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Abstract. We intro duce the isophotic metric, a new metric on surfaces,
in which the length of a surface curve is not just dependent on the curve
itself, but also on the variation of the surface normals along it. A weak
variation of the normals brings the isophotic length of a curve close to
its Euclidean length, whereas a strong normal variation increases the
isophotic length. We actually have a whole family of metrics, with a
parameter that controls the amount by which the normals in
uence the
metric. We are interested here in surfaceswith features such assmoothed
edges,which are characterized by a signi�can t deviation of the two prin-
cipal curvatures. The isophotic metric is sensitive to those features: paths
along features are closeto geodesicsin the isophotic metric, paths across
features have high isophotic length. This shape e�ect makesthe isophotic
metric useful for a number of applications. We addressfeature sensitive
imageprocessingwith mathematical morphology on surfaces,feature sen-
sitiv e geometric design on surfaces,and feature sensitive local neighbor-
hood de�nition and region growing as an aid in the segmentation process
for reverseengineering of geometric objects.

1 In tro duction

The original motivation for the present investigation comesfrom the automatic
reconstruction of CAD models from measurement data of geometric objects.
In this area, called reverseengineering of geometric objects, a variety of shape
classi�cation methods have beendeveloped, which aim at a segmentation of the
measurement data into regions of the same surface type [25]. Particularly for
traditional geometric objects, where most of the surfaceson the boundary of
the object are fundamental shapes, the surfacesare often separated by edges
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or smoothed edges,so-called blending surfaces.Thus, it is natural to look at
geometric processingtools on surfaceswhich are sensitive to such features.

Inspired by image processing,which frequently usesmathematical morphol-
ogy for basic topological and geometric operations [8,21], we have beenlooking
for similar operations on surfaces.However, we found that just a few contri-
butions [9,12,16,18,19,27] extend morphology to curved manifolds or meshes
and cell decompositions on curved manifolds; none of these papers deals with
the behavior at features. Thus, we will focus here on feature sensitive mathe-
matical morphology on surfaces. We implement this through the useof adaptive
structuring elements (SE), which changetheir shape and/or sizebasedon either
spatial position [2] or image content. The latter has beenused, for example, in
rangeimageprocessing[26]. In theseimages,the pixel valuesrepresent distances
to the detector, and hencethey can be usedto adapt the SE sizeto the expected
feature size.To de�ne appropriate SEs,we have developed an adapted metric on
a surface,which we call isophotic metric. In this metric, the length of a surface
curve dependsnot only on the curve, but also on the surfacenormal �eld along
it. SEs,which are geodesicdiscsin the isophotic metric, behave in the right way
at features that are characterized by a signi�cant deviation of the two principal
curvatures.

The isophotic metric also simpli�es the de�nition of local neighborhoods
for shape detection, the implementation of region growing algorithms and the
processingof the responsesfrom local shapedetection �lters (imageson surfaces).
For example,the neighborhoods of a point shown in Fig. 2 are not equally useful
for local shape detection: The neighborhood basedon the Euclidean metric (left)

o ws acrossthe feature. However, the other neighborhoods (middle and right)
respect the feature and are more likely to belong to the samesurface type in
an engineeringobject. Another example is depicted in Fig. 6: Region growing
basedon a feature sensitive metric can easilybe stopped at features.Yet another
application is design on surfaces:geodesicsin a feature sensitive metric nicely
follow features(Fig. 3) and morphology in such a metric could beusedfor artistic
e�ects which are in accordancewith the geometry of the surface(Fig. 7).

1.1 Previous W ork

Mathematical morphology provides a rich and beautiful mathematical theory as
well as a frequently usedtoolbox for basic topological and geometric operations
on images[8,21]. Almost all of the work in discrete morphology is in Rn , where
the group of translations generatesin a natural way the geometry of Minkowski
sums.The latter are the basicbuilding block for further powerful morphological
operations. A few contributions go beyond this framework and in a direction
which is close to our approach. As long as we are looking just for topologi-
cal neighborhoods in meshesas discretizations of curved surfaces,we may use
morphology on graphs [9,27]. The special caseof 2D triangle mesheswith the
Delaunay property has been investigated by Lomenie et al. [12]. Topological
neighborhoods on triangle meshesare also employed in a paper by R•ossl et al.
[19], which usesmorphology for the extraction of feature lines on surfaces.
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A basic problem in the extension of morphology to surfacesis the fact that
there are no really useful translations, since parallel transport known in di�er-
ential geometry is path dependent in caseof non-vanishing Gaussiancurvature.
This problem hasbeenaddressed[18], but to our knowledgethe studieshave not
been pursued towards e�cien t algorithms and practical applications. A simple
geometric way to overcomethe lack of translations is the use of approximants
to geodesiccirclesas local neighborhoods (positions of the structuring element).
The continuous viewpoint leads to morphology basedon the distance function.
There is beautiful work on this topic, mainly basedon mathematical formula-
tions with partial di�eren tial equations (PDE); see[1,3,20] and the references
therein. The present paper is also related to geodesicactive contours [20] in the
sensethat an appropriate Riemannian metric simpli�es the formulation of the
problem.

1.2 Con tributions of this Paper

In our work we also use the PDE formulation; however, the metric and the
resulting distance functions are more general.The distance functions we derive
are basedon the Gaussianmapping 
 from a surface � to the unit sphereS2,
a basic concept in di�eren tial geometry [5]. The main contributions of our work
are the following:

{ We de�ne the isophotic metric, study its basic geometric properties, and
discussits analytical treatment for relevant surfacerepresentations (Sect. 2).

{ The governing equations of distance �elds in the new metric are elaborated
and e�cien tly solved in a numerical way (Sect. 3).

{ We intro ducefeature sensitive morphology on surfaces,which is basedon the
new metric and present applications in Computer Aided Design (Sect. 4).

2 The Isophotic Metric

Let us consider a surface � � R3. We assumethat we have chosen, at least
locally, a continuous orientation of the unit normal vectors of � ; n(p) denotes
the unit normal vector at the point p 2 � . The Gaussian map 
 : � ! S2 from
� to the unit sphereS2 maps a surfacepoint p to the point n(p) 2 S2 (seee.g.
[5]). The preimage
 � 1 of a circle c � S2 is a curve on � , called an isophote. The
surfacenormals along an isophote form a constant anglewith the rotational axis
of c. Thesecurvesof equal brightness in a very simple illumination model have
been studied in classical constructive geometry; more recently they have been
used in Computer Aided Design for quality inspection of surfaces[15]. We now
de�ne the purely isophotic metric on a surfaceas follows: The isophotic length
of a curve c on the surface is the Euclidean length of its Gaussian image curve

 (c) � S2. This metric obviously has the following simple properties:

{ The shortest distance between two surfacepoints is the angle (2 [0; � ]) be-
tweentheir surfacenormals.
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Fig. 1. Isophotes on an elliptic paraboloid (left) and a hyperbolic paraboloid (righ t).

{ Let us �x a point m 2 � . A geodesic circle in the isophotic metric, i.e. the
set of all points p 2 � that lie at constant isophotic distance r to m, is an
isophotecr . The Gaussianimageof this isophote is a circle with center 
 (m)
and spherical radius r .

{ A geodesicg on � in the senseof the isophotic metric possessesas Gaussian
image a geodesic on the unit sphere, i.e. a great circle. Let ag denote the
rotational axis of this circle. Then, at each point p of g the surfacenormal
n(g) is orthogonal to ag. Considering a parallel projection in direction of
ag, the curve g is a silhouette (contour generator) on � . These curves have
been extensively studied in constructive geometry and in Computer Vision
(seee.g. [4]).

Example 1: Consider the paraboloid

� : 2z = � 1x2 + � 2y2: (1)

Let us compute the isophotic geodesiccircles with center at the origin, i.e., the
isophotesfor the direction e = (0; 0; 1). The direction of the normal at a surface
point is given by the vector (� 1x; � 2y; � 1). The angle � between the normal
n(p) at an arbitrary point p 2 � and e satis�es cos2 � = 1=(� 2

1x2 + � 2
2y2 + 1).

Thus, the isophotesto cos2 � = c2 = const are given by

� 2
1x2 + � 2

2y2 = K 2; with K 2 :=
1
c2 � 1: (2)

In the xy-plane, these curves are concentric and similar ellipses.In R3, (2) de-
scribeselliptic cylinders which intersect the paraboloid � in the actual isophotes
(seeFig. 1). Note that the ratio of axis lengths of the ellipses(2) is � 1 : � 2, where
� i := 1=j� i j are the principal curvature radii of � at the origin. We have used
this examplesinceit reveals important information for the generalcaseas well.
We may approximate any regular C2 surface � at an arbitrary point m up to
secondorder by a paraboloid � (m). In a local Cartesian frame with origin at
m and with the principal curvature directions and the surfacenormal as coor-
dinate axis directions this paraboloid is written in the form (1). Here, � i are the
principal curvatures of � and � at m. Our examplenow describesthe behavior
of `small' isophotes around m. Viewing the family of shrinking isophotes for
K ! 0 as a curve evolution (cf. Fig. 1), we may say in usual terminology, that
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Fig. 2. Approximate geodesic circles on a triangle mesh in the Euclidean metric
(left), purely isophotic metric (middle) and isophotic metric (righ t).

this family shrinks to an elliptic point with axis ratio � 1 : � 2. If we magnify the
isophotesduring the evolution so that they keep e.g. their length, the limit is
an ellipse in the tangent plane at m, whoseaxesagreewith the principal axes
of the surface� and whoseaxis ratio is � 1 : � 2. The discussionof this example
shows the following two important facts, the �rst of which is desirable but the
secondone is not:

{ Isophotic geodesic discs around a center m are interesting candidates for
structuring elements in mathematical morphology on surfaces. They are
elongatedin direction of large normal curvature radii and they are of smaller
width in direction of small normal curvature radii. This anisotropic behavior
is useful if we are working along surface features which are characterized
by a signi�cant deviation between the two principal curvatures, e.g. along
smoothed edges,blends and similar curve-like features.

{ At points with vanishing Gaussiancurvature, K = � 1� 2 = 0, at least one
principal curvature � i vanishesand the metric degenerates.In the example
of Fig. 2, the triangle mesh is close to a developable surface and thus the
isophotesFig. 2 (middle) are closeto straight lines, namely the rulings on
the developablesurface.

Keeping the �rst property and eliminating the secondonehas a simple solu-
tion: the purely isophotic metric is regularizedwith help of the Euclidean metric
on � . More precisely, we de�ne the regularized isophotic metric, henceforthoften
brie
y denoted as `isophotic metric', via the arc length di�eren tial

ds2
i = w ds2 + w� (ds� )2; (3)

whereds is the arc element on the surfaceand ds� is the arc element on its Gaus-
sian image; w > 0 and w� � 0 are the weights of the Euclidean and isophotic
components, respectively. In the simplest form, the weights will be chosencon-
stant. They can however alsobe dependent on someappropriate function de�ned
on the surface� . The choiceof the weights o�ers a further tool to designappro-
priate structuring elements for mathematical morphology on � .
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2.1 Computation on Parametric Surfaces

The computation of the isophotic metric usesonly a few basic facts from dif-
ferential geometry. Let us considera parameterizedsurface x(u; v) and a curve
c(t) on it, given by its preimage (u(t); v(t)) in the parameter plane. The �rst
derivative vector _c of the curve c(t) = x(u(t); v(t)) satis�es

_c2 = _c � _c = ( _uxu + _vx v )2 = g11 _u2 + 2g12 _u _v + g22 _v2: (4)

Here xu ; x v are the �rst order partial derivativesof x; their inner products,

g11 = x2
u ; g12 = xu � x v ; g22 = x2

v ; (5)

form the symmetric matrix I = (gik ) of the �rst fundamental form. It allows us
to perform metric computations in the tangent spacesof the surfacedirectly in
the parameter domain. For example,the computation of the total arc length of a
surfacecurve by meansof its preimageu = (u(t); v(t)) in the parameter domain
is done with

s =
Z b

a

p
_u t � I � _u dt: (6)

The samecan be donewith the Gaussianimageof the surface.Unit normals are
computed as

n =
xu � x v

kxu � x v k
=

xu � x vp
g11g22 � g2

12

:

Thus, the �rst derivative of the image curve c� (t) = 
 (c(t)) = n(u(t); v(t)) on
the Gaussianspheresatis�es

( _c� )2 = ( _unu + _vnv )2 = l11 _u2 + 2l12 _u _v + l22 _v2: (7)

Here, the inner products of the partial derivativesof the unit normal �eld,

l11 = n2
u ; l12 = nu � nv ; l22 = n2

v ; (8)

form the symmetric matrix I I I of the so-called third fundamental form. This
matrix, which is not regular at points with vanishing Gaussian curvature K ,
de�nes the purely isophotic metric on the surface in exactly the sameway as
the �rst fundamental matrix I describes the Euclidean metric on the surface.
Finally we seethat the regularized isophotic metric has the fundamental matrix

M = wI + w� I I I = (wgij + w� l ij ): (9)

With help of M , oneintro ducesa Riemannian metric in the parameterdomain of
the surface,and one can use the familiar framework from di�eren tial geometry
to perform computations. For example, the total arc length of a curve in the
isophotic metric is given by (6) with M instead of I . Figure 3 shows several
geodesic curves we have computed on a parametric surface using I and M .
Three pairs of input points are each connectedwith a Euclidean geodesic and
a regularized isophotic geodesic.The latter metric forcesthe geodesiccurvesto
follow the features of the surface.
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Fig. 3. Geodesic curves on a parametric surface with features: (ligh t colored) com-
puted in the Euclidean metric, i.e. w = 1 and w � = 0 in (9); (dark colored) computed
in the isophotic metric, for w = 1 and w � = 2 in (9).

Remark 1. We may associate with the surfacex(u; v) the 2-dimensionalsurface
X (u; v) = (

p
wx(u; v);

p
w� n(u; v)) � R6. Then the canonical Euclidean metric

in R6 induces on the manifold X exactly the regularized isophotic metric; its
�rst fundamental form agreeswith (9). In this sense,the isophotic metric has
somerelation to work on image manifolds, if we consider the unit normals as a
vector valued image on the surface[10].

2.2 Computation on Implicit Surfaces

In view of the increasingimportance of implicit representations and the elegance
of the level set method for the solution of a variety of problemsin geometriccom-
puting [1,14,22], it is appropriate to addressthe computation of the isophotic
metric if we are given an implicit representation F (x) = 0 of the surface.There
is nothing to do for the Euclidean metric. We simply usethe canonicalEuclidean
metric in R3, described by the identit y matrix E = (� ij ). The restriction to any
level set surface� c : F (x) = c = const is the metric on the surface.

We are now constructing another metric in R3, whoserestriction to F (x) = 0
is the desiredisophotic metric. For any x 2 R3 in the domain, whereF is de�ned,
the normalized gradient vector n(x) = r F=kr F k, describesthe unit normal of
the level set of F which passesthrough x. Thus, the mapping x 7! n(x) extends
the Gaussianmapping to the set of all level setsof F . The imagelies on the unit
sphere.The �rst derivative of this extendedGaussianmapping hasthe (singular)
matrix J := (nx ; ny ; nz ): Hence, the squared(purely) isophotic length kvk2

� of
a vector v (tangent vector of R3 at x) is

kvk2
� = (J � v)2 = v t � N � v ; (10)

where the matrix N = (n ij ) = J t � J is the Gramian of the partial derivativesof
n. Finally, the matrix

M = wE + w� N = (w� ij + w� nij ); (11)
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describesa Riemannian metric in R3, whoserestriction to any level set surface
� c = F � 1(c) is the corresponding regularized isophotic metric on � c.

Note that the expressionsbecomeparticularly simple for a signed distance
function F , since it satis�es kr F k = 1. Moreover, it is well-known how to
e�cien tly compute the signed distance function to a surface,even if it is given
just as a cloud of points [23]. Therefore, the implicit framework can be used to
perform computations basically directly on clouds of measurement points.

3 Distance Fields in the Isophotic Metric

A distance function d on a surface� is characterized by the Eikonal equation

kr � dk2 = 1; (12)

wherer � d is the surfacegradient of d. r � d is a tangential vector of the surface,
points in direction of the largest positive directional derivative of d, and its norm
is equal to this derivative. For a parametric representation x(u; v) of � with �rst
fundamental matrix I , we can expressthis equation in terms of the ordinary
gradient,

(r ~d)t � I � 1 � r ~d = 1:

Here ~d = ~d(u; v) is the representation of the distance function in the parameter
domain, so that ~d(u; v) equalsthe distance value d(x(u; v)) of the surfacepoint
x(u; v). Moreover, r ~d = ( ~du ; ~dv ) is the ordinary gradient of the bivariate function
~d. For a distance �eld in the isophotic metric, we just replace the matrix I by
the matrix M from equation (9),

(r ~d)t � M � 1 � r ~d = 1: (13)

This is a 2D Hamilton-Jacobi equation and therefore the numerical computation
of an isophotic distance�eld to somepoint set canbedonewith the fast sweeping
algorithm by Tsai et al. [24]. The examplesin Fig. 4 have beencomputed in this
way. One can show that the computation of isophotic distance�elds on implicitly
de�ned surfaces can proceedalong the lines of [13]: With M from (11) we solve
the 3D Hamilton-Jacobi equation,

(r d)t � M
� 1

� r d = 1; (14)

in a small neighborhood of the surface.Here, a 3D extension[6] of the algorithm
by Tsai el al. [24] can be used.

4 Application to Feature Sensitiv e Morphology on
Surfaces

4.1 Con tin uous Morphology

Let us considera black image on a white surface.On the surfacewe have intro-
duced a metric. In our casethis is the isophotic metric, but it could be another
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Fig. 4. Level sets to uniformly spacedvalues of the distance �eld to a given region
in the Euclidean metric (left) and isophotic metric (righ t). In the isophotic metric, the
level sets accumulate at features.

oneaswell. Then, the distance�eld to the black part B possesseslevel setswhich
are the boundariesof the dilated versionsof B . Thus, dilation meansgrowth with
help of the distance�eld (seeFig. 4). Likewise,erosion can be de�ned asdilation
of the white background, again with the distance �eld. Combinations of dilation
and erosion,which yield closing and opening, are straightforward. Furthermore,
extensionsto labelled meshes,in which facesare assignedvalues from a small
set V , is relatively straightforward through the useof seriesclosingson indexed
partitions asde�ned in [7]. For the useof the isophotic metric in feature sensitive
morphology, we should note the following e�ects:

{ Applying a dilation with high isophotic part (w� � w) to a domain adjacent
to a feature will make distancesacrossthat feature very large and thus avoid
a 
o w acrossthe feature (seeFig. 4, right).

{ Application of a dilation with high Euclidean part (w � w� ) to a domain
along a feature will �ll interruptions along the feature, but not signi�cantly
enlargethe domain acrossthat feature (Fig. 5, left).

{ A closingoperation of a thin domain along a feature is achieved by applying
to it �rst a dilation with high Euclidean component and then an erosion
with high isophotic part (Fig. 5).

4.2 Discrete Morphology

We split the discussioninto two parts. At �rst we discusslocal neighborhoods,
to be understood as positions of the structuring element. Secondly, we show
how to use the neighborhoods { independently from their creation { in the
formulation of morphological operators. In both caseswe con�ne ourselves to
triangle meshes,but the extensionto other cell arrangements, even for manifolds
of higher dimension, is rather straightforward.
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Fig. 5. Contin uous morphology: Closing of a domain (black) along a feature: First,
a Euclidean dilation (distance �eld on left side) is applied (result of dilation white on
right side), then an erosion with high isophotic part yields the closed domain (black,
right).

Neigh borho ods The combinatorial neighborhood N1(� i ) of depth one to a
triangle � i consistsof all triangles in � , which share at least one vertex with
� i . The neighborhood Nk is de�ned by iterating the procedure: in step k we
add all triangles which share at least a vertex with the boundary of N k � 1. For
a nearly uniform triangulation, the neighborhoods Nk are good approximants
to geodesiccircles. For a neighborhood in the isophotic metric one has to gather
triangles around � i , whoseisophotic distance falls below a given threshold. We
have implemented the computation of thesegeodesicdiscs following an idea by
M. Reimers[17], which appearsfor grids already in [23]. In view of Remark 1 we
compute a Euclidean distance �eld to a triangle on a triangle meshin R6, which
represents a two-dimensional surface.The only di�erence to the work of [17] is
the dimensionof ambient space,which is irrelevant for distancecomputations in
the mesh.The examplesin Figs. 2, 6, 7 have beencomputed in this way.

Morphological Op erators Let us �rst describe the dilation of level k of black
elements on a white background. At each triangle � i of the triangulation we
compute the local neighborhood Nk (� i ) and set the color of � i to black if at
least one of the triangles in the neighborhood is black. If the neighborhoods
approximate geodesic discs su�cien tly well in some metric (e.g. the isophotic
metric), we have the following counterpart to the planar case: performing k
times a dilation of level one is the sameas performing once a dilation of level
k. If we usea structuring element (SE) basedon the isophotic distance, then it
is inevitable that there will be sometriangles which lie partly within and partly
outside the isophotic distancethreshold. A simple solution to this problem would
be to assign the triangle to the SE if more than a speci�ed proportion of its
surface area is inside the distance boundary. A more 
exible approach would
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Fig. 6. Discrete morphology: Dilation in the isophotic metric (9) with w = 0:5 and
w� = 0:5: Starting with the dark triangles (left) we get the result shown (righ t). Note
that the isophotic metric prevents a 
o w acrossfeatures.

be to make use of non-
at SEs [21, p. 441], having values in
uenced by the
proportion of a triangle lying within the distance threshold.

An erosion of level k of black parts is just a dilation of level k applied to
the white background. A morphological closing operation �rst applies a dilation
of level k, and then an erosionof level k. This �lls holes.The opening operator
applies the erosionbefore the dilation, which removesthin connectionsbetween
more compact parts. The width of the bridges to be removed is related to k.

We present examplesof discrete morphology on real 3D data. For this pur-
posewe scannedan engineeringobject (Fig. 6) and a clay model (Fig. 7) with
a Minolta VI-900 3D laser scanner, and then triangulated the obtained point
clouds to produce the meshesshown in the respective �gures. The example in
Fig. 6 demonstratesthat feature sensitive mathematical morphology can aid the
segmentation of an object into its fundamental surfaces;this holds with respect
to the de�nition of local neighborhoods for shape detection, the implementa-
tion of region growing algorithms and the processingof the responsesfrom local
shape detection �lters (imageson surfaces).The example in Fig. 7 supports our
expectation that morphology in the isophotic metric could be used for artistic
e�ects which are in accordancewith the geometry of the surface.Furthermore,
the geodesiccurvesshown in Fig. 3 indicate the usability of the isophotic metric
for feature sensitive curve designon surfaces,e.g. for patch layout in connection
with high quality freeform surface�tting to clouds of measurement points.

5 Conclusion and Future Research

We have intro ducedand studied the isophotic metric, discussedsomebasiccom-
putational aspects, and presented exampleson its application to feature sensi-
tiv e morphology on surfacesand geometricdesignon surfaces.Both the e�cien t
computation as well as the application to morphology require further studies.
Promising extensionsof the concept are feature sensitive designof energymini-
mizing splinesin the senseof the isophotic metric, and robot path planning, both
on surfaces.Another subject of ongoing and future research is a modi�cation of
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Fig. 7. Dilation of the dark triangles (left) on a triangulated surface: (middle) in the
Euclidean metric, (righ t) in the isophotic metric (9) with w = 0:2 and w � = 0:8.

the isophotic metric so that it servesas a tool for image processingin arbitrary
dimensions.Here,we interpret a grey value imageasa hypersurface,but use{ in
accordancewith the work of Koenderink and van Doorn [11] { isotropic rather
than Euclidean geometry in the embedding space.
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