not been determined.
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The main purpose of this paper is to determine the limiting distribution of the number of
nodes of degree k. Furthermore we will determine the joint limiting distribution of the number
of nodes of different (given) degrees. By using the same methods similar results will be obtained
for plane trees, for labeled trees, and for forests.

2. COMBINATORIAL BACKGROUND AND RESULTS

1. Unlabeled, Nonplane Trees. In addition to 7,, and ﬁl(r) we will also make use of the
set ’Tn(p ) of planted unlabeled trees, i.e. the root of any unlabeled rooted tree is adjoined with
an additional node which is not counted. This means that the degree of the root is increased
by 1. Obviously |Tn(p )| |T(r)| ). Furthermore, let 7,/) denote the set of unlabeled forests
of size n.

Let k = (k1,...,kn) be a given vector of M positive different integers. For every vector

Sﬁlk denote the number of planted unlabeled

rooted trees of size n with m; nodes of degree k;, 1 < j < M, and tnmk, tnmk, and t(f) the
corresponding numbers of unlabeled rooted trees, of unlabeled unrooted trees and of unlabeled
forests, respectively. Note that we are considering arbitrary trees, i.e. we do not have any

m = (my,.. mM) of non-negative integers let ¢

restriction to the vertex degrees (so we have Z —,;m; < n and not necessarily equality). We
are only focusing on those vertices having degree in k for counting. Let

(p
t, E tnmkx u™
— T n,, m
= g tnmkx u
n,m
u) = E tomkl u™
n,m

) (@ u) = 3 1) e

n,m

where w = (u1,...,up) and u™ = ui" - - - uj. Then these generating functions satisfy the
following functional equations:

Lemma 2.1. Let Z(Sk;x1,...,2r) denote the cycle index of the symmetric group S of k
elements. Then we have

P) (i i
t
1) (x,u) =z exp y ks (iﬂ) (2.1)
i>1

M
+ 3wy — D Z(Sk -t (2, w), ) (2, u?), .t (2B ubi L),

j=1
= +P) (z, ui)
(x,u) =xexp Z M R (2.2)
i>1 L
M
+Z$( ) (Sk (J} ’LL) tgcp)(x27u2)a"-atgcp)(xkjvukj))v
j=1
r 1

te(z,u) = t’(c)(m, ) — t;cp)( )2 + §t(p)(x u?) (2.3)
t;cf) (z,u) = exp Z tk(mi7 u') (2.4)
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For M = 1 these relations are already established in [8]. The general case only requires
obvious modifications.
Note that the term

(P) (i a,i

t. (b, ub)

exp E kf
i>1

corresponds to the multiset construction of unlabeled combinatorial objects described e.g. in
[11] and that

is exactly the generating function of a forest consisting of exactly [ planted trees. This relation
can be used to determine the partial derivatives of the cylcle index. Obviously, we have

T
ZZ(Sk;ml, . ,xk)vk = exp Z Tlvl

k>0 =
and consequently
9] v
Za Z(Skvxlv ,xk)’uk:exp Z—lvl _
k0 1>1 t
pkti
:ZZ(Sk’xl? v‘rk) -
k>0 ?
Thus we obtain
9 1
o1 Z(Sky L1y ,-fk) = EZ(Sk,i;xh e axkfi) (25)

Now we are ready to state our first main result:

Theorem 2.1. Let X, = (XT(L}C)N... ,XT(%\;) denote the vector of the numbers of nodes in an

unrooted unlabeled random tree or forest of n nodes that have degrees k1, ..., kyr. Set

Mg = (g, )i=1,... . = <——> )
PJi=1,..M

)

fifi [ fi)
X = (04j)ij= ,‘..,M:( — == =0y ,
( J) Jj=1 pz P ]p Y

.....

where 6;; denotes the Kronecker delta defined by
P 1 ifi=j
L0 dfi#E]

and

fi=—=2(p,1,1) (2.6)

1 Fthz Fth
i = | — Fi = — Fy
Ji [Ftth< F, t)( F, ”>

1 (FF;F, FiFy; + FiFy
(P - P ) [ 27)

Fy
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with

F(z,u,t) = ze' exp M
(,u,1) 2 -
M
+ ZJ?(U,] - 1)Z(Skj_1;t7tk(x27u2)’ s 7tk('rkj_laukj_1))
j=1

and F; = 0/0u; F(x,u,t).

If det X # 0 then X g is asymptotically normally distributed with mean value ~ ppn and
covariance matric ~ 3n.

Furthermore we have for large k1,...,ky:
2C .

S~ ——p 2.8
Hhi ™ P (2.8)

2C . R

%Pkl ifi=7
Oij ~ (2.9)

4C% 4o s

—kaﬁk’ (ki + k) ifi#j

where
1 (tr(p' 1

C = exp <7 (% - 1)) ~ 7.7581604 (2.10)

Remark 1. The same theorem holds if only planted or rooted unlabeled trees are considered
instead of unlabeled (unrooted) trees or forests.

Remark 2. The asymptotic expansions for o;; show that det X is surely nonzero if k;, 1 <1 < M,
are sufficiently large. There is no doubt that det ¥ # 0 in any case. However, at the moment
we are not able to prove this rigorously.

2.2. Plane Trees. Let ’Pﬁp ) denote the set of planted plane trees of size n, ’Pr(f) the set of
rooted plane trees of size n, P, the set of (unrooted unlabeled) plane trees of size n, and Pr(Lf)
the set of plane forests of size n.

Let k = (k1,...,kn) be a given vector of M positive different integers. For every vector

Eﬁ)nk denote the number of planted plane trees

of size n with m; nodes of degree k;, 1 < j < M, and pff,llk, Prmk, and ngsz the corresponding

numbers of rooted plane trees, of plane trees and of plane forests, respectively. Furthermore let

p(@u) =Y pP) ™,
n,m

m = (mq,...,myr) of non-negative integers let p

i () = > pll) e u™,
n,m

Pr(z,u) = pompau™,
n,m

P (@ u) = Y Pl
n,m

where w = (u1,...,up) and u™ = uf"* ---uj. Then these generating functions satisfy the

following functional equations:
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1
Lemma 2.2. Let Z(Cy;x1,...,2) = Z Z gp(d)xs/d denote the cycle index of the cyclic group

d|k
Cy of k elements. Then we have
- M
pép) (z,u) =t Zx(uj - l)pg)(x, w)hi Tt (2.11)
1—py (7, u) j=1
e (@ w) =2y Z2(Cuipl (xw), ... ) (2*,ub) (2.12)
k>1
M
+ Y a(uy = DZ(Cryip (@), ol (@, 0b)),
j=1
. 1 1
P w) =y (o) = 5o (@, w)* + 5l %, w), (2.13)
Pr xi7,ui
() = exp | 3 2R ) (2.14)

; 7
i>1

The case M = 0, i.e. we are counting |737(Lp) l, |737(LT) |, [Pynl, and \Py(Lf)|, is already treated in [5].
Especially, we have for p® (z) = 3 [P

n=1

The general case M > 0 is now obvious by following the rules used for the proof of Lemma 2.1.
Our second theorem is quite similar to Theorem 2.1:

Theorem 2.2. Let Y, = (Y(l) Y(M)) denote the vector of the numbers of nodes in a

nky? """ Tnky
plane random tree or forest of n nodes that have degrees k1, ... kys. Set

1
e = (P im0 = { 57
=1 M

geuay

1 (ki —2)(k; — 2) 1
2= (04)ij=1...M = <2ki+kj - oki+hk;+1 5”’% il

Then det¥ > 0 and Y nk is asymptotically normally distributed with mean value ~ pn and
covariance matriz ~ 3n.

Remark . The same theorem holds if only planted or rooted plane trees are considered instead
of plane (unrooted) trees or forests.

2.3. Labeled Trees. Let 1:55’ ) denote the set of planted labeled trees of size n, ll,(f) the set of
rooted labeled trees of size n, £,, the set of (unrooted) labeled trees of size n, and £ the set
of labeled forests of size n.

Let k = (k1,...,kn) be a given vector of M positive different integers. For every vector
m = (myq,...,mys) of non-negative integers let liﬁ;k denote the number of planted labeled trees
of size n with m; nodes of degree k;, 1 < j < M, and lil:)nk, lnmk, and l;f:q)m the corresponding

numbers of rooted labeled trees, of labeled trees and of labeled forests, respectively. Furthermore
let
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®) ® ="
l ; Z lnﬁnk
(r) n "
lk (33, ) Z lnmk n! u™
= Z lnmkﬂumv
n!
() n ="
lk (CC, ) Z lnmk n! u™
n,m
where w = (u1,...,up) and ™ = ui" -- - uM. Then these generating functions satisfy the

following functional equations:

Lemma 2.3. We have

®) (50 l(p)( w)ki—1
(p) kj
®) (4w Iy’ (z, )™
I (2,u) =zele )+Z 7(24,10) : (2.16)
!
le(a,w) = 17 (2, w) — 51;19) (z,u)?, (2.17)
1D (2, u) = @), (2.18)

The advantage of labeled structures is that if we use exponential generating functions, i.e.
a™ is replaced by z™/nl, then we do not need Polya’s theorem to obtain relations for the
corresponding tree functions (compare with [5, 11, 9]). So Lemma 2.3 follows immediately.

n

Remark . Tt is well known that |££Lp)| = |££f)\ =n""t and |£,| = n" 2. Even without knowing
this it is clear that |££f)\ = n|L,| since every labeled tree of size n represents exactly n rooted
labeled trees. Similarly

\lnmk = n|lpmk|-

This fact can also be used to prove (2.17). We only have to show that

l(r)(& ) 1 (P)
/0 e ds = 1), w) - 510 (o), (2.19)

By (2.15) and (2.16) we obtain

9 (r) _ 1P () l(p)(%u)kj
%lk (x,u) =€k —|—Z f
M (p)
V@) 9 () (@ w)h ™t 9 )
i 9 g6 j— )R
ek T gl () +;x S —r ate

(r)
I (z,u) 0
=k " — lfcp)(x,u)—axl,(cp)(x,u)

which directly yields (2.19).

This class of trees behaves similarly to the other ones as is shown by our third theorem:
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Theorem 2.3. Let Z,, = (Zy(i)l,...,ZT(LII\CQ) denote the vector of the numbers of nodes in a
labeled random tree or forest of n nodes that have degrees ki, ..., kyr. Set

(L
M = Uk, )i=1,....M = o (kz — 1)! o
1+ (ki —2)(k; —2) 1 1
Y= (0i)ii— —( — J i ———
(033)isg=1..01 ( Ak — Dk, — 1! "% (ky — 1)
Then det¥ > 0 and Z .k s asymptotically normally distributed with mean value ~ pgn and
covariance matric ~ 3n.

i,j=1,...M

Remark . The same theorem holds if only planted or rooted labeled trees are considered instead
of labeled (unrooted) trees or forests.

3. ANALYTIC BACKGROUND

The basic property which will be used in the sequel is the following observation (compare
with [2, 3]):

Proposition 3.1. Set u = (uy,...,upr) and suppose that F(x,u,y) is an analytic function
around (g, ug, yo) such that

F(xo,u0,Y0) = Yo,

Fy(%,uo,yo) =1

Fyy(xo, uo,y0) # 0,
Fy(z0,u0,y0) # 0.

Then there exist a neighborhood U of (xg,up), a neighborhood V' of yo and analytic functions
g(z,u), h(z,u) and f(u) which are defined on U such that the only solutions y € V with
y=F(z,u,y) ((x,u) € U) are given by

T
=g(z,u)  h(z,u), /1 — —= 3.1
= gle.w) £ w1 - 5o (31)
Furthermore g(xo,uo) = yo and h(xg, ug) = \/Zf(uo)Fw(xo,uo,yo)/Fyy(mo,uo,yo).
Proof. See [3]. O

3.1. Unlabeled, Nonplane Trees. As a first application of Proposition 3.1 we show that
representation (1.1) follows just from the facts that the radius of convergence p satisfies 0 <
p < 1 and that t(")(p) = lim,—, ,— t(")(z) is finite. By using this representation corresponding
representations for t(z) and t(f) () follow immediately.

Lemma 3.1. There exist n > 0 and functions ri(x),re(x), r3(x), ra(x),r5(2), r6(x), which are
analytic for |z — p| < n and satisfy r;(p) >0, 1 < i <6, such that

t0) () = t®) ()

—1-byp 1‘%*? (“%)*“m (“%)3/2*”@) <1_%>2’ (3:2)

i) = 20 (1 - %)3/2 + () <1 - %)5/2 +ra(a), (3.3)

3
r 3/2
t(z) = ry(x) (1 - ;) + re(x). (3.4)

Furthermore, t0)(z),t(z), and tY)(x) can be analytically continued to the region |z| < p+ %,
axg(x — p) £ 0.
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Proof. Since p < 1 and t(")(0) = 0 there exists p < p with 5 > p? and a constant C' > 0 with
|t (x)| < C|z| for |x| < p. Hence the function

(") (g
Q(z) = exp j{:z——g—l

i>2

is analytic for |z| < p='/2 and the functional equation ¢ (z) = zexp (2221 t(r) (xl)/z> (com-
pare with (2.1) and (2.2) for uw = (1,1,...,1)) can be rewritten to

(0 () = 2Q(a)e! ™

Set F(x u7 y) = zQ(x)e?. Then all assumptions of Proposition 3.1 are satisfied for zo = p,
yo = t)(p) and arbitrary wug. You only have to check that Fy(zo,u0,y0) = 1. Namely, if
Fy(xo,u0,y0) # 1 then the implicit function theorem would imply that t(z) is analytic at
x = p. Thus we obtain (3.2). Note that by the principle of analytic continuation only one sign
in (3.1) is relevant. Furthermore, from F, (o, w0, y0) = F (70, uo, yo) it follows that ¢ (p—) = 1.

Finally, since ¢,, # 0 for all n > 1 it follows that |F, (x, uo, "™ (2))| < F,(|z|, uo,t") (|z)) for
non-real z. Hence F,(z,uo,t(z)) # 1 for |z| < p,  # p and by the implicit function theorem

there exists an analytic continuation to R.
Since t(z) =t (z) — $(tP)(2))? + 1t (2?)

tP(z) = exp Z t(%l)

i>1

we immediately obtain (3.3) and (3.4). We only have to observe that

Gy = esp [ 3 1)

i>2
is an analytic function for |z| < p + 7. O

In a similar manner we can prove that tg.p ) (z,u) (which surely exists for || < p and u with
uj| < 1for 1 < 5 < M) has a proper analytic continuation and a similar representation as
J

(") (z) around its singularity.
Lemma 3.2. Let k = (k1,...,kn) be a given vector of M different positive integers. Then
there exist n > 0 and functions g1(z,u), g2(x,u), hi(z,u), ho(z,u), f(u) (u= (u1,...,unp))
with the following properties:
L. gl(xﬂu)7 92(1’7’[1,), hl(xau)7 hQ(l’,’U/), f(’U,) are analytic fOT |uj - 1‘ <1, 1 S] < M and
[z — f(u)] <n.
2. gi(p,1,...,1) = 1, hi(p,1,...,1) = by/p, i = 1,2, where b is given by (1.1), and
f,...,1)=p.

3. t;p) (z,u) and tg)(a:,u) can be analytically continued to the region

R = {(ru) € CV: fuy| <1451 <5< M.Jo| < pt Jarg(a — f(w)) #0)

such that
P (2, u) = g1 (2,u) — by (2,u), /1 — ﬁ (3.5)
and
(r) _ T
ty (z,u) = go(z,u) — ho(z,u), /1 — Tw) (3.6)

for (z,u) € R and |u; — 1] <n, 1 <j< M, |z — f(u)| <n.
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Proof. The first step is to show that there exists n; > 0 such that t;cp ) (x%,u?) is analytic for
|z| < p+m and |uj| < 14+n,1 <5< M,ifi> 1. Suppose that |u;| < 1+e,1<j < M. Then

\t;cp)(x7u)| <p(zl1+e),1,....1) =t(|z|(1 +¢)).

Hence, if 71 = € > 0 is sufficiently small it follows (as in the proof of Lemma 3.1) that tgcp) (2t ub)
is analytic for |z| < p+mn; and |u;| < 1+m1, 1 < j < M, and that there exists a constant C' > 0
with

1 @ )| < Cle(1 4 )
Thus

Q(z,u) = exp

Z tgep)(xz" u’)

; )

1>2

is analytic for |z| < p4+n; and |u;| < 14+m,1<j< M. Sot = t;cp) (x,u) satisfies the functional
equation

t=F(z,u,t)
with

M
Fla,u,t) = 2Q(z,w)e' + Y a(u; — 1) Z(Sk,—1:t. ) (2%, u?), .. i (2571 uh™h)),
=t (3.7)

Note that Z(Sk;t,...) is a polynomial in ¢ with analytic coefficients. Thus we can apply Propo-
sition 3.1 for 9 = p, up = (1,...,1) and yo = 1 in order to obtain the local behavior of
t;p) (x,u) around its singularity « = f(u). Finally, it follows from F,(z,uo, t;cp) (z,up)) # 1 (for
|z| = p,x # p) that t;cp) (x,u) can be analytically continued to R for some 1 > 0. By Lemma 2.1

a similar representation is obtained for tg) (z,u). O

The representations of ¢ (z,u) and tg )(x, u) are different from the preceding ones:

Lemma 3.3. Let k = (k1,...,kn) be a given vector of M different positive integers. Then
there exist n > 0 and functions gsz(x,u), ga(x,u), hs(z,u), ha(z,u) (v = (u1,...,upr)) with
the following properties:
1. gs(z,u), ga(z,u), hs(z,u), ha(z,u), are analytic for lu; — 1| < n, 1 < j < M and
|z — f(u)| <n (with f(u) from Lemma 8.2).
2. g3(p,1,...,1) > 0, ga(p,1,...,1) > 0, h3(p,1,...,1) = b3/3 # 0, where b is given by
(1.1), and ha(p,1,...,1) #0.
3. tr(z,u) and t;cf)(x, u) can be analytically continued to R (which is defined in Lemma 3.2)

such that
L\ 32
t = —h 11— —— 3.8
o) = (o) = (o) (1 55 ) (33
and
() z \*?
t = —h 11— —— 3.9
e = gatow) o) (1 75 (39
for (z,u) € R and |u; — 1] <n, 1 <j <M, |z — f(u)| <n.
Proof. Throughout this proof let A; = A;(z,u), i = 1,2,..., denote analytic functions. We
have
r 1
te =1 = 5 () + Av.



10 MICHAEL DRMOTA AND BERNHARD GITTENBERGER
This in conjunction with (2.2) and (3.5) gives
ty =g — h/1 —2/f(u)
=491 — hl\/l_x/f +Z Sk']7gl hl\/l_x/f A2a"'7

2 12,
= Z(Sk;—1591 — /1 —x/f(u), Az, ..., Ag,—1)) — W +g1hiV/1 -/ f(u)

By means of Taylor’s theorem we get

Sk 01— hi/T— 2] (@) = ZZ (Sks gu)hi (1 — o/ f()/2 E2

7!

where Z(Sy,-) = Z(Sk;-, Aa, ..., Ay) and Z® denotes the i-th derivative with respect to the
first variable of the cycle index. Thus we obtain

i (1o ot 050 7150+ (- )

with an analytic function H. and especially
h(f(uw),u) = hi(f(u),u) (gl(f(U), w) =1+ f(u) Y (u; = 1)(Z'(Sk,5.91) — Z’(Skj—1;g1))>~
J
On the other hand note that x = f(u) and t = g1 (f(u), w) are the solutions of
t=zQ(z,u et—i—z x(u; —1)Z(Sy,-1;t)

1= xue—i—z Sk,l,)

which yields
g1(f(u),u) =1~ f(u) Z(Ug —1)(Z'(Sk,-1:91) — Z(Sk,;~1591))-
J
By (2.5) this implies A(f(u),u) = 0 and setting
~1
h3(z,u) = h(x,u) (1 - %)
we obtain (3.8).

Since
t) = Aetk,
where A denotes an analytic function, (3.9) follows from (2.4) and (3.8). O
3.2. Plane Trees. If we set p(®) (z) = 3 |P(p |z™ then
n>1
P (g)= — L
p (‘T) 1 7p(p) (z)
or
1 Vv1—-4x 1/2n -2
@) (r) == — - il n
PP =3 2 Zn(nl)x
n>1
However, p()(z) = 3 |’P,(f)\x”,p(x) = 3 [Pu]z", and pP(z) = 3 |737(Lf)|x" are not as
n>1 n>1 n>1

explicit as p® (x).
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Lemma 3.4. There exist n > 0 and functions r1(x),r2(x), s1(2), s2(z), which are analytic for
|z — X| < n such that

1  log2
P (z) = —i\/l “dz+ (Z + °1g2 > (1 - 42)%2 + ry(2)(1 — 42)52 + 51 (@),
(3.10)
1 log2 1
p@) = [+ 22) (1 - 42)%? + 11 (2)(1 — 42)%2 + 51(2) — ~ + =, (3.11)
4 12 4 2
1 log 2
P (z) = (Z + %) es1(3)-% (1 —42)%2 4+ ry(z)(1 — 42)°/% + sy(x), (3.12)

where

1\ 1 o(d) 2
s10-)=- lo .
' <4> 4; d 1y VIraa
Furthermore, p(") (z), p(x), and p)(z) can be analytically continued to the region |z| < 1+1
arg(z — 1) #0.
Proof. First we prove (3.10). Since

p(@) =2 Y Z(Cp® ()

n>1
1 T n 1 n
SED DAL DN SR (Ol
n>1 n>1  dn,d>1
=51+ 5,
and
S1==zlo !
R W Ry
log2 1 1 log2 log 2 3/2
=——-V1-4 ————)(1-4 ——(1—-4
1 1Y x+(8 1 )( r) + 12( x)*" +

it suffices to show that Ss is analytic around x = i. For this purpose we use the fact that

p(p) z)| < 2|z| for |z| < 1. Hence, if |z| < L then |z%] < L < 1 for d > 1 and we obtain the
1 3 9 1

estimate
1 1
- - n/d|,.dn/d
Sy < 3 E n E o(d)2" |z

n>1  dn,d>1
11, .
3 > 22| > ()
n>1 d|n
1 |22 2
= <z,
31—|2z] — 3
Thus, S is even analyic for |z| < & and (3.10) follows.
(3.11) and (3.12) are immediate from (3.10). O

Corollary . We have
1
|7)T(Lp)‘ = ﬁ47z—1n—3/2 (1 + O(n‘l)) 7

g 1 n— - -
P = m‘l T2 (1+0(n),

1  log2

= (152 e o),

P = % <i 4 1<J1g22) es1 (D) =% yn—1,,-5/2 (1+0(m™).
T
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The next two lemmas correspond to Lemma 3.2 and Lemma 3.3.

Lemma 3.5. Let k = (ki,...,kn) be a given vector of M different positive integers. Then
there exist n > 0 and functions g1(z,u), g2(z,u), hi(x,u), ho(z,u), f(u) (v = (u1,...,urr))
with the following properties:

1. gi(z,u), g2(z,u), hi(z,u), he(z,u), f(u) are analytic for ju; —1| <n, 1 <j < M, and

|z — f(u)| <n.
2. 91(%,1,...,1) = 3, g2(3,1,...,1) > 0, hi(5,1,...,1) = %, ho(3,1,...,1) = 1, and
f,...1) =1

3. ;cp) (z,u) and pg) (z,u) can be analytically continued to the region

1
R={(z,u) € CM* | S 14,15 < MJa| < 7 + 1 arg(a - f(u)) # 0}

2
such that
P (@u) = gi(e,u) — hi(z,u), )1 - % (3.13)
and
i (@, u) = gale,w) — ha(w,w) 1 — (3.14)
f(u)

for (x,u) € R and |uj — 1| <n, 1 <j< M, |z — f(u)| <n.
Proof. First, (3.13) follows from Lemma 2.2 and Proposition 3.1.
Next, it follows as in the proof of Lemma 3.2 that there exists n; > 0 such that p(p )( u?)
is analytic for |z| < 1 +n; and |uj| <1+m,1<j <M, and that
P (2 u)| < 2le(1+m)["
Hence, it follows that
n/d
AN LT o ()
n>1 d\n d>1
is analytic for |z] < 1 +n; and |u;| <1+, 1< j < M. Thus
1

(r)
Py (z,u) = zlog +zA
* 1- (p) (z,u)
M
+ 3 a(uy = D Z(Cry -1, 0 (w,u), p (2%, u?), )
Jj=1
has a representation of the form (3.14). O

Lemma 3.6. Let k = (k1,...,kym) be a given vector of M different positive integers. Then
there exist n > 0 and functions gs(z,w), gs(z,w), hg(z,u), ha(z,u) (v = (ug,...,up)) with
the following properties:
1. gs(xz,u), ga(z,u), hy(z,u), ha(z,u), are analytic for [u; — 1| < n, 1 < j < M and
|z — f(u)| <n (with f(u) from Lemma 3.5).

2. g3(p 1o 1) >0, ga(py1,...,1) >0, ha(p,1,...,1) = (i+1°1g22), and hy(p,1,...,1) £

0.
3. tg(z,u) and t;cf)(x, u) can be analytically continued to R (which is defined in Lemma 3.5)
such that

s \3/2
pr(z,u) = g3(x, u) — h3(z,u) (1 - f(u)) (3.15)
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and
L \3/2
pgcf)(a:, u) = g4z, u) — hy(z,u) (1 - f(u)) (3.16)
for (z,u) € R and |u; — 1| <n, 1 <j< M, |z — f(u)| <n.
Proof. Since, pg = pg) - 3 (py (p )) + A (where A denotes an analytic function) it is clear that
Pk has a representation of the form
— x
P =93 —hy/1——,
f
with h(i, 1,...,1) = 0. Therefore, we only have to show that h(f(u),u) =0 for |u; — 1| <,

1 < j < M. For this purpose we represent pg as

M
hl ko—1 €T T

pe="hi|g1—= —Exu'—lg] 1——+(1——>H7
1791 (J )1 f f

where H denotes a bounded function. (We only have to use (3.13), Lemma 2.2, and Taylor’s
theorem.) Since ¢1(f(w),u) = p}cp)(f(u), u) it follows from (2.11) that

kj—1
- — x(u; — 1) =0
g1 1— g Zl )91’
j
for x = f(u). Thus, h(f(u),u) =0 and (3.15) follows.

Finally, (3.16) follows from (2.14), (3.16), and Taylor’s theorem. O
3.3. Labeled Trees. As already mentioned the solution of [(?) = zel™ is given by 1) (z) =
S =t /nl de. | = £ = nm~L. Furthermore, |£,| = n"~2 and (as we will see in a
n>1

moment) |£5Lf)| ~ \/en" 2.

Lemma 3.7. There exists n > 0 and functions r1(x),r2(x),r3(z), r4(x), r5(x), which are ana-
lytic for |z — %| < n such that

l(p)(x) - l(r)(x)
=1-V2V1—ex+ %(1 —ex) +r1(2)(1 —ex)®? 4+ ro(z)(1 — ex)?,

(3.17)
l(x) = % + &—( —ex)®? 4+ r3(x)(1 — ex)? + ry(z)(1 — ex)®/?, (3.18)
P (x) = Ve + 2\/_( ex)3/? 4 ry(x)(1 — ex)? + r5(x)(1 — ex)/2. (3.19)

Furthermore, 1) (z),1(z), and I')(z) can be analytically continued to the region |z| < L + 2
arg(z — 1) #0.

Proof. (3.17) follows directly from Proposition 3.1. The coefficient of (1 — ez) can easily be
determined by inserting /() into the Taylor series expansion of F(I,z) = ze! —[ around z = %,
lo=1.

Since I(z) = 1" (z) — (1P (2))? and 1) (2) = €!®) (3.18) and (3.19) follow immediately
from (3.17). O

The next two lemmas correspond to Lemma 3.2 and Lemma 3.3 resp. to Lemma 3.5 and
Lemma 3.6. We state them without proof.
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Lemma 3.8. Let k = (k1,...,kym) be a given vector of M different positive integers. Then
there exists n > 0 and functions g1(z,w), g2(x,u), hi(z,u), ho(z,u), f(u) (v = (u1,...,urn))
with the following properties:
1. gi(z,u), go(z,u), hi(z,u), ha(z,u), f(u) are analytic for lu; — 1| <n, 1 < j < M and
[z — f(u)] <n.
2. 031,01 =1, h(3,1,...,1) =v2,i=1,2, and f(1,...,1) = L.

3. l,(cp) (z,u) and l,(~c )(os,u) can be analytically continued to the region

1
R={(z,u) € cM+L . lu;| < 1—|—g,1 <j< M, x| < ——i—g,arg(m‘—f(u)) # 0}
e

such that
1P (2, ) = g1 (2, w) — hy (2, ), 1 — f:u) (3.20)
and
l(r)(sc, u) = go(x,u) — ha(x,u), /1 — L (3.21)
k f(u)

for (z,u) € R and |u; — 1] <n, 1 <j <M, |z — f(u)| <n.
Lemma 3.9. Let k = (ki,...,ky) be a given vector of M different positive integers. Then
there exist n > 0 and functions gsz(x,u), ga(x,u), hs(z,u), ha(z,u) (v = (u1,...,upr)) with
the following properties:
1. g3(z,u), ga(z,u), hs(z,u), ha(z,u), are analytic for lu; — 1) < n, 1 < j < M and
|z — f(u)| <n (wzth f(w) from Lemma 3.8).
ga(

2. 93(:0717"'7 ) p 1. ) \/_7 h3(p717""1):2\/§/3} andh4(pv]-v~”71):
2v/2¢/3.
3. lk(z,u) and l,(cf)(x, u) can be analytically continued to R (which is defined in Lemma 3.8)
such that
L\ 32
l = —h 1———= 3.22
o) = o) = o) (1= 575 ) (322)
and
() z \*"?
I (2, 4) = gu(z,w) — ha(z,u) (1 — 3.23
) = gulew) - o) (1= 55 (3.23)

for (x,u) € R and |u; — 1| <n, 1 <j< M, |z — f(u)| <n.
4. LIMITING DISTRIBUTIONS

With help of Lemmas 3.2, 3.3, 3.5, 3.6, 3.8, and 3.9 it is rather easy to obtain the proposed
limiting distributions.

Proposition 4.1. Suppose that y(x,u) = > ypma"u™ (v = (ug,...,up),m =
(my,...,mar)) s an analytic function with Ypm > 0 for all n, m and that there exists n > 0 and
Junctions g(x,u), h(z,w), f(u) which are analytic for |u; —1] <n, 1 < j < M and |z —p| <n,
where p > 0 is the radius of convergence of y(x,1,...,1) such that y(z,u) can be analytically
continued to R and that

1/2
x
y(z,u) =g(r,u) — h(z,u <1——)
(o) = )~ o) (1= 52
for (x,u) € R, |uj —1] <n, 1 < j< M, and |z — f(u)] <n. Then y,(u) = >, Ynmu™ =
["]y(z,w) is asymptotically given by

yn(t) = Wﬂu)m o (fgl"g)m") (4.1)
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uniformly for |u; — 1) <n, 1 <j < M.
Similarly, if

oo = gl e (1)

for (z,u) € R, |u; — 1| <n, 1 <j <M, and |z — f(u)| <n. Then yn(uw) = 3., Yynmu™ =
["]y(z,w) is asymptotically given by

i) = B )1 o (1) (42)

uniformly for |u; — 1) <n, 1 <j < M.

Proof. By Taylor’s theorem

hmmme@gga

>0
where K ))l l
_ f) [
u(w) = I [8xl h(m,u)] o=f(u)
Thus

h(z, w) (1 - ﬁ)m = h(f(u),u) (1 - %)m Lo <(1 B ﬁ)m)

uniformly for |u; — 1| < %”, 1<j<M,and |z — f(u)] < %77. By the analytic continuation
property and continuity it follows that (4) also holds uniformly for (z,u) € R. Hence [4,
Theorem 3A] implies (4.1).

The proof of (4.2) is the same. O

Now suppose that ypm (m = (m1,...,mp)) are non-negative numbers such that
Yn = Zynm
m

is finite for all n > 0. Then it is possible to study random vectors X,, = (X1, ..., Xna) with
P{X, =m} ="
Yn
For example, if y,(u) = >, Ynmu™ behaves like (4.1) with h(p,1,...,1) # 0 then X, has a
proper limiting distribution.

Proposition 4.2 ([1]). Suppose that ypm > 0 and that there exist functions H(u), f(w) defined
foruj =€, 1 < j < M, |tj| < e, tj real, such that H(1,...,1) # 0 and H(u) is uniformly

continuous and that f(1,...,1) = p > 0 and f(e™,...,e"™) has continuous third derivatives
with
Un(W) = Ynmt™ ~ apH(u) f(u) ™" (4.3)
m
uniformly for |t;| <e, 1 < j < M, for some sequence a,, > 0. Furthermore set pp = (pt1, ..., far)

and 3 = (0;;) where

0 ) ,
uj:ia—tlogf(eZtl,...,e’tM) 1<j<M
J ty ==ty =0
§ it it
0y = — log f(e*t, ... e"™M) 1<i,j<M
Ot; 0t b —t1—0
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and assume that det 3 # 0. Then
X, —
So L N(0,D),
Vn
i.e. X, is asymptotically normal with mean value ~ nu and covariance matrix ~ n3.
Remark 3. If we have more informations about y,(u) than (4.3), e.g. an asymptotic expansion
of the form (4.1) with h(f(1,...,1),1,...,1) # 0 then we can also obtain local limit theorems
and asymptotic expansions for mean value and covariance matrix:
EX, =pun+0(1)
CovX, =3n+0()

See [1, 2, 3] for more details.

Remark 4. In Proposition 3.1 it assumed that y = y(z,u) satisfies a functional equation
y = F(z,u,y). By varying ug (in Proposition 3.1, compare also with [3]) it follows that
y=y(f(u),u),z = f(u) are the solutions of the system of equations

y=F(z,u,y), (4.4)
1=Fy(z,u,y). (4.5)
Furthermore, the parameters of interest p = (u1, ..., un) and X = (0y5) are given by
_fi@)
SRRNIEY
and by
o = JiWEQ) — fi;(VFA) o fi(1)
Y f2(1) Y f)”

where the subscripts 7, j denote the partial derivative with respect to u; resp. u;, e.g. f; =
0/0u; f(u). Implicit differentiation of (4.4) yields

yi = Fofi + Fi 4+ Fyy;.
By means (4.5) we get F,. f; + F; = 0 which implies

Fi(w(% 1ay0)
xOFz(an 17210)’

P =

where zo = f(1) and yo = y(xg,1). Again implicit differentiation of this equation and the

preceding one gives
1 FF,, F,F,,
fij = - Fy | (5 - Fy
FyyFo \ Fy F,

- — — Fi ). 4.

Hence we can also evaluate X (compare also with (2.7)).

4.1. Unlabeled, Nonplane Trees. Now we will use Proposition 4.2 to prove Theorem 2.1.
By applying the preceding remark it follows that the parameters of interest g = (fk,, - - -, fky )
and X = (o;;) are correct.

In the introduction we mentioned that the constants iy, determining the asymptotic behavior
of the mean value of the number of nodes of degree k; decrease geometrically in k;. Let us
now examine how the entries of X behave for large k, i.e. we have to determine the partial
derivatives of F' asymptotically. Using the functional equations (4.4) and (4.5) and evaluating
at (z,u,t) = (p,1,1) yields Q = 1/pe and
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1
F, :th:Qe‘i‘PQxe:; 1+th<pla1)pl

1>2
Fy =Fy = pQe =1
F; =pQie + pZ(Sp,—13t) = Y _ti(p, 1) + pZ(Sk,-131)
1>2
Fyi =pQie + pZ(Sk,—2it) = Y _ti(p', 1) + pZ(Sk,-1;1)
1>2
9 . 9
Fij :inie+pauiZ(Skj—la t) + TZ(S]C ~1;t)

Zti(plal) th( +thw P ) +52J (li 1)ti(pl71)

1>2 1>2 1>2 1>2
0 0
+pauiz(5kjf1; t) + 8 Z(Sk,—1;t)

0
Fui =pQgie + Qie + Z(Sk,—15t) + P%Z(Skiq; t)

1 _
== {14+ D (o 1o | Do ti(ph 1)+ ltai(p! 1)p
P 1>2 1>2 1>2
0
+ Z(Skjfl; t) + p%z(sklfla t)
y - ZQQ:Ee + an:a:e
Schwenk [10] showed that

Zti(plv 1) =

1>2

pri). (4.7)

and Z(Sk;t) ~ Cp* where C is given by (2.10). Modifying the proof of [10, Corollary 4.1]
properly gives

> ltai(p' 1)p T =0 (™)
1>2
th’bj P 7 (pk i+ )

1>2
Now let us turn to the terms containing derivatives of the cycle index. We have

) ) .
G 2 =D 2 (St t) (', 1)

1>2 O tm=t(p™,1),m=1,....k

= ZZ(Sk—z;t)ti(Pl: 1)

1>2

Note that Z(Sy_;;t) ~ Cp*~! and (4.7) was established by showing that ¢;(p!) < (2p')¥ (see
[10]). Since 2p% < p this implies #;(p!) < (2p?)*pl=2*F = o (p!=V*). Moreover we have k > 1
and [ > 2 and thus k(I — 1) > k + | — 2 which yields t;(p') = o (p*") and consequently

0 .
u; Z(Skit) =0 (") .
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The second term of this kind satisfies

9 . . l -1
5. Z(Skit) = > Z(Sk-iit)t(p, 1)p' 1

1>2

We have Z(Sp_i;t) = Cp*~' + o (p"!). Furthermore ¢,(y,1) is analytic at y = 0 and thus
tz(y,1) =14 O (y). Thus

0 C

—Z(Sk;t) = —kp" .
oo 2 (Skst) = —kp" 40 (p")
Hence in case of ¢ # j the dominating term in (4.6) is

FiFyj+ FjFy  C* 4
T”ngﬂ 7 (ki + k).

In order to compute F, observe that ¢t(z,1) = zQe!®1) and by differentiation and using the
fact that t(z,1) = ¢t(")(x) in conjunction with (1.1) we obtain

vty (2, 1)(1 —t(z, 1)) b2%p
1 ta( =1 =L
+ ; 1)p' = lim t(z, 1) 2

and hence we get (2.8) and (2.9) and the proof of Theorem 2.1 is complete.

4.2. Plane Trees. It is clear that Theorem 2.2 follows from Lemma 3.6 via Propositions 4.1
and 4.2 provided that det 3 > 0.
First, it is an easy exercise to determine

z::(_ 1 _(ki—z)(kj—z)m,,i) . (4.8)

kit+k; Fith;+1 W ok,
2 / 2 / 2 ij=1,...M

Then the next lemma completes the proof of Theorem 2.2.

Lemma 4.1. Suppose that X is a M x M-matriz given by (4.8), where ki,ka,...  kyrr are
different positive integers. Then

M M M
1 (k; —2 2 ki — k)2

1=

,_.
.
Il
-
-
<
I
-

Proof. Set

€ = (17070a"' 70)a
= (071707"' 70)7

ey = (0,0,...,0,1),
a= (270, . 27k
b= ((ky—2)27"71 . (ky —2)27 R 1),
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Then

ittt det B = det(e; —a — (k1 — 2)b, ... ,enr — a — (kar — 2)b)

= det(eq,...,enr)

- E det(eh... y€j—1,Q,€5417,... ,6]\/[)

—Zdet 817‘.. ej,l,(k'j —2)b78j+17... ,eM)

+ Z det(el,... ,ei,l,a-i-(ki—Z)b,eiH,... R

1<i<j<M
€;_1,a + (kj — 2)b7 €it1y--- ,GM)
M M
1 (k; — 2)? (ki — kj)?
=1-2 ok -2 okl T ) ok ki +1
i=1 =1 1<i<j<M

which proves (4.9).

19

Next set K = {ki,ko,... ,kp} and L = Z™ \ K. Furthermore, let s, = 1 for k € K and

s = 0 for k € L. Then we have

1 (k —m)? (k —m)? (k —m)?
9 + Z Qk+m+3 T Z ok+m+3 2 Z Qk+m+3

kmeK k,mEL ke K,meL
1)Sk+57n
=3 + Z 2k+m+3
kmeK
2
1 1 k2(—1)5’f (=1 1 k(—1)%*
RO e D el D D
k>1 E>1 k>1
2
1 1 1 k
keK kEK keK
1 1 k2 km
=1-3 +2Z =3) ot D gmm— X i
keK keK keK k, meK kmeK
—1—2——2 2k+1 +2 Z 2k+m+2 :
k€K keEK k,meK

Since

1 (k —m)?
2= Z ok+m+3

km>1
(k —m)? (k —m)* (k —m)
- Z oFFmt3 T Z ohtmts 12 Z ok+m+3
kmeK k,meL keK,meL

we immediately obtain

2
ki+-+k _ (k — m)
271 Mdetd = ZW>O7
k,meL

which completes the proof of Lemma 4.1.
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4.3. Labeled Trees. As in the case of plane trees Theorem 2.3 follows from Lemma 3.9 via
Propositions 4.1 and 4.2 provided that det 3 > 0.
Again it is easy to calculate

(iR —2) 1 1
a <_ e?(ki — D(k; — 1)! oy (ki — 1)!)1,’]._1“”’]%- (4.10)

Finally the following lemma completes the proof of Theorem 2.3.

Lemma 4.2. Suppose that ¥ is a M x M-matriz given by (4.10), where k1, ko,...  ky are
different positive integers. Then

M

1
Jj=1
M M M
1 1 1 (ki —2)?2 1 (ki — ;)2
1—— - - ~ 7 R
e; (kj—l)! 6; (kj—l)! + 2e2 ijzzl (kl—l)'(kj—l)' >0

Proof. The proof of Lemma 4.2 is almost the same as that of Lemma 4.1. Especially (4.11)
follows as above.

If we set K = {ki,ko,... ,kn}, L=Z"\ K, and sy =1 for k € K and s, =0 for k € L
then we obtain

11 k—m)?(—1)skFem
Z( (1)

2742 2 (k- 1)lm - D)
PR S - U S o (et R § _ (k=—m)®
=1 ek;(k—l)! ek;{(k—m+ezk7§K(k_1)!(m_1)!’

which implies

M 1 k—m)?
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