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ABSTRACT. By fo l lowing  i d e a s  o f  s y n t h e t i c  r e a l  p r o j e c t i v e  
geometry r a t h e r  t h a n  c l a s s i c a l  a l g e b r a i c  geometry, maps i n  a 
Eini te-d imensional  d e s a r g u e s i a n  p r o j e c t i v e  space  a r e  used t o  
g e n e r a t e  normal c u r v e s .  W e  ' a i m  a t  s o l v i n g  t h e  problems of 
c l a s s i f i c a t i o n ,  automorphic c o l l i n e a t i o n s  and g e n e r a t i n q  
maps of a r b i t r a r y  non-degenerate  normal cu rves  and 
d e g e n e r a t e  normal c u r v e s  i n  d e s a r g u e s i a n  p r o j e c t i v e  p lanes  
( a l s o  c a l l e d  degenera te  c o n i c s ) .  P r o p e r t i e s  of  normal cu rves  
a r e  shown, on one hand,  by u s i n g  methods o f  p r o j e c t i v e  geo- 
metry  a s  w e l l  a s  l i n e a r  a l g e b r a  and, on t h e  o t h e r  hand, by 
a p p l y i n g  r e s u l t s  on t h e  non-exis tence  o f  c e r t a i n  types  of 
o r d i n a r y  and g e n e r a l i z e d  polynomial  i d e n t i t i e s  w i t h  
c o e f f i c i e n t s  i n  a n o t  n e c e s s a r i l y  commutative f i e l d .  

1 . INTRODUCTION 

1.1 . P r e f a c e  

I t  i s  w e l l  known t h a t  s p e c i a l  c u r v e s  and s u r f a c e s  i n  a r e a l  
( o r  complexj p r o j e c t i v e  s p a c e  o f  f i n i t e  dimension permi t  
d e f i n i t i o n s  i n  a p u r e l y  g e o m e t r i c a l  way by us ing  gener - y ing  
maps such a s  p r o j e c t i v i t i e s ,  p o l a r i t i e s ,  e t c .  Some of  t h e s e  
d e f i n i t i o n s  may be t a k e n  o v e r  word f o r  word t o  more q e z e r a l  
c l a s s e s  of p r o j e c t i v e  s p a c e s .  However, most of t h e  c l a s s i c a l  
r e s u l t s  w i l l  no l o n g e r  h o l d  i n  t h e  g e n e r a l  c a s e .  

Normal f r a z i o n a l )  c u r v e s  i n  an n-dimensional real ( o r  
complex) p r o j e c t i v e  s p a c e  a l l o w  g e o m e t r i c a l  d e f i n i t i o n s  i n -  
c l u d i n g  t h o s e  o f  a c o n i c  (n=2) and a t w i s t e d  c u b i c  (n=3) 
g i v e n  by J. S t e i n e r  (1832) and F. Seydewitz (1847) ,  respec-  
t i v e l y .  F i r s t  r e s u l t s  f o r  a r b i t r a r y  f i n i t e  dimension a r e  
due t o  W.K. C l i f f o r d  [ l 1 1  and G .  Veronese [ 3 7 ] .  C f .  a l s o  
[ 5 , 2 7 0 ] ,  [ 6 , 3 1 8 ] ,  [ 1 0 , 1 6 6 ] ,  [ 2 1 ] ,  [34 ,894]  f o r  f u r t h e r  
d e t a i l s  and h i s t o r i c a l  remarks.  

By t r a n s f e r r i n g  one o f  t h e s e  d e f i n i t i o n s  i n  an even 



g e n e r a l i z e d  way, normal  c u r v e s  have been in t roduced  i n  f i n i t e  
d imensional  d e s a r g u e s i a n  p r o j e c t i v e  spaces  by R.  R i e s i n g e r  
[ 2 8 ] .  Previous  p u b l i c a t i o n s  by E .  Berz [ 7 ] ,  B. Segre [ 3 3 ,  
3251, L.A. R o s a t i  [ 3 0 ] ,  [ 3 1 ] ,  R. Ar tzy  [ 3 ] ,  W .  Kruger [ 2 3 ]  
and R.  R ies inger  [ 2 7 ]  a r e  concerned wi th  examples of t h e s e  
normal cu rves ,  e s p e c i a l l y  c o n i c s .  Recent a r t i c l e s  [ 2 9 ] ,  [ 1 5 ] ,  
[ 1 6 ] ,  [17]. ,  [ 1 8 ] ,  a l l  b u t  one b y , t h e  a u t h b r ,  a r e  a l s o  d e a l i n g  
w i t h  normal cu rves .  F i n a l l y ,  w e  mention some papers  which 
c o n t a i n  r e s u l t s  on ( c e r t a i n )  normal  cu rves  i n  pappian pro- 
j e c t i v e  spaces  and on c o n i c -  l i k e  f i g u r e s  i n  non-pappian 
p r o j e c t i v e  p lanes  [ 8 , 5 5 ] ,  [ 9 , 1 9 5 ] ,  [ 2 0 ] ,  [ 2 5 ] ,  [ 3 5 ] ,  [ 3 6 ] .  

A theorem by S.A. Amitsur  [ l ]  s t a t e s  t h a t  a  f i e l d 1  
s a t i s f i e s  a  g e n e r a l i z e d  p o l y n o m i a l  i d e n t i t y  i f  and only  i f  
it i s  of f i n i t e  degree  o v e r  i t s  c e n t r e .  Cf. a l s o  [13;141,  
1621. This  r e s u l t  i s  f r e q u e n t l y  a p p l i e d  i n  R i e s i n g e r l s  
p a p e r s ,  because some g e o m e t r i c a l  problems,  f o r  example t h e  
co inc idence  of two d e g e n e r a t e  c o n i c s ,  a r e  e q u i v a l e n t  t o  t h e  
f a c t  t h a t  a  g e n e r a l i z e d  polynomial  i n  a  non-commutative 
i n d e t e r m i n a n t  X w i t h  c o e f f i c i e n t s  i n  a  f i e l d  K van i shes  f o r  
a l l  v a l u e s  of X i n  K.  Hence t h e  g i v e n  polynomial e i t h e r  i s  
t h e  zero-polynomial o r  it y i e l d s  a g e n e r a l i z e d  polynomial 
i d e n t i t y .  By A m i t s u r l s  theorem, t h e  l a t t e r  p o s s i b i l i t y  can  
be  excluded i f  K i s  o f  i n f i n i t e  degree  o v e r  i t s  c e n t r e .  I n  
t h i s  way geomet r i ca l  problems have  been so lved  completely 
under t h e  assumption t h a t  t h e  f i e l d  K has  i n f i n i t e  degree  
o v e r  i t s  c e n t r e ,  b u t  n o t  n e c e s s a r i l y  complete s o l u t i o n s  have 
been given f o r  f i n i t e  d e g r e e  [ 2 7 ] ,  [ 2 8 ] .  However, a s  w i l l  
be shown i n  t h i s  paper  by a d i f f e r e n t  approach, complete 
s o l u t i o n s  of  t h e s e  problems can  b e  found i r r e s p e c t i v e  o f  
whether  t h e  f i e l d  K h a s  i n f i n i t e  degree  o v e r  i t s  c e n t r e  o r  
n o t .  

I n t e r p r e t a t i o n s  of  g e n e r a l i z e d  polynomial i d e n t i t i e s  i n  
t e r m s  of geometry a r e  i n c l u d e d  i n  [ 2 ] .  

1 . 2 .  Bas ic  concepts  

1 .2 .1 .  Suppose t h a t  II i s  an  n-dimensional  desa rgues ian  pro-  

j e c t i v e  space  (2SnCm) which i s  r e g a r d e d  a s  a  s e t  o f  p o i n t s  

P, s a y ,  and a  c o l l e c t i o n  o f  s u b s e t s  of  P which a r e  c a l l e d  

l i n e s  ( c f .  e .g .  1 8 1 ) .  The subspaces  o f  R form t h e  l a t t i c e  

(ull , v ,  R )  with  v  and R d e n o t i n g  t h e  o p e r a t i o n  s i g n s  f o r  

" j o i n "  and " i n t e r s e c t i o n " ,  r e s p e c t i v e l y .  Any MEun determines  

p r o j e c t i v e  spaces  R ( M ) ,  n /M,  w i t h  l a t t i c e s  of  subspaces 

l See 1.2.2. 



u(n(M))  = un(M) = IX~unlXcMl, 

u(n/M) = un/M = { X E U ~  l X > M l ,  

r e s p e c t i v e l y .  We s h a l l  n o t  d i s t i n g u i s h  a po in t  MEP from t h e  

subspace {M)Eun and un/M w i l l  be c a l l e d  a bund l e  (of sub- 

s p a c e s ) .  The same symbol w i l l  denote  a c o l l i n e a t i o n  (being 

a point- to-point  map) and t h e  a s s o c i a t e d  i somorphism (which 

maps subspaces t o  subspaces) . 

1.2.2 .  The term f i e l d  w i l l  be used f o r  a no t  neces sa r i l y  

commuatative f i e l d ,  b u t  s k e w f i e l d  always means a non-commut- 

a t i v e  f i e l d .  We s h a l l  assume throughout t h i s  paper t h a t  

i s  a p ro j ec t ive  space n ( V )  on a r i g h t  vec to r  space V over 

a f i e l d  K .  The s e t  of p o i n t s  of n ( V )  i s  t h e  s e t  P ( V )  of a l l  

one-dimensional subspaces of V.  I f  U c V  i s  a subspace of V ,  

t hen  P ( U )  denotes t h e  subspace of  t h e  p r o j e c t i v e  space ll ( V )  

given a s  { X E P ( V )  I X = X K  and xEU1. The c e n t r e  of K w i l l  be w r i t -  

t e n  as  Z ,  and we s e t  L':=L\{o) f o r  any s u b f i e l d  L of K .  

Let  U be an (m+l)-dimensional subspace of V with mll.  

A vec to r  u E U  i s  c a l l e d  c e n t r a l  with  r e s p e c t  t o  a given b a s i s  
m 

p 0 . . .  p of U '  i f  U =  1 pjz j  wi th  z . E Z ,  and a subspace of U 
j =o 7 

i s  named c e n t r a l  i f  it can be spanned by c e n t r a l  vec tors .  

The c e n t r a l  subspaces of U determine c e n t r a l  subspau"ss of  

n ( u )  wi th  respec t  t o  t he  frame F=(P = p  K ,  ..., P = p  K,E=eKl 
0 0 m m m 

of  n ( U )  where e =  p j  . Those p r o j e c t i v e  c o l l i n e a t i o n s  of 
j =o 

n ( U )  which a r e  f i x i n g  the  frame F po in twise  a r e  induced by 

l i n e a r  automorphisms of U such t h a t  



X 

P j 
w p .  c ( j = O ,  . . . ,m)  and c E K  . 

3 
A subspace  P ( S )  o f  n ( U )  i s  c e n t r a l  w i t h  r e s p e c t  t o  F i f  and  

o n l y  i f  it i s  i n v a r i a n t  under  a l l  p r o j e c t i v e  c c l l i n e a t i o n s  

f i x i n g  t h e  f rame F p o i n t w i s e .  The " i f n - p a r t  o f  t h i s  asser- 

t i o n  i s  s t r e i g h t f o r w a r d  by u s i n g  i n d u c t i o n  on t h e  d imens ion  

o f  S , t h e  " o n l y  i f " - p a r t  is  t r i v i a l .  Assume, f i n a l l y ,  t h a t  

P(U) i s  a  p r o j e c t i v e  l i n e .  Then t h e  s e t  o f  a l l  p o i n t s  which 

a r e  c e n t r a l  w i t h  r e s p e c t  t o  t h e  f rame {P ,P1 ,EI i s  c a l l e d  a 
0 

Z-chain and w i l l  b e  d e n o t e d  b y  [PO,P1 ,E]Z .  See : 4 , 3 2 6 ] .  I n  

t e r m s  o f  c r o s s - r a t i o s  (CR) a Z-chain [PO,P1 , E ]  i s  t h e  se t  z 
o f  a l l  p o i n t s  X i n  t h e  l i n e  POP1 :=POvP 1  s a t i s f y i n g  

CR(X,E,P1 ,PO) E Z U { m } .  

The d u a l  v e c t o r  s p a c e  o f  V is  w r i t t e n  a s  V*  and 

< h * , " >  s t a n d s  f o r  t h e  image o f  V € V  unde r  t h e  l i n e a r  form 

h*€vX.  I n  o r d e r  t o  s i m p l i f y  n o t a t i o n ,  w e  s h a l l  f r e q u e n t l y  

w r i t e  f l ,  ufl, P i n s t e a d  o f  ( V ) ,  un ( V ) ,  ? ( V ) ,  r e s p e c t i v e l y .  

1 .2 .3 .  W e  s h a l l  need  t h e  f o l l o w i n g  

LEMMA 1.1 .Let  so,. . . , smEK be l i n e a r l y  i n d e p e n i p n t  ove r  t h e  

1 c e n t r e  Z of K. Given e l e m e n t s  r . . , r m E K  they  OJ 

( 1 .1 )  rotsO + ... + r m t s m = O f o r  a l l  t E K  

if and  only if a l l  r i 's  v a n i s h  s i m u l t a n e o u s t y .  

Proof .  The d u a l  v e c t o r  s p a c e  o f  t h e  r i g h t  v e c t o r  s p a c e  

w i l l  b e  i d e n t i f i e d  ( a s  u s u a l )  w i t h  t h e  lef': v e c t o r  

s p a c e  m + l ~ .  I f  ( 1 . 1 )  h o l d s  w i t h  r o # O ,  s a y ,  t h e n  [ r o , .  . . . r m ] E  

E ~ + ' K  i s  a  n o n - t r i v i a l  l i n e a r  form such  t h a t  



< [ r  o,...,rm],(tso,...,tsm)> = 0 f o r  a l l  t € K .  

I n  terms o f  t h e  p r o j e c t i v e  s p a c e  ll ( K ~ " )  t h i s  means t h a t  t h e  

hyperp lane  P ( k e r r 0 . . . , r m ] )  c o n t a i n s  t h e  subspace s r~anned 

, by t h e  p o i n t s  (tsot . . ., tsm) K = (tsOtm' , . . . , ts,t-' ) K  wi th  t € K X .  

But t h i s  subspace i s  c e n t r a l  w i t h  r e s p e c t  t o  t h e  s t z ~ d a r d  

frame o f  II ( K ~ " )  accord ing  t o  1.2.2.  T h i s  impl ies  t k e  e x i s t -  

m+l Zcx+l 
ence  o f  a  non t r i v i a l  l i n e a r  form [ z  ..., zm]E 

0' 
K w i t h  

< [ zot . . . , zm] , (ts*, . . . , tsm) > = 0  f o r  a l l  t E K  

and y i e l d s  t h e  c o n t r a d i c t i o n  zoso+ ...+ z S =O. m m 

The converse i s  t r i v i a l . 0  

I n  view of t h i s ,  a l l  remarks [27 ;247 ,249] ,  [28 ,445]  
concern ing  skewf ie lds  which s a t i s f y  a  g e n e r a l i z e d  polynomial 
i d e n t i t y  ( 1  . l  ) a r e  f a l s e .  

1.2.4.  I n  n = n  ( v )  w e  choose two d i f f e r e n t  p o i n t s  P  azd Q. L e t  

b e  a  p r o j e c t i v e  i s o m o r p h i s m .  Then w e  r e f e r  t o  

( 1 . 3 )  r ( < )  := { ~ € P ~ ~ € 1 a n d ~ € 1 ~ 0 r s o m e  l i n e  1 3 P :  

as b e i n g  t h e  p o i n t  s e t  g e n e r a t e d  by  c .  W e  s h a l l  a l s o  s a y  

t h a t  i s  a  ge?:era t ing  map o f  r ( 5 )  . Obviously P,QE? ( ; l  , be- 

cause  P  ,QEPQ and PE (PQ) '-' , QE (PQ) '. The fundomentc )  sub-  

space  o f  < i s  d e f i n e d  a s  t h e  i n t e r s e c t i o n  of  a l l  ' - i n v a r i a n t  

subspaces  and i s  denoted  by G ( S )  . 
I f  ' : un/P ' - ufl/Q1 i s  any g e n e r a t i n g  map of r (;) , t h e n  

{ P 1 , Q ' )  i s  c a l l e d  a  fundamenta l  p a i r  o f  t h e  p o i n t  szf r ( < )  

and we s h a l l  use t h e  t e r m  f undamen ta l  p o i n t  o f  r ( 5 )  f o r  P '  

as w e l l  a s  Q '  . The i n t e r s e c t i o n  o f  ( 5 )  = r  ( 5  ' ) w i t h  &be fun- 



damental subspace of 5 '  i s  c a l l e d  t h e  improper  par t  o f  T ( 5 )  

w i t h  r e s p e c t  t o  5 ' .  A l l  o t h e r  p o i n t s  of F ( < )  form the  proper  

p a r t  o f  r ( 5 )  w i t h  r e s p e c t  t o  5 ' .  These two point  s e t s  a r e  

denoted by r X ( 5 '  ) and l' ( 5  ' ) , r e s p e c t i v e l y .  

Suppose t h a t  H i s  a hyperplane of ll which contains  

n e i t h e r  P nor Q. Then, by ( 1 . 2 ) ,  

( 1 . 4 )  c H  : X ( E H )  H (PXP n H 

i s  a p r o j e c t i v e  c o l l i n e a t i o n  H+H which i s  c a l l e d  the  t r a c e  

map G: 5  i n  H .  A p o i n t  is  i n v a r i a n t  under 5 i f  and only i f  H 
it i s  an element of r ( 5 ) n H .  

The next  r e s u l t  i s  t r i v i a l ,  b u t  important .  

PROPOSITION 1 . 1 .  I f  5  :ull/P + ull/Q i s  a p r o j e c t i v e  i somor-  

p h i s c ,  t h e n  any Z ine  wh ich  i s  d i f f e r e n t  from P Q  and p a s s i n g  

t h rough  P c o n t a i n s  a t  mos t  one p o i n t  o f  r ( 5 )  o t h e r  t han  P. 

A simple example of  a p r o j e c t i v e  isomorphism ( 1  . 2 )  i s  
a p e r s p e c t i v i t y .  Here t h e  genera ted  p o i n t  s e t  r ( 5 )  i s  t h e  
union of t he  l i n e  PQ and a hyperplane H no t  passing through 
P a s  wel l  a s  Q. The t r a c e  map c H  i s  t h e  i d e n t i t y  map i n  H .  
The fundamental subspace of 5  equa l s  t h e  l i n e  PQ. 

The fol lowing d e f i n t i o n s  a r e  s u b j e c t  t o  the  assumption 

t h a t  5 is no p e r s p e c t i v i t y :  The p o i n t  s e t  given by 

( 1 . 3 )  i s  c a l l e d  a normaZ c u r v e .  The map 5  a s  wel l  a s  t h e  

normal curve T ( s )  a r e  named d e g e n e r a t e  i f  P equals the  fun- 

damental subspace G ( 5 )  and non-degenera t e  otherwise. I f  ll 

i s  a p r o j e c t i v e  p l ane ,  then  a normal curve i s  a l s o  c a l l e d  

a cor, ic and t h e  map ( 1 . 2 )  i s  a p r o j e c t i v i t y .  

To i l l u s t r a t e  t h e s e  d e f i n i t i o n s ,  we r e c a l l  the  s i t u -  
a t i o n  i n  a 3-dimensional r e a l  p r o j e c t i v e  space [ 24,135 1 : 

( 1 )  I f  5  i s  non-degenerate, then T ( 5 )  i s  a twis ted  
cubic .  



( 2 )  L e t  G ( < )  b e  a o p l a n e .  Now r X ( < ) c ~ ( c )  is  a c o n i c  ( i n  
t h e  u s u a l x s e n s e )  and l' ( 5 )  e q u a l s  a n  a f f i n e  l i n e  RS\{Rl, 
where R E r  ( c ) ,  R#P,Q and S€P\G(c) .  

( 3 )  Assume t h a t  G(c)=PQ. Then, s i n c e  c i s  no perspec-  
t i v i t y ,  t h e r e  a r e  two c - i n v a r i a n t  p l a n e s  a t  most. I n  every  
c - i n v a r i a n t  p lane  one l i n e  o t h e r  t h a n  PQ belongs  t o  l " ( < ) .  

. Any two such l i n e s  a r e ' s k e w  and do n o t  p a s s  through P o r x Q .  

X 
We deduce from ( 3 )  t h a t  r ( c ) = r ( c l )  does n o t  imply I' ( c )  

=r ( c 1 ) ,  as i s  shown by a normal  cu rve  which is  t h e  union o f  
two d i f f e r e n t  l i n e s  w i t h  a common p o i n t .  Hence w e  a r e  n o t  
always a b l e  t o  speak unambigously o f  t h e  p r o p e r  and t h e  i m -  
p r o p e r  p a r t  of  a degenera te  normal  c u r v e .  W e  s h a l l  s e e  i n  
4.2.1 t h a t  t h e r e  a r e  even normal  c u r v e s  which a r e  degenera te  
a s  w e l l  a s  non-degenerate.  

The preceding d e f i n i t i o n s  a r e  v e r y  c l o s e  t o  t h e  ones 
g iven  i n  [28]  and t h e y  s t i l l  w i l l  make s e n s e  i f  w e  drop 
t h e  convention abou t  t h e  f i n i t e  d i m e n s i o n a l i t y  of  II. 

2. NON-DEGENERATE NORMAL CURVES 

2.1 . C l a s s i f i c a t i o n  

2 .1 .1 .  I n  o r d e r  t o  show t h a t  non-degenerate  normal curves  
do e x i s t  i n  ~ = I I ( V ) ,  w e  have t o  g i v e  an  example o f  a non- 
d e g e n e r a t e  p r o j e c t i v e  isomorphism [ I S ] ,  [ 2 3 ] .  

L e t  ( p O f  . . . , p,) be an  o r d e r e d  b a s i s  of  V and w r i t e 2  

e= Z p, .  Then 

F = (P = p  K , .  . . ,Pn=pnK,E=eK) 
0 0 

is  an  o rde red  frame of  II. F o r  any two c o n s e c u t i v e  p o i n t s  

P , P  . € F  ( j = l  , . . . , n )  t h e r e  i s  a unique i n v o l u t o r y  perspec-  
1-1 I 

t i v e  c o l l i n e a t i o n  y :P-P whose a x i s  i s  spanned by a l l  p o i n t s  
j  

o f  F excep t  P j - , , P j  w i t h  P j-1 The p roduc t  map 
j ' 

i s  a p r o j e c t i v e  c o l l i n e a t i o n  s a t i s f y i n ?  

2 ~ e  s h a l l  use Z a s  a s h o r t h a n d  f o r  2 . 
l j =O 



y 1  - ... Yd 'n 
'n 'n - P n-l ' 

Y~ Y 2  'n E - E - ... -E. 
Any of t h e  p e r s p e c t i v e  c o l l i n e a t i o n s  y can be induced by 

j 

a l i n e a r  automorphism o f  V ,  and it i s  e a s y  t o  s e e  t h a t  y 

i s  induced by t h e  automorphism gEGL(V) w i t h  

'3 - (2 .1 )  p0 - P,! pjg = Pj- 1 ( ]=l  I ... ! n ) .  

W e  c o n s i d e r  t h e  r e s t r i c t e d  map 

(2 .2 )  Q := Y ~ ( u ~ / P ~ )  : u n / P O 4 u n / p n .  

( F i g u r e  l  i l l u s t r a t e s  t h e  c a s e  dimn=n=2.) Our nex t  t a s k  i s  

t o  show t h a t  Q i s  non-degenerate .  The fundamental subspace 

G ( @ )  i s  i n v a r i a n t  under  Q and y a s  w e l l .  But PneG(v) ,  and 

s o  P n - j ~ G [ ~ ) y J = ~ ( ~ )  f o r  a l l  1 , .  . n whence G ( q l = P  W e  

s h a l l  r e f e r  t o  t h i s  non-degenerate  p r o j e c t i v e  isomorphism Q 



a s  t h e  normal i somorphism de te rmined  by t h e  o rde red  b a s i s  

. , p of  V ,  and w e  s h a l l  a l s o  s a y  t h a t  rp i s  determined 

by t h e  o rde red  frame F o f  R .  

Consequently,  t h e  p o i n t  set I - ( @ )  i s  a non-degenerate 

normal cu rve .  

2 .1 .2 .  W e  need some more d e f i n i t i o n s  [ 1 5 ] .  Assume t h a t  

c : U E / P  - U ~ / Q  (P#Q) 

i s  a non-degenerate p r o j e c t i v e  isomorphism. A non-empty sub- 

s p a c e  M o f  II i s  c a l l e d  a c h o r d a l  subspace  o f  c i f ,  e i t h e r  

M i s  a hyperplane ,  o r  M = L ~ L '  w i t h  LEUII/P and dirnn(M)=dimn(L)- 

-1. F requen t ly  w e  s h a l l  use  t h e  t e r m  chord  i n s t e a d  of chor-  

d a l  subspace and a k-dimensional  chord  w i l l  a l s o  be c a l l e d  

a k - c h o r d .  

I f  M i s  a k-chord o f  c ,  where k2l  and P,Q$M, then t h e  

t r a c e  map o f  5 i n  M i s  d e f i n e d  by formula  ( 1 . 4 ) ,  wi th  H t o  

b e  r e p l a c e d  by M ,  and t h i s  t r a c e  map w i l l  b e  denoted by c M .  

A non-empty subspace o f  II ( M )  i s  i n v a r i a n t  under c i f  and M 
o n l y  i f  it i s  a chord  o f  c .  

The 0-chords of  5 a r e  t h e  p o i n t s  o f  t h e  normal curve  
I ' ( 5 ) .  I f  w e  draw a l i n e  m j o i n i n g  two d i f f e r e n t  p o i n t s  o f  
r ( 5 )  , t h e n  m i s  a chord i n  t h e  u s u a l  s e n s e  and a l-chord 
a c c o r d i n g  t o  t h e  d e f i n i t i o n  g i v e n  above. However, a l -chord 
m,  s a y ,  of t h e  map 5 w i l l  n o t  c o n t a i n  any p o i n t  o f  I ' ( 5 )  a t  
a l l  i f  t h e  t r a c e  map cm h a s  no i n v a r i a n t  p o i n t s .  

The subspaces 

( k - l )  5 
- 1 

(c)v(2) 

(k=1 , .. . ,n-1 ) 

are c a l l e d  o s c : i i a t i n g  s u b s p a c e s  of 5 i n  P .  The o s c u l a t i n g  



subspaces  of 5 i n  Q are g i v e n ,  by ( 2 . 3 ) ,  a s  t h e  o s c u l a t i n g  

subspaces  of  5-l i n  Q .  W e  s h a l l  use  t h e  term o s c u l a t i n g  k- 

subspace  f o r  any k-dimensional  o s c u l a t i n g  subspace.  I n  ad- 

d i t i o n  t h e  words t a n g e n t  and o s c u Z a t i n g  hy2erp lane  w i l l  

be  used i f  k = l , k = n - l ,  r e s p e c t i v e l y .  

C l e a r l y ,  w e  would p r e f e r  t o  speak of o s c u l a t i n g  sub- 
spaces  o f  a non-degenerate  normal  cu rve  r a t h e r  than  o f  oscu- 
l a t i n g  subspaces  o f  a non-degenerate  p r o j e c t i v e  isomorphism. 
However, a s  w i l l  b e  shown i n  2.4.2, t h i s  i s  n o t  always pos- 
s i b l e  i f  we want o s c u l a t i n g  subspaces  t o  be u n i q u e l y  d e t e r -  
mined by a non-degenerate  normal c u r v e .  Reca l l  t h a t ,  by (1 .3), 
a normal curve  i s  merely a s e t  o f  p o i n t s  and n o t ,  f o r  
example, a p a i r  formed by t h e  map 5 and t h e  s e t  r ( 5 )  . 

I n  t h e  s p e c i a l  case o f  a c o n i c  r ( S )  , say , t h e  t a n g e n t s  
o f  5 i n  P and Q c a n  a s  w e l l  b e  d e f i n e d  i n  terms of t h e  s e t  
r ( c ) a s  fo l lows  from 

PROPOSITION 2.1. I f  s : u ~ / P - u n / Q  i s  a  non-degenerate  p r o j e c -  

t i v e  i somorphism,  t h e n  S i k )  ( 5 )  i s  t h e  o n l y  k-chord o f  5 

which  pas se s  t h r o u g h  S ( k - l )  ( 5 )  I k = l I .  . . ,XI-l) and mee ts  t h e  P 

non-degenera te  normal  c u r v e  r ( 5 )  i n  P o n l y .  

Proo f .  C l e a r l y ,  we have ~ i l ) ( i ) n r ( i ) = P .  I f  n i s  a pro-  

j e c t i v e  p lane  ( n = 2 ) ,  t h e n  e v e r y  l i n e  m ,  s a y ,  p a s s i n g  through 

P i s  a 1-chord o f  5 ,  and m#S,$' ) (0 i m p l i e s  PfrnnmEr ( 5 )  . 
I f  nh3, t h e n  

from which it f o l l o w s  t h a t  S:' ) ( 5 )  i s  a l-chord of  5 .  On t h e  

o t h e r  hand, assume t h a t  m=L.n~' i s  any l-chord of  5 ,  where L 

denotes  a p l a n e  p a s s i n g  th rough  P.    hen m , m k L  i m p l i e s ,  

f i r s t l y ,  m n m 5 € r  ( S )  and,  s e c o n d l y ,  mnrn'f~ i f  and on ly  if m# 



S t i l l  assuming n23, t h e  r e s t r i c t e d  map 
- 

( 2 . 4 )  5 := 51 ( u n / ~ $ l )  ( c ) )  : u n / s j l )  ( 5 )  - un/PQ 

is  a non-degenerate p r o j e c t i v e  isomorphism i n  t h e  (n-1)- 

d imensional  q u o t i e n t  s p a c e  II/P. The se t  o f  k-chords of 5 
(k=O,  . . . ,n-  2 a s  viewed from n/P) c o i n c i d e s  w i t h  t h e  s e t  of  

(k+ l ) -chords  of  5 which p a s s  th rough  P,  and s o  t h e  o s c u l a t -  

P ( k + l )  ( G )  . i n g  k-subspace of 5 i n  S ( ' )  ( 5 )  i s  i d e n t i c a l  wi th  Sp 

The proof i s  completed by i n d u c t i o n  on n . 0  

W e  remark t h a t  a normal isomorphism Q, as given by f o r -  

mula (2.2), h a s  o s c u l a t i n g  subspaces  (k=O, . . . , n-l ) 

For n23 t h e  r e s t r i c t e d  map q ~ l  (un/P P ) ( c f .  ( 2 . 4 ) )  i s  a nor- 
0 1 

mal isomorphism i n  n/P determined by ( P O P 1 , . . . I P  P P E). 0 n'  0 

2.1 .3 .  W e  a r e  now i n  a p o s i t i o n  t o  s o l v e  t h e  c l a s s i f i c a t i o n  

problem [ 1 5 ] ,  [ 2 3 ] ,  [ 2 8 ] .  

THEOREM 2.1. Every non -degenera t e  p r o j e c t i v e  i somorphism i s  

normal .  

P r o o f .  ( 1 )  I f  an o r d e r e d  frame (PO, .  . . ,P # E )  i s  t o  de- n 

t e rmine  a g iven non-degenerate  p r o j e c t i v e  isomorphism 

i :un /P-un /Q,  then  n e c e s s a r i l y  PO=P and P =Q. We s h a l l  use  
n 

i n d u c t i o n  on dimn=n t o  prove  t h e  a s s e r t i o n .  

( 2 )  Suppose n=2. Now c is  a non-degenerate  p r o j e c t i v i t y .  
C C 

W e  s h a l l  adopt  t h e  n o t a t i o n s  A ~ B ,  aTb, s a y ,  f o r  p e r s p e c t i v -  

i t i e s  un/A-un/B wi th  a x i s  c ( A I B e c ) ,  un ( a ) - + u n  (b) with  c e n t r e  



C (C$a,b) , r e s p e c t i v e l y , w h e r e  A , B , C  a r e  p o i n t s  and a , b , c  a r e  

l i n e s .  By a  w e l l  known r e s u l t  on t h e  decomposition of pro-  

j e c t i v i t i e s  i n t o  a  p r o d u c t  o f  p e r s p e c t i v i t i e s  [ 8 , 3 1 ] ,  w e  

have a  f a c t o r i z a t i o n  
q  pl - 

r = p r p ' , '  A Q 

w i t h  P!,'$PQ, because  5 i s  non-degenerate  (Fig .  2 ) .  I f  E : =  

F i g .  2 
P pr 3 

= p l n q l  and q:=EQ, t h e n  q T q l x p '  i s  a p e r s p e c t i v i t y  q A p l ,  

s a y ,  s i n c e  q , p ' , q l  a r e  c o n c u r r e n t  [ 8 , 3 1 ] .  Hence 
g' 2L Ei 

p  A p; x p ;  = p x p ;  

and 

S i m i l a r l y ,  we can  r e p l a c e  p '  by t h e  l i n e  p:=EP and Pi by P I .  

Write PO=P, P2=Q; t h e n  (P ,P1,P2,E) de termines  6 .  
0 

( 3 )  For 1123. w e  may assume, by i n d u c t i o n  h y p o t h e s i s ,  

t h a t  t h e  r e s t r i c t e d  map F ,  a s  g iven  by formula ( 2 . 4 )  , i s  a  



normal isomorphism i n  II/P de te rmined  by a n  o rde red  frame 

(pp1 , . . . , PPnI PE) , s a y ,  w i t h  P , . . . , P,- , Pn=Q€SQ ("-l)  ( G )  . s i n c e  

PE i s  a l -chord of  5 ,  t h e r e  e x i s t s  ( P E ) ~  (PE) ' = : E E ~  ( G ) ,  and 

(P=:PO,. . . ,PnIE)  i s  a n  o r d e r e d  frame of  l l ,  because E @  

@S;"-' ) ( G )  . L e t  Q deno te  t h e  normal  isomorphism d e t e k n e d  

by t h i s  o r d e r e d  frame. The r e s t r i c t i o n s  o f  G and Q ,  respec-  

t i v e l y ,  on uII/Skl ) ( G )  c o i n c i d e .  Fur thermore  (PE) '= ( P E )  ' and 
- 

(n-l  ) 
(PQ) '  = ((S:') ( r ) v Q )  n (SQ (0 )5-1)5  = 

which i s  s u f f i c i e n t  f o r  < = Q  [ 8 , 1 2 6 1 . 0  

THEOREM 2.2. Thsre  i s  a  u n i q u e  non -degenera t e  p r o j e c t i v e  

i s o m o r p h i s m  and a  u n i q u e  n o n - d e g e n e r a t e  normal  cu rve  t o  

w i t h i n  transfer-ation under  p r o j e c t i v e  coZ2inea t ion . s  o f  II. 

P r o o f .  By Theorem 2.1 , w e  may r e s t r i c t  ourse lves  t o  

normal  isomorphisms. The group o f  p r o j e c t i v e  c o l l i n e a t i o n s  

of l l ,  i . e .  PGL ( g ) ,  o p e r a t e s  t r a n s i t i v e l y  on t h e  se t  of o r -  

d e r e d  frames of II .  T h i s  comple tes  t h e  p r o o f . 0  

2 .2 .  Conjugate p o i n t s  

2.2.1 I t  fo l lows from Theorems 2.1 and 2.2 t h a t  w e  can r e -  

s t r i c t  o u r s e l v e s  t o  non-degenerate  normal curves  genera ted  

by normal isomorphisms. W e  s h a l l  i n v e s t i g a t e  a normal i s o -  

morphism Q a s  d e f i n e d  by formula  (2 .2 )  and w e  s h a l l  use  a l l  

t h e '  d t h e r  n o t a t i o n s  i n t r o d u c e d  i n  2.1 . l  . 
For any p o i n t  X E r : = I ' ( q )  w e  s e t  



( 2 . 6 )  f f X  := PO V ... V Pn-2 v X i f  X # Pot 

H x  := PO V ... v 'n-1 i f  X = 
' 

The subspace H X  i s  a hyperp lane  by P r o p o s i t i o n  2.1 and 

formula  ( 2 . 5 ) .  Converse ly ,  l e t  HIP v...vP 0 n-2 be a hyperplane .  

S i n c e  {Pi} i s  a b a s i s  o f  n ,  t h e r e  i s  a p o i n t  X such t h a t  
n- l 

(2 .7 )  X = H n n ... n f f Y  

I f  H = P o ~ . . . ~ P n - l I  t h e n  X=POEr. Otherwise X#POI (POX)=Hn . . .  n 
n H ~ n - 2  and (PnX) =ffYn.  . . nllY n-  l f o r c e  xEr.  Now, suppose H= 

3C 8 
=P ( k e r  ( t  pn - - p n )  ) w i t h  t E K ,  where { ~ T I C V *  denotes  t h e  d u a l  

b a s i s  of { p i ) .  Then X e q u a l s  t h e  one-dimensional subspace 

3 + * 
X ~ K  o f  V w i th  x t = x  p j t j ,  because  < t ~ ~ - p ~ + ~ . x ~  >=O f o r  j = O ,  - 

J . . . ,n- l  . A s  t v a r i e s  i n  K ,  w e  o b t a i n  a l l  p o i n t s  of r\{Pn1, 

hence 

J 
The map X(EI')-).lx (EulI/ (P0v. .  . V P , - ~ )  ) i s  a b i j e c t i o n .  I ts  

i n v e r s e  map may b e  r e g a r d e d  a s  b e i n g  a Veronese  map ? (KZ)  4 

P ( V ) ,  where we have  t o  i d e n t i f y  t h e  p r o j e c t i v e  l i n e  P ( K 2 )  
w i t h  a p e n c i l  o f  h y p e r p l a n e s .  We remark t h a t  (2.7)  y i e l d s  
a n o t h e r  way of  g e n e r a t i n g  a non-degenerate  normal curve:  it 
i n v o l v e s  n p r o j e c t i v e l y  r e l a t e d  p e n c i l s  of  hyperplanes.  See 
[ 5 , 2 7 5 ]  o r  [6 ,323]  and t h e  i n t r o d u c t i o n  o f  [ 2 8 ] .  

2 .2.2.  Let  Ai=P(M)  be  a k-chord of (p ( k 2 l )  wi th  PO,Pn$M 

and w r i t e  pM: pnK@M-M f o r  t h e  p r o j e c t i o n  wi th  k e r n e l  

fo l lows  immediately t h a t  gy:= (glM)pM:~-M (c. f .  (2.1 ) ) i n -  

duces t h e  t r a c e  map (pM. 

C l e a r l y ,  xtEI'nM i f  and o n l y  i f  x t  i s  an e igenvec to r  o f  

gM. Since  

3 ~ p p e r  i n d i c e s  a r e  always i n  b r a c k e t s  i n  o r d e r  t o  d i s t i n -  
g u i s h  them from exponents .  



J 2 - 
t h e  v e c t o r  X t i s  belonging t o  t h e  e i g e n v a l u e 4  t f O  of gM. 

~ h u s  t h e  problems t o  de te rmine  t h e  e i g e n v e c t o r s  of g  M'  
t h e  

e i g e n v a l u e s  of  gM, t h e  i n t e r s e c t i o n  rnM, r e s p e c t i v e l y ,  a r e  

e q u i v a l e n t .  I n  t h e  s p e c i a l  c a s e  o f  a hyperplane  M = P ( H )  = 

P ( k e r  C h .  p * ) ,  s a y ,  xtKErnM i f  and o n l y  i f  
; 7 3  

J 

where hohn#O. Cf [ 1 7 ] ,  [ 2 9 ] .  

A theorem by G .  Gordon and T.S. Motzkin [14 ,220]  t e l l s  
us t h a t  a t  most n  conjugacy . c l a s s e s  o f  K c o n t a i n  ze ros  of 
t h e  e q u a t i o n  h n t n + .  . .+ho=O. On t h e  o t h e r  hand,  w e  might a s  
w e l l  i n f e r  from r e s u l t s  by P.M. Cohn [13 ,207]  t h a t  t h e  
spect rum of t h e  l i n e a r  automorphism gH c o n s i s t s  o f  n  con- 
jugacy c l a s s e s  of  K a t  most. I t  i s  o u r  t a s k  t o  g i v e  a  t r a n s -  
l a t i o n  i n t o  t h e  language o f  geometry. 

Two p o i n t s  U,VET a r e  c a l l e d  c o n j u g a t e  i f ,  e i t h e r  U=V, 

o r  U#V and t h e  l i n e  UV meets I' i n  a t  l e a s t  t h r e e  d i f f e r e n t  

p o i n t s .  A p o i n t  of  r i s  named r e g u l a r  i f  no o t h e r  p o i n t  of  

r i s  con juga te  t o  it [ 7 ] ,  [ 1 7 ] .  

The d e f i n i t i o n  of  r e g u l a r i t y  i n  [ 2 8 ] i s  d i f f e r e n t ,  b u t  
e q u i v a l e n t .  I n  [33 ,346]  t h e  t e r m  " p o i n t s  o f  f i r s t  k ind"  has  
been in t roduced  f o r  r e g u l a r  p o i n t s  o f  a  non-degenerate 
c o n i c .  

By P r o p o s i t i o n  1.1. p o i n t s  P P  a r e  r e g u l a r .  Suppose 
0'  n  

t h a t  U= xUK and V=xVK a r e  d i s t i n c t .  The l i n e  W c a r r i e s  any 

p o i n t  W= ( x U + x v w ) K E r  (w#O) i f  and o n l y  i f  W (#u ,V)  i s  i n v a r i -  

a n t  under  t h e  t r a c e  map vUV. T h i s  is  e q u i v a l e n t  t o  xU+xVwI 

xUu+xVvw be ing  l i n e a r l y  dependent  by (2 .9)  o r ,  i n  o t h e r  

4 ~ s i n g  m a t r i c e s  i n s t e a d  of  l i n e a r  maps would f o r c e  t o  speak 
o f  r i g h t  e i g e n v a l u e s ;  c f .  [ 1 3 , 2 0 5 ] .  



words 

-1 (2 .10)  u = w  W. 

Hence U and V a r e  c o n j u g a t e  p o i n t s  o f  r i f  and on ly  i f  U and 

v  a r e  con juga te  e l ements  o f  t h e  ground f i e l d  K .  I f  U and V 

sre conjugate  and d i s t i n c t ,  t h e n ,  by (2.10) ,  

( 2 .11 )  { ( x U + x v ~ ~ S ) K )  U {xvKIr 

~%nere S i s  i n  t h e  c e n t r a l i z e r  o f  U ,  e q u a l s  t h e  s e t  of i n -  

v a r i a n t  p o i n t s  o f  @ 
W' 

T h i s  se t  (2.11)  i s  always i n f i n i t e  

[14 ,221] ,  [ 2 2 , 4 0 9 ] .  

2.2.3.  Given a  p o i n t  X E r  ( = r ( v ) )  a l l  p o i n t s  conjugate  t o  X 

form t h e  con jugacy  c l a s s  o f  X i n  F .  By d e f i n i t i o n ,  t h i s  con- 

jugacy c l a s s  does n o t  depend on t h e  normal isomorphism @ 

which has  been used a s  g e n e r a t i n g  map of r .  

PROPOSITION 2.2. L e t  M b e  a  k - d i m e n s i o n a l  subspace  o f  U 

i l sk in -1 )  and Le t  {Qo,. .  . , Q k )  be  a  b a s i s  of which i s  

c o n t a i n e d  i n  t h e  non -degnera t e  normal  c u r v e  r = r ( v )  as g i v e n  

i n  2 . 1 . 1 .  The p o i n t s  Qi a r e  p a i r w i s e  c o n j u g a t e  i f  and o n l y  

i f  t h e r e  i s  an a d d i t i o n a l  p o i n t  Q E r  such  t h a t  {QO,.. . ,Qk, k+ l  

Qk+l 3 i s  a  frame o f  U ( M ) .  

Proo f .  (1 ) Suppose POEM Then e v e r y  p o i n t  of t ,  o t h e r  

t h a n  PO, has  t o  be  an e lement  of  M"#M a s  w e l l .  Hence P  =Q 
0 0' 

s a y ,  and none of  t h e  a s s e r t i o n s  o f  t h e  c r i t e r i o n  holds  i n  M .  

S u b s t i t u t i n g  s by W-' shows Pn€M t o  be imposs ib le  i n  any 

e v e n t .  

(2)Assume t h a t  n e i t h e r  PO n o r  P  is  i n  M .  The r e s u l t  i s  n  



e s t a b l i s h e d ,  by d e f i n i t i o n ,  i f  M i s  a l i n e .  We use  i n d u c t i o n  

on k :  If QO, . . . , Q  a r e  p a i r w i s e  c o n j u g a t e  ( 2 ~ k ~ n - l ) ,  t hen  
k 

t h e r e  i s  a frame I Q O I - ~ * * r Q k - l I Q ~ l  of  n ( Q o ~ . . . ~ Q k - l )  which i s  

c o n t a i n e d  i n  r .  The l i n e  j o i n i n g  t h e  c o n j u g a t e  p o i n t s  Qk and 

Q '  carries t h e  p o i n t  Q k k + l l  
a s  r e q u i r e d .  

Conversely,  if { Q O , . . . r Q k + l  l c r  i s  a frame of n ( M ) ,  t h e n  

M i s  a chord of  9.  L e t  QI; :=QkQk+ln(QO~..  . vQks l ) ;  t h i s  Qi i s  

' P ~  
- i n v a r i a n t ,  hence it i s  i n  t he  normal  c u r v e  r and Qo, ..., . 

Q I Q '  are p a i r w i s e  c o n j u g a t e . 0  Qk-1, k k 

By P r o p o s i t i o n  2.2, any mSn+l p a i r w i s e  incon juga te  
p o i n t s  of  l' a r e  independent  and m6n i m p l i e s  t h a t  t h e  p roper  
subspace  spanned by them meets  r i n  no o t h e r  p o i n t s .  Con- 
s e q u e n t l y ,  any k-dimensional  subspace  o f  ll ( l s k l n - l )  has  
non-empty i n t e r s e c t i o n  w i t h  a t  most k+l  conjugacy c l a s s e s  
o f  a non-degenerate normal c u r v e  i n  n .  (Cf.  t h e  Gordon- 
Motzkin theorem. ) 

Regular  p o i n t s  are i m p o r t a n t  when t r a n s f e r r i n g  c l a s s -  
i c a l  theorems on c o n i c s  ( e .g .  P a s c a l ' s  theorem [ 7 , 7 5 ] )  t o  
t h e  g e n e r a l  c a s e .  

2 . 3 .  Genera t ing  maps 

2.3.1.  W e  a r e  s t i l l  p e r s u i n g  t h e  d i s c u s s i o n  of t h e  normal 

isomorphism Q given  by an  o r d e r e d  b a s i s  ( pO, . . . , p,) of V 

a c c o r d i n g  t o  2.1.1,  and w e  s h a l l  u s e  a l l  t h e  o t h e r  n o t a t i o n s  

i n t r o d u c e d  t h e r e .  

PROPOSITION 2 . 3 .  Two o r d e r e d  b a s e s  p .  ( p ' . )  o f  V d e t e r m i n e  
7 3  

t h e  same normal i somorph i sm  if and o n l y  i f  

where  ~ E K '  and z€zX.  

P r o o f .  I f  J = Q ' ,  t h e n  p!=p.c w i t h  C . E K ' ,  a s  fo l lows 
I 3 j  I 

from (2 .5 )  . The bundle  un/P0 i s  f i x e d  elementwise under t h e  



p r o j e c t i v e  automorphism y y l - l ,  hence t h e r e  i s  an element  z €  
' - 1  -1 

€2' such t h a t  p  gg = p . c . c  = p . z  ( j = l ,  ..., n ) .  Now c -:a 
j I 3 j-1 I 0- 

y i e l d s  p! = p . a z j  by i n d u c t i o n  on j = O t  . . . ,n .  Reversing t h e  
3 7 

above arguments comple tes  t h e  p r o o f . 0  

Observe t h a t  E '  = ( p!  )K i s  a r e g u l a r  p o i n t  of  r ( Q )  . 
j 3 

2.3 .2 .  Now, i n  s e v e r a l  s t e p s ,  a l l  normal isomorphisms y i e l d -  

i n g  t h e  same non-degenerate  normal  curve  w i l l  be determined 

THEOREM 2.3.  Assume t h a t  ~ : U I I / P ~ + U I I / P ~  i s  c normal i somor-  

ph i sm.  There  e x i s t s  a  normal  i somorph i sm  q1:u~/PO4uII/Pn 

d i f f e r e n t  from Q, b u t  a l s o  g e n e r a t i n g  t h e  n s z -degenera t e  

normal c u r v e  r ( v ) ,  i f  and o n l y  i f  i s  c o n t a i n e d  

i n  a  hyperp lane  and dimII=nh3. 

Proo f .  ( 1 )  I f  r (lp)\{Po,Pn}is i n  a hyperplane and 1123, 

t h e n  w r i t e  N f o r  t h e  subspace  spanned by l" ( s ) \{POIPnl .  By 

P r o p o s i t i o n  2 . 2 , n e i t h e r  P n o r  P i s  an e l e n e n t  o f  N I  and w e  
0 n 

choose a hyperplane  H>N t h a t  m e e t s  POPn i n  a p o i n t  o t h e r  

t h a n  PO,Pn. L e t  a d e n o t e  t h e  i n v o l u t o r y  p e r s p e c t i v e  c o l l i n e -  

a t i o n 5  which h a s  a x i s  H and maps PO t o  P n .Then r ( q ) ' = r ( q ) ;  

under a t h e  t a n g e n t  of  Q i n  Pn i s  n o t  mapped t o  t h e  t a n g e n t  

o f  m i n  Pot because  t h e s e  two l i n e s  a r e  skew by formula 

-1 -1 ( 2 . 5 ) .  Now v '  :=a@ a g e n e r a t e s  r ( Q )  t o o ,  however t h e  t a n -  

g e n t  of  q '  i n  PO i s  n o t  t h e  t a n g e n t  of  q i n  PO,  whence .#LP'. 

( 2 )  I t  f o l l o w s  from n=2 t h a t  e v e r y  l i n e  through PO h a s  

5 ~ h i s  c o l l i n e a t i o n  a is  n o t  g i v e n  c o r r e c t l y  i n  my paper  
[ I T ] .  



non-empty i n t e r s e c t i o n  w i t h  i t s  image under  Q ,  whence Q=V ' . 
( 3 )  Suppose {Qo, . .  . , Q n l c ( r  (m)\{POIPnl) t o  be  a  b a s i s  o f  

II.  Without  l o s s  o f  g e n e r a l i t y  l e t  QO=E. By P r o p o s i t i o n  2.2, 

t h e  p o i n t s  PO,Pn a r e  n o t  l y i n g  i n  any f a c e  o f  t h e  b a s i s  

{ Q .  1 .  Write M:=Qov- -vQn- =: P ( M )  , QnO: =P Q nM and Qnn: =PnQnn 
1 0  n  

nM. 

Any normal isomorphism Q':UII/P~-UII/P, t h a t  g e n e r a t e s  

r ( Q )  has  a  t r a c e  map V '  i n  M t h a t  t a k e s  t h e  o rde red  frame M 

( Q O f .  = - f Q n - l , Q n O )  t o  t h e  o r d e r e d  frame (Qof . . f Q n - l , Q n n ) .  

I n  t e r m s  of  t h e  n o t a t i o n s  i n t r o d u c e d  i n  2 .2 .2 ,  t h e  t r a c e  map 

~i is  induced by g h  and formula  ( 2 . 9 ) , t o g e t h e r  wi th  t h e  re- 

g u l a r i t y  of  QO=E=eK, i m p l i e s  t h a t  e be longs  t o  a  c e n t r a l  

e i g e n v a l u e  of  9'  Hence comparing Q and Q '  y i e l d s  t h a t  
M ' 

gMg&-l h a s  e a s  an  e i g e n v e c t o r  b e l o n g i n g  t o  a  c e n t r a l  e igen-  

v a l u e .  Furthermore,  { Q O , . . . r Q n - l , Q n O )  is  elementwise i n v a r i -  

-1 a n t  under . Thus g  g ' -1  i s  a c e n t r a l  d i l a t a t i o n  on M M M 

and Q ~ = Q , ~ .  This  i n  t u r n  i s  e q u i v a l e n t  t o  Q = Q ' ,  a s  requi red .O 

There i s  a  c l o s e  connec t ion  between t h e  decomposition 
o f  a  p r o j e c t i v e  c o l l i n e a t i o n  K i n  a p r o d u c t  o f  p e r s p e c t i v e  
c o l l i n e a t i o n s  and t h e  e x i s t e n c e  o f  K - i n v a r i a n t  g o i n t s  f K  
such  t h a t  f i s  belonging t o  a  c e n t r a l  e i g e n v a l u e  of  any 
i n d u c i n g  l i n e a r  automorphism f o r  K .  See [ 3 2 ]  wi th  remarks 
g i v e n  i n  [ 1 7 ] .  

The n e x t  theorem l i n k s  geometry w i t h  a l g e b r a .  

THEOREM 2 . 4 .  If Q:UII/P~--UII/P, i s  a  normal  i somorphism,  t h e n  

T ( Q ) \ { P ~ , P ~ }  i s  c o n t a i n e d  i n  a  h y p e r p t a n e  i f  and on ia  i f  

t h e  ground f i e z d  K has a t  mos t  dimn+l=n+l eZemen t s .  

P r o o f .  (1 ) I f  t h e  c e n t r e  Z o f  K h a s  c a r d i n a l i t y  Ln+2, 



then  r (q) \{PO,Pnl  i n c l u d e s  a t  l e a s t  n+l r e g u l a r  p o i n t s  which 

span a l l  o f  P by P r o p o s i t i o n  2 . 2 .  

( 2 )  L e t  K b e  a  s k e w f i e l d  w i t h  f i n i t e  c e n t r e .  The "only-  

i f "  r e s u l t  w i l l  b e  e s t a b l i s h e d  i f  we a r e  a b l e  t o  sho-4 t h e  

e x i s t e n c e  of  an  e lement  UEK which i s  t r a n s c e n d e n t a l  o v e r  Z 

E221 

Suppose t h a t  a l l  e l ements  o f  K a r e  a l q e b r a i c  ovzr  Z .  

Take aEK\Z, whence Z (a )  , t h e  commutative s u b f i e l d  of K span- 

ned by Z and a ,  i s  a G a l o i s - f i e l d .  There i s  a  n o n - t r i v i a l  

automorphism o f  Z ( a )  t h a t  f i x e s  Z elementwise and t & e s  a 

t o  aq#a, s a y ,  where q i s  a  power o f  a  prime number. 3y t h e  

Skolem-Noether theorem ( c f .  e . g .  [13 ,46]  o r  [26 ,45]  f o r e a n  

e l e n e n t a r y  proof) ,  t h i s  automorphism can be extended t o  a n  

i n n e r  automorphism of  K.  Hence t h e r e  i s  some uEK such t h a t  

- 1  
U yu=yq f o r  a l l  yEZ ( a )  . According t o  o u r  assumption t h i s  U 

i s  a l g e b r a i c  o v e r  Z .  T h e r e f o r e  t h e  minimal polynomials o f  U, 

a ,  r e s p e c t i v e l y ,  and uyq=yu imply t h a t  t h e  s u b f i e l d  qener-  

a t e d  by Z ,a ,u  h a s  f i n i t e  degree  o v e r  Z ,  s o  t h a t  it i s  a  

f i n i t e  f i e l d .  Bu t ,  by Wedderburn ' S theorem, any f i n i t e  f i e l d  

i s  commutative and t h i s  c o n t r a d i c t s  uafau.  

I t  fo l lows  from t h e  e x i s t e n c e  o f  a  hyperplaxie which con- 

t a i n s  l'(m)\{PO,Pnl t h a t  t h e r e  i s  a  c e n t r a l  hyperplace H 

(wi th  r e s p e c t  t o  {PO. ..., Pn,El j  hav ing  t h e  same p r o c e r t y ,  

because t h e  subspace  spanned by T ( Q ) \ { P ~ , P ~ )  i s  c e n t r a l  

by 1.2.2.  Let  H=P ( k e r  p. p*) , z . € Z ,  zozn#O, then 
j 3 3 3 

(2.13) z n t n +  ... + z = 0 f o r  a l l  t E K 0 



which is  n o t  p o s s i b l e ,  because  o f  uEK b e i n g  t r a n s c e n d e n t a l  

o v e r  2. 

(3 )  The proof i s  completed by t h e  t r i v i a l  remark t h a t  

I ~ ( Q ) \ I P ~ , P ~ )  l ~ n  f o l l o w s  from I ~ l S n + l . C l  

There i s  no unique way from l? ( Q )  back t o  i f  and on ly  
i f  K s a t i s f i e s  a  polynomial  i d e n t i t y  (2.13)  ( c f . [ 1 3 , 1 6 2 ] )  
and n23 which i n  t u r n  i s  e q u i v a l e n t  t o  I ~ l S n + l  and 1123. 
W e  add,  f o r  t h e  sake  o f  comple teness ,  t h a t  on ly  i f  t h i s  
" c a s e  of  s m a l l  ground f i e l d "  is exc luded  "Lemma 6'' and 
"Folgerung 2" i n  [28]  a r e  c o r r e c t  r e s u l t s .  

A s  w i l l  be shown i n  2.4.2, t h e  group o f  automorphic 

c o l l i n e a t i o n s  of a  non-degenerate  normal cu rve  o p e r a t e s  3- 

f o l d  t r a n s i t i v e l y  on t h e  se t  o f  i t s  r e g u l a r  p o i n t s .  S ince  a  

non-regular  p o i n t  canno t  be  fundamenta l  by P r o p o s i t i o n  1 ,  

w e  have t h e  fo l lowing.  

THEOREM 2 .5 .  TLIO d i f f e r e n t  p o i n t s  o f  a  non-degenera te  normal 

c u r v e  form a fxndarnental p a i r  if and o n l y  if t h e y  a r e  

r e g u l a r .  

2.4.  Automorphic c o l l i n e a t i o n s  

2.4.1 . Every automorphic c o l l i n e a t i o n  o f  r ( Q )  ( c f .  2.1.1 ) 

t a k e s  (non-) r e g u l a r  p o i n t s  o f  r=r ( Q )  t o  (non-) r e g u l a r  

p o i n t s  of  r .  Those l i n e a r  automorphisms o f  V such t h a t  

i n d u c e  automorphic c o l l i n e a t i o n s  o f  r :  t h i s  fo l lows  immedi- 

-1 a t e l y  from formula (2.121, I' ( @ ) = F  ( Q  ) a n d ,  by t h e  b inomial  

theorem, 



I t  i s  e a s i l y  seen t h a t  t h e s e  automorphic c o l l i n e a t i o n s  

generate  a group which, regarded as transformation group on 

t h e  s e t  of r e g u l a r  p o i n t s  of r ,  i s  isomorphic t o  the  group 

2 
of  p r o j e c t i v i t i e s  of t h e  p r o j e c t i v e  l i n e  P ( Z  ) over t h e  

c e n t r e  Z of K.  Thus t h i s  group of  automorphic c o l l i n e a t i o n s  

of r i s  sharp ly  3-fold t r a n s i t i v e  on the  s e t  of r egu la r  

p o i n t s  of r .  I n  view of t h i s ,  w e  have t o  d i scuss  only  t h e  

s t a b i l i z e r  of any t h r e e  r e g u l a r  p o i n t s  of r wi thin  t h e  

group G of a l l  automorphic c o l l i n e a t i o n s  of r .  
- 1 I f  aEG f i x e s  PO, Pn, E,  then  a mu generates  r . There a r e  

two cases:  

( 1 )  Let  n=2 o r  IKlln+2. Then, by Theorem 2 . 3  and 

-1 Theorem 2 . 4 ,  a qo=m , and t h e r e f o r e  t he  frame {pO, ..., Pn,El 

i s  f ixed  elementwise under a .  Conversely, every c o l l i n e a t i o n  

which f i x e s  t h i s  frame elementwise i s  i n  t h e  group G .  

(2) Suppose n23 and I K l ~ n + l .  The non-degenerate normal 

curve T has IKI+1 d i s t i n c t  p o i n t s  and e i t h e r  i s  a frame of  

n o r  i s  a b a s i s  of  t h e  subspace spanned by r ( I r l $ n + l ) .  

Hence every permutation of  r which f i x e s  P O , ~ ~ , E  can be ex- 

tended t o  a t  l e a s t  one automorphic p ro j ec t ive  c o l l i n e a t i o n  

of r .  See [181, [ 2 0 1 .  

To sum up, w e  have shown: 

THEOREM 2 . 5 .  The group G of automorphic coZZineations of a 



non -degenera t e  normal c u r v e  r h a s  a  subgroup  o f  p r o j e c t i v e  

c o l l i n e a t i o n s  which  i s  s h a r p l y  t h r e e - f o l d  t r a n s i t i v e  on t h e  

s e t  o f  r e g u l a r  p o i n t s  o f  r .  I f  dimn=n=2 or I r l hn+3, t h e n  t h e  

s t a b i l i z e r  o f  any t h r e e  d i f f e r e n t  r e g u l a r  p o i n t s  o f  r C O -  

i n c i d e s  w i t h  a  group o f  c o l l i n e a t i o n s  f i x i n g  a  frame o f  n 

p o i n t w i s e .  I f  n23 and l r l ~ n + 2 ,  t h e n  e v e r y  p e r m u t a t i o n  o f  r 

i s  t h e  r e s t r i c t i o n  o f  a t  l e a s t  one p r o j e c t i v e  c o l l i n e a t i o n  

A d i f f e r e n t  way t o  de te rmine  t h e  group G of a l l  auto-  
morphic c o l l i n e a t i o n s  of  r ,  working on ly  f o r  [K:z ]== ,  can 
be found i n  [ 2 8 ]  and i n v o l v e s  A m i t s u r ' s  theorem on genera l -  
i z e d  polynomial . i d e n t i t i e s .  However, a s  p o i n t e d  o u t  i n  [ 1 7 ] ,  

S t h e  o r i g i n a l  proof [28 ,440]  i s  c o r r e c t  o n l y  under c e r t a i n  
a d d i t i o n a l  assumptions.  

2 .4 .2 .  W e  f i n i s h  t h i s  c h a p t e r  w i t h  remarks on o s c u l a t i n g  

subspaces .  I t  i s  p o s s i b l e  t o  a s s o c i a t e  w i t h  every  p o i n t  X€ 

E r  ( 9 )  a f l a g  ( x = s ~ )  (9 )  ,S$') ( 9 ) .  . ..,S ( n - l )  X (9  t h e  e lements  

o f  which a r e  c a l l e d  o s c u l a t i n g  s u b s p a c e s  o f  Q i n  X.  See [ 7 ]  

(n=2) and [ l 5 1  (1-123) f o r  d e t a i l s .  

The d e f i n i t i o n  o f  t a n g e n t  o f  a c o n i c  used i n  [ 3 ] i s  
d i f f e r e n t  from t h e  one i n  [ 7 ] .  The d e f i n i t i o n  of o s c u l a t i n g  
subspaces  i n  C281 does n o t  make s e n s e  f o r  Ir16n+2 and 1123, 
because  they  a r e  n o t  de termined u n i q u e l y ,  and f a i l s  t o  work 
i n  non-regular  p o i n t s  i f  t h e  c h a r a c t e r i s t i c  of  t h e  ground 
f i e l d  i s  fO and t n .  

W e  s e e  t h a t  a normal isomorphism Q does  g e n e r a t e  n o t  

o n l y  t h e  non-degenerate normal c u r v e  r ( v )  b u t  a l s o  t h e  s e t  

o f  f l a g s  

r n l .  9 := I (x,s$" ) ( ( P )  . . . , s ~  (n-1) (9 )  ) I X E ~  ( Q )  1 .  

The l i n e a r  automorphisms of  V g i v e n  by formulae (2.14)  , 



( 2 . 1 5 ) ,  (2.16) induce  c o l l i n e a t i o n s  of t h e  group G ( n - l )  
I 

i .e .  t h e  group o f  automorphic c o l l i n e a t i o n s  of r ( n - l )  

C l e a r l y ,  demanding I' ( Q )  =I' ( Q '  ) i s  a  c o a r s e r  r e l a t i o n  than  

demanding r ( Q )  = ( Q  ) , where Q , Q  ' a r e  normal i s o -  

morphisms. Hence G (n-1) i s  a subgroup of G .  These two groups 

c o i n c i d e  i f  and o n l y  i f  r ( Q ) = r  ( Q ' )  does always imply 

r ("-' ) =r ( n - l )  
( Q ' ) .  T h i s  i n  t u r n  i s  e q u i v a l e n t  t o  l r l 2 n + 3  

o r  n=2. I n  t h e  l a t t e r  c a s e s  t h e  t e r m  oscuZcztr;g subspaces  

of a  non-degenerate normal cu rve  does make sense  [ 7 ] ,  [ 1 7 ] .  

Most p r o p e r t i e s  o f  o s c u l a t i n g  subspaces depend on t h e  
c h a r a c t e r i s t i c  o f  t h e  ground f i e l d  K i r r e s p e c t i v e  of whether  
K i s  commutative o r  n o t .  W e  ment ion ,  wi thou t  p r o o f ,  one re- 
s u l t :  I f  t h e  c h a r a c t e r i s t i c  o f  K i s  a  prime number which 
d i v i d e s  t h e  dimension n  o f  I I ,  t h e n  a l l  o s c u l a t i n g  hyper- 
p l a n e s  of a  normal isomorphism belong t o  a  p e n c i l  of  hyper-  
p l a n e s .  See [ 1 8 ] ,  [ 2 0 ] ,  [ 3 5 ] ,  [ 3 6 ] .  

3. DEGENERATE CONICS 

3.1.  Degenerate p r o j e c t i v i t i e s  

3.1 . l .  L e t  It=II ( V )  be  a p r o j e c t i v e  p l a n e .  The e x i s t e n c e  o f  

a  degenera te  p r o j e c t i v i t y  i m p l i e s  t h a t  II i s  non-pappian o r ,  

e q u i v a l e n t l y ,  t h a t  K i s  a  s k e w f i e l d .  W e  assume ( i n  t h i s  

c h a p t e r  o n l y )  t h a t  K i s  a  s k e w f i e l d .  

An o rde red  b a s i s  ( p , q ; a )  o f  V and a  non-cen t ra l  e lement  

aEK\Z g i v e  rise t o  l i n e a r  automorphisms g  EGL(V) such 0'91 

t h a t  

(3.1)  pgo = P ,  qgo = q ,  , a  go = a a ,  

(3 .2 )  pgl = q ,  qgl = P, agl = a .  

The c o l l i n e a t i o n  induced by go i s  a  h o m o l o y  y o ,  s a y ,  w i t h  



c e n t r e  A:=aK, a x i s  PQ (P:=pK, Q:=qK) and c h a r a c t e r i s t i c  

c r o s s - r a t i o  C R ( X ~ O  ,X,XAnPQ,A) =2, where &K denotes  t h e  con- 

jugacy c l a s s  of  a  and X i s  any p o i n t  o f  P\({A}UPQ). The map 

g1 induces  an i n v o l u t o r y  p e r s p e c t i v e  c o l l i n a t i o n  denoted by 

y 1  w i t h  a x i s  AU ( U : = u K  ,u=p+qa) and P ~ ~ = Q .  p u t  g=:gOgl and 

y : = y O y l .  This  y i s  a  p r o j e c t i v e  c o l l i n e a t i o n  which i n t e r -  

changes P  wi th  Q and f i x e s  A. Hence t h e  r e s t r i c t e d  map 

( 3 . 3 )  5 := y l (ull/P) : un/P -- un/Q 

i s  a  p r o j e c t i v i t y  which h a s  PQ a s  i n v a r i a n t  l i n e .  S e t t i n g  

M:=aKBuK t h e  t r a c e  map cAU i n  AU=P(M) i s  induced by t h e  

l i n e a r  automorphism gM: = ( g  [ M )  pM, where p  V-M i s  t h e  p ro jec -  
M' 

t i o n  w i t h  k e r n e l  qK. Consequent ly ,  agM=aa, ugM=ua and 

( 3 . 4 )  { (a+us )K}  U {uK), 

where S i s  i n  t h e  c e n t r a l i z e r  o f  a ,  is  t h e  s e t  of i n v a r i a n t  

p o i n t s  of 5 
AU ' The t r a c e  map 5 i s  n o n - i d e n t i c a l ,  because 

AU 

a  i s  a  non-cent ra l  e lement  o f  K .  Thus, f i r s t l y ,  cAU has in -  

f i n i t e l y  many f i x e d  p o i n t s  ( c f .  2 . 2 . 2 ) ,  second ly ,  < i s  a  de- 

g e n e r a t e  p r o j e c t i v i t y  and,  t h i r d l y ,  r ( 5 )  i s  a  degenera te  

c o n i c .  W e  s h a l l  s a y  t h a t  ( a s  w e l l  a s  l " ( < ) )  i s  determined 

by t h e  ordered  b a s i s  ( p,q ; a )  o f  V and t h e  element  aEK\Z. 

L e t t i n g  a € z X  t h e  above c o n s t r u c t i o n  y i e l d s  a  perspec- 
t i v i t y  5 and i ' ( c )=PQUAU i s  no c o n i c  i n  t h e  sense  o f  our  
d e f i n i t i o n .  However, sometimes it would be  more conveniant  
t o  use  t h e  term "degenera te  c o n i c "  i n  t h i s  c a s e  a s  w e l l  
( c f .  4 .1.2)  ; b u t  w e  s h a l l  s t i c k  t o  o u r  p rev ious  d e f i n i t i o n s  
a s  g iven i n  1 .2.4. 

3 .1 .2 .  The fo l lowing  p r o p o s i t i o n  i l l u s t r a t e s  t h a t  those  

examples of  degenera te  p r o j e c t i v i t i e s  a s  i n t r o d u c e d  i n  3.1.1 



a r e ,  i n  f a c t ,  a l l  d e g e n e r a t e  p r o j e c t i v i t i e s .  

PROPOSITION 3.1. Any degenera te  p r o j e c t i v i t y  s:uII/P-uII/Q 

i s  de termined '  b y  ' a n  ordered  b a s i s  o f  V and an element  of K \ Z .  

Proof.  L e t  ~ , I # P Q  be two d i f f e r e n t  l i n e s  p a s s i n g  

through P.  Then ~ : = l n l ' ,  z : = h l s  are d i f f e r e n t  p o i n t s  o f  t h e  

degenera te  c o n i c  I' ( 5 )  . By P r o p o s i t i o n  1.1,  t h e  l i n e  f i  meets 

PQ i n  a  p o i n t  U o t h e r  t h a n  P ,Q.  The t r a c e  map 5 i s  f i x -  
AU 

i n g  A , ~ , u  b u t  i s  n o t  an  iden t i ty -map ,  because 5 i s  no p e r s -  

p e c t i v i t y .  Suppose A=aK, U=uK,  i i = ( a + u ) ~  and M=aK@uK. I f  gME 

EGL ( M )  induces  t h e  t r a c e  map cAUl t h e n  a and U a r e  eigenvec-  

t o r s  of gM be long ing  t o  t h e  same e i g e n v a l u e  a€K\Z, s a y .  

Choose p,qEV such  t h a t  P=pK, Q=qK, U=(p+qa)K. Then ( p , q ; a )  

and a determine t h e  d e g e n e r a t e  p r o j e c t i v i t y  5.0 

PROPOSITION 3.2. Two ordered  b a s e s  (p,q ; a ) ,  ( p ' ,  q '  ; a ' )  o f  V 

and e lements  a, alEK\Z, r e s p e c t i v e l y ,  such t h a t  

P' = PCOO 

q '  = 
qCl  l  ( C  jk EK) 

a' = pcO2 + qc12 + 

determine  the  same degenerate  p r o j e c t i v i t y  i f  and on ly  i f  

t h e r e  e x i s t s  ~ € 2 '  w i t h  

-1 -1 ( 3 . 4 )  COO = C l l Z '  C 12 = C ~ 2 C 2 2  aC22' a '  = c 22  aC22Z. 

Proof .  I n  t e r m s  o f  t h e  n o t a t i o n  o f  3.1.1, we have c = <  ' 

i f  and only  i f  t h e  t r a c e  maps 5 and s i u  co inc ide  o r ,  equ i -  AU 

v a l e n t l y  , 



= a g ~ z  = aaz 

and 

with  z € z X . O  

Our way of dea l ing  with  degenera te  p r o j e c t i v i t i e s  i s  
d i f f e r e n t  from t h e  one used i n  [ 2 7 ] .  We have been aiming a t  
f i nd ing  n a t u r a l  ex tens ions  of a  g iven  degenerate  pro j e c t i v i t y  
t o  a  c o l l i n e a t i o n  of ll. A s  i s  shown by Propos i t ion  3.2, 
our method y i e l d s  no unique ex tending  c o l l i n e a t i o n ,  but  a l l  
such c o l l i n e a t i o n s  a r e  s t i l l  c l o s e l y  r e l a t e d .  

Degenerate conics a r e  a l s o  c a l l e d  C-configurations and 
can be obtained a s  c e r t a i n  p l a n a r  s e c t i o n s  of a regulus i n  
a  t h r e e  dimensional non-pappian p r o j e c t i v e  space [33,325]. 
Examples of degenerate conics  i n  t r a n s l a t i o n  planes  a r e  
given i n  [ 30 l . 

3.1.3. Using the  no ta t ion  in t roduced  i n  3.1.1, we look a t  

t he  degenerate conic r ( c )  =: r . The improper p a r t  of r with 

X 
r e spec t  t o  5 i s  t h e  l i n e  r ( 5 )  =PQ. This  i s  t h e  only l i n e  

contained i n  r ,  because S is  no p e r s p e c t i v i t y .  Furthermore, 

r X  ( g )  =G ( 5 )  i s  t he  fundamental l i n e  o f  5 .  So it makes sense  

t o  c a l l  r X  ( g )  , r o  ( S ) ,  G ( 5 )  t h e  improper p a r t ,  proper ? a r t ,  

fundamental l i n e ,  r e s p e c t i v e l y ,  of the  degenerate c o ~ t c  r . 
We deduce t h e  parametr ic  r e p r e s e n t a t i o n  

(3.5) r 0  ( 5 )  = l y t ~ /  ~ ~ = ~ t + ~ t a + a ,  ~ E K } ,  

s i n c e  r 0  (c , )= :? '  equals  t h e  s e t  of a l l  p o i n t s  a l K  w i t h  a' 

s a t i s f y i n g  the  condi t ions  i n  P r o p o s i t i o n  3.2. 

Consider t he  p ro j ec t ion  r:P-PQ through any po in t  y K, 
U 

say .  We obta in  

(3 .6)  n := ( ~ O \ { Y ~ K I ) ~  = { ( p + q ( t - u ) a ( t - u ) - l ) ~ ~ t ~ ~ \ { u ~  I = 

= {x€PQIcR(x ,E,P ,Q)=$) ,  



where E=(p+q)K. T h i s  set n i s  i n f i n i t e  [ 1 9 ] .  By t h e  proof  

o f  P r o p o s i t i o n  3.1, e v e r y  p o i n t  o f  n i s  t h e  image of i n -  

f i n i t e l y  many p o i n t s  o f  r 0  and , by t h e  l as t  e q u a l i t y  i n  

( 3 . 6 ) ,  n does n o t  depend on t h e  cho ice  of uEK. Therefore  

e v e r y  l i n e  j o i n i n g  two d i f f e r e n t  p o i n t s  of  r 0  meets PQ i n  

a p o i n t  be longing t o  n and,  c o n v e r s e l y ,  any l i n e  which j o i n s  

a  p o i n t  of n and a  p o i n t  o f  r 0  can be spanned by two d i s t i n c t  

p o i n t  of r 0  a s  w e l l .  C l e a r l y ,  a  p o i n t  of n never  i s  a  fund- 

amenta l  p o i n t  o f  r .  

Next w e  t a k e  any l i n e  l = P  ( k e r  (hop*+hl q*+h2 a*) ) d i f f e r e n t  

from PQ, i . e .  (ho ,h l )# (O,O)  , where {p*,q*,a*} i s  t h e  d u a l  

b a s i s  of { p , q , a ) .  The i n t e r s e c t i o n  l n r O  is  t h e  s e t  of a l l  

p o i n t s  y t ~ ~ ~ O  w i t h  t E K  and 

(3 .7 )  hot  + h l t a  + h 2  = 0. 

For  h  -0 o r  hl=O a unique  p o i n t  ytK e x i s t s  i n  accordance 
0- 

w i t h  P r o p o s i t i o n  1.1. I f  h  h  $0, t h e n  we may assume h , = l ,  
0 1  

hence 

( 3 . 8 )  h o t + t a + h 2  = O .  

See [13,222] f o r  r e s u l t s  on t h e  s o l u t i o n s  of equa t ion  ( 3 . 8 ) .  

C f .  a l s o  [33 ,331] .  

3.2. Genera t ing  maps 

3.2.1.  The c r u c i a l  r e s u l t  on d e g e n e r a t e  c o n i c s  i s  -- 
THEOREM 3.1 . Any two degenera te  p r o j e c t i v i t i e s  c ,  5 ' y i e l d  

t h e  same degenera te  conic if and o n l y  i f  t h e r e  are  ordered  

b a s e s  ( p , q ; a ) ,  ( p ' , q l ; a )  o f  V and e l emen t s  a,alEK\Z, r e -  



s p e c t i v e l y ,  which determine  5 ,  5 '  such t h a t ,  e i t h e r  

(3 .10)  [ a : ~ ]  # 2, a '  = ( z  +z a )  (z2+z3a)  -1 
0 1  

q' = pz3w + qz2w, 

wi th  ziEZ, z z  -z z PO, W E K ~ ,  o r  1 2  0 3  

(3 .11)  [a :Z]  = 2, a '  = z  + z  a, 0 1  

P' = P(-vz0+(w-m v ) z  ) + q(-wz +m vz  ) 1 1  0  0 1 '  

q' = pv + W, 
- 

w i t h  a2=mo+m1a, zi, rniEZ, v, wEK, ( v , w )  # ( O , O ) ,  v ' w e 3  (when 

vfo) ,  where ~ c K  deno tes  t h e  conjugacy c l a s s  of a .  

proof: (1 ) s i p p o s e  r ( c )  =r  ( c '  ) . W e  r e a d  o f f  from Pro- 

p o s i t i o n  3.1 t h a t  <,<'  are de te rmined ,  r e s p e c t i v e l y ,  by 

o r d e r e d  bases  ( P , q ; a ) ,  ( ~ ' ~ q ' ; a )  o f  V and elements  ~ , ~ ' E K \ z ,  

s a y .  S ince  pKvqK= plKvq'K, w e  o b t a i n  

(3 .12)  P '  = pco0 + q c l O  

q '  = PCo1 + 9 c 1 , ,  

where (c ) i s  an  i n v e r t i b l e  matr ix w i t h  e n t r i e s  i n  K .  From 
j k 

formulae ( 3 . 5 )  and (3.12)  w e  deduce 

r O ( c ' )  = ~ ~ ~ ~ ~ y ~ = p ( c ~ ~ t + c ~ ~ t a ' ) + q ( ~ ~ ~ t + c ~ ~  t a '  ) + a ,  

~ E K ) .  

Hence, by I ' ( c ) = r  ( S ' )  r 

(c 00 t + c O l t a 1 ) a  = ( c l O t + c l l t a ' )  

f o r  a l l  t E K  o r ,  e q u i v a l e n t l y ,  

(3 .13)  c l o t  - cOOta  + c l l t a l  - C t a ' a  = 0  f o r  a l l  t E K .  01 

The l e f t - s i d e  c o e f f i c i e n t s  of  t h i s  i d e n t i t y  (3.1 3) cannot  

v a n i s h  s imul taneous ly ,  because  (c ) i s  a r e g u l a r  ma t r ix .  
jk 



Then, by Lemma 1 .1 ,  t h e r e  e x i s t s  a n o n - t r i v i a l  l i n e a r  com- 

b i n a t i o n  z  +z a-z a ' - z 3 a t a = 0  (z iEZ) .  Thus 0 1  2  
-1 (3 .14)  a '  = ( z  +z a ) ( z 2 + z 3 a )  

0 1  

i s  a n  e lement  of t h e  commutat ive s u b f i e l d  Z(a)cK and s u b s t i -  

t u t i o n  i n  (3 .13)  i m p l i e s  

+ ( - c ~ ~ z ~ - c ~ ~ z ~ ) ~ ~ ~  = 0  f o r  a l l  t E K .  

2  I f  l , a , a  are l i n e a r l y  i n d e p e n d e n t  o v e r  Z ,  i . e . [ a : Z ] > 2 ,  

t h e n  a l l  l e f t - s i d e  c o e f f i c i e n t s  i n  (3 .15)  have t o  v a n i s h  

s i m u l t a n e o u s l y  by Lemma 1  . l  . T h e r e f o r e  

0 
(3 .16 )  ( c jk )  = 

w i t h  w c ~ ~  and zlz2-zoz3#0. 

I f  [a :Z]=2,  t h e n  a L = m  +m a where m o , m l € Z ,  m 0 # O  W e  
0 1  

may assume z2=1, z3=0 i n  (3 .14 )  . S u b s t i t u t i n g  i n  (3 .15)  

w e  have 

(3 .17 )  ( c  +c z  -c ( Z  +Z m ) ) t a  = 10 1  l zO-CO1z lm~)  + ( - C ~ o + c l  l  1  01 0 1  1  

= 0 f o r  a l l  t E K .  

The same arguments  as b e f o r e  y i e l d  

w i t h  v,wEK. S i n c e  (c  ) i s  i n v e r t i b l e ,  i t s  r i a h t  column r a n k  
jk  

e q u a l s  2. Thus v=O f o r c e s  w#O a n d  w=O i m p l i e s  v#O. Suppose,  

- 1  f i n a l l y ,  t h a t  vw#O. Then v-'W-m #m W v  and consequen t ly  1 0  

By [12,302]  o r  [ 1 3 , 5 4 ] , t h e  i n e q u a l i t y  (3 .19)  i s  e q u i v a l e n t  



t o  (v-'W) n o t  con juga te  t o  a .  (Another  p roof  of  t h i s  can 

be  g iven  by d i s c u s s i n g  t h e  i n t e r s e c t i o n  o f  a  l i n e  and a  

non-degenerate conic ;  c f .  2 .2.2.)  

( 2 )  By r e v e r s i n g  t h e  above arguments ,  i t  i s  c l e a r  t h a t  

(3 .15)  o r  (3.17)  i m p l i e s  r ( c ' ) c I ' ( ~ )  and t h e  r e a d e r  w i l l  

e a s i l y  show t h a t  l" ( 5  ' ) =l" ( 5 )  , a s  r e q u i r e d  .El 

The proof of  Theorem 3.1 f o l l o w s  t h e  same p a t t e r n  a s  
t h a t  of  "Satz2" i n  [271.  I n  c o n t r a s t  t o  [271,  where most of  
t h i s  c h a p t e r ' s  m a t e r i a l  h a s  been t a k e n  from, n e a r l y  a l l  o f  
o u r  r e s u l t s  w i l l  t u r n  o u t  t o  be immediate consequences o f  
Theorem 3.1. Thus i t  i s  p o s s i b l e  t o  omi t  some lengthy c a l -  
c u l a t i o n s  i n c l u d i n g  a n o t h e r  a p p l i c a t i o n  o f  r e s u l t s  on 
g e n e r a l i z e d  polynomial i d e n t i t i e s  [27,248-2491. 

3 .2 .3 .  A s u b s e t  c of  t h e  fundamental  l i n e  o f  a  degenera te  

c o n i c  r i s  c a l l e d  a  fundamenta l  c h a i n  o f  r i f  c i s  a  maximal 

se t  w i t h  t h e  fo l lowing p r o p e r t y :  Any two d i f f e r e n t  p o i n t s  

P r I Q ' E c  form a fundamental p a i r  of  r .  

COROLLARY 3.1. L e t  l" ( 5 )  be a  d e g e n e r a t e  c o n i c  g i v e n  b y  (3 .3)  . 
I f  [a :z ]#2  . t h e n  

(3 .20)  [ P , Q , E I ~  

where ~ = ( p + q ) K  t s  t h e  o n l y  f undamen ta l  c h a i n  o f  r ( 5 ) .  I f  

[a:Z]=2, t h e n  cr,? p o i n t  Q'=qlKEPQ\n, ql=pv+qw, l i e s  i n  a  

fundamenta l  c h a i n  C o f  l ? ( < )  g i v e n  by  
Q ' 

(3 .21)  C = [ P ' ~ Q ' ~ E ' I ~  
Q '  

where P1=p'K, p f=p(w-m v)+qmov, E ' = ( p l + q ' ) K ,  and an; two 
1 

d i f f e r e n t  f undcazn ta l  c h a i n s  o f  r ( 5 )  have empty  i n t e r s e c t i o n .  

P r o o f .  Theorem 3.1 immediately e s t a b l i s h e s  t h e  r e s u l t ,  

s i n c e  ( X E P Q I ( X , Q ' )  i s  a  fundamental  p a i r  o f  l " ( < ) )  i s  a  



is a 2-chain ( c f .  1 .2.2)  a s  w e l l  as a fundamextal cha in  of  

r ( 5 )  .m 

Ke remark t h a t  f o r  [ a :  Z]=2 t h e  l i n e  PQ i s  covered 
( d i s j o i n t l y )  by t h e  fundamenta l  c h a i n s  of  r ( ; )  and t h e  set 
n .  The concept  o f  " o r d i n a r y  fundamental  p o i n t "  ("gewohnli- 
c h e r  Grundpunkt"),  as h a s  been i n t r o d u c e d  i n  1271, w i l l  n o t  
be  used i n  this a r t i c l e ,  because  "fundamental chain' '  seems 
more a p p r o p r i a t e .  

The f o l l o w i n g  r e s u l t  may b e  regarded  a s  " ~ a s c a l ' s  t h e -  

orem" f o r  d e g e n e r a t e  c o n i c s  [ 2 7 ] .  

PROPOSITION 3.3. L e t  I' be  a  d e g e n e r a t e  c o n i c .  Given t h r e e  

pairw5se d i f f e r e n t  p o i n t s  P P , P  i n  t h e  sara fundamentaz 
1' 2 3 

chair;  3y r and t h r e e  p a i r w i s e  d i f f e r e n t  p o i r ; ; ~  A A A i n  
1' 2' 3 

t h e  p r o e r  p a r t  o f  r, t h e n  

P1A2nP2A1 9 P1A3nP3A1' P2A3nP3A2 

a r e  t h e e  coZZ inear  p o i n t s .  

-?roof. By c a l c u l a t i o n .  

3.4.  Automorphic c o l l i n e a t i o n s  and c l a s s i f i c a t i o n  

3.4.1. Suppose t h a t ,  as b e f o r e ,  a degenera te  con ic  r=r  ( 5 )  i s  

g iven  by formula ( 3 . 3 ) .  W e  s h a l l  f r e q u e n t l y  adopt  n o t i o n s  

o f  a f f i n e  geometry by r e g a r d i n g  PQ a s  l i n e  zt i n f i n i t y .  The 

term f -automorphism o f  V w i l l  be  used a s  a s2or thand f o r  any 

b i j e c t i v e  s e m i - l i n e a r  map V-V w i t h  r e s p e c t  t o  an automorph- 

i s m  f of t h e  s k e w f i e l d  K .  

I f  a c o l l i n e a t i o n  K E P ~ L ( J I )  f i x e s  t h e  l i n e  PQ, then  K is  in -  

duced by one and o n l y  one f-automorphism feTL(V) such t h a t  

T h i s  c o l l i n e a t i o n  K is  p r o j e c t i v e  i f  and only  i f  f i s  an  



i n n e r  automorphism o f  K ,  whereas £=idK y i e l d s  t h e  normal sub- 

group o f  those  p r o j e c t i v e  c o l l i n e a t i o n s  which p rese rve  a l l  

-1 a f f i n e  r a t i o s  i n  P\PQ. S i n c e  K C K  i s  a g e n e r a t i n g  map of  r K  
f f f  i which  i s  determined by (a  ,P ; q ) and a , P r o p o s i t i o n  3 .1  

and Theorem 3.1 g i v e  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  

f t o  induce an automorphic c o l l i n e a t i o n  of  r :  

THEOREM 3.2. Le t  l ' ( < )  be d e t e r m i n e d  by  an o r d e r e d  b a s i s  

( p , q ; a )  o f  V and an e l e m e n t  a € K \ Z .  Any f -automorphism 

fETL ( V )  s a t i s p d i n g  (3.22)  i n d u c e s  a n  au tomorph i c  c o Z Z i n e a t i o n  

o f  r ( < )  i f  and o n l y  i f ,  f i r s t l y ,  t h e  c o n d i t i o n s  s t a t e d  i n  

f f Theorem 3 .  l .  f o r  a 1 , p ' ,  q '  h o l d  when s u b s t i t u t i n g  a , ,q , 

r e s p e c t i v e l y ,  and,  s e c o n d l y ,  t h e r e  e x i s t s  uEK such  t h a t  

f a = pu + qua + a .  

Those l i n e a r  maps fEGL(V) whose m a t r i c e s  wi th  r e s p e c t  

induce  a normal subgroup o f  automorphic  t r a n s l a t i o n s  of  r= 

=r(5) which o p e r a t e s  r e g u l a r l y  on the p r o p e r  p a r t  of  I". The 

s t a b i l i z e r  of  A=aK w i t h i n  t h e  group o f  a l l  automorphic c o l -  

l i n e a t i o n s  of 3 s  induced by £-automorphisms w i t h  mat r i ces  

( w r i t t e n  a s  a p roduc t )  

w o o  -2  0 1: I i 2 3 .  



- -1 f o r  [ a : z ] # 2 ,  a r = ( z o + z l a )  (z2+z3a)  and 

f- f o r  [ a : ~ 1 = 2 ,  a = z +z a .  Here u,v,w a r e  s u b j e c t  t o  t h e  con- 
0 1 

d i t i o n s  s t a t e d  i n  Theorem 3.1.  I f  [ a : z ] #  2 ,  then t h e  o r b i t  

of  Q=qK under t h i s  s t a b i l i z e r  i s  a s u b s e t  q of  t h e  on ly  

fundamental c h a i n  o f  r .  The " s i z e "  o f  t h i s  s u b s e t  q depends 

on t h e  e x i s t e n c e  o f  " s u i t a b l e "  automorphisms of K .  I f  [ a : ~ ] =  

=2, then  t h e  o r b i t  o f  Q under  t h i s  s t a b i l i z e r  e q u a l s  PQ\n; 

t h e  o r b i t  of  Q under  t h e  s t a b i l i z e r  o f  A w i t h i n  t h e  sub- 

group of automorphic c o l l i n e a t i o n s  o f  r which p r e s e r v e  a l l  

a f f i n e  r a t i o s  ( ?= idK)  i s  a l s o  PQ\n f o r  [ a : z ]=2 .  

The m a t r i c e s  

16 e t I  w i t h  W E Z ~  

y i e l d  l i n e a r  maps i n d u c i n g  a subgroup of  automorphic homo- 

l o g i e s  of  r whose common c e n t r e  i s  A. 

3.4.2.  We t u r n  t o  t h e  problem o f  c l a s s i f i c a t i o n  [ 2 7 ] .  I f  w e  

a r e  given two d e g e n e r a t e  c o n i c s ,  t h e n  ( p o s s i b l y  a f t e r  apply-  

i n g  a p r o j e c t i v e  c o l l i n e a t i o n  on one of  them) we may assume 

t h a t  t h e s e  c o n i c s  a r e  de termined by t h e  same o rdered  b a s i s  

o f  V and two e lements  o f  K \ Z .  From Theorem 3.2 w e  deduce 

immediately 



THEOREM 3.3. Given  two d e g e n e r a t e  c o n i c s  r ( c ) ,  r ( 5  ' ) which  

a r e  de t e rmined  by  t h e  same o r d e r e d  b a s i s  o f  V and e l e m e n t s  

a, a ' E K \ Z ,  r e s p e c t i v e l y ,  t h e r e  i s  a ( p r o j e c t i v e )  c o Z Z i n z a t i o n  

mapping r ( 5 ' )  o n t o  r ( S )  i f  and o n l y  i f  t h e r e  i s  an  ( i n n e r )  

automorphism f o f  K s u c h  t h a t ,  e i t h e r  

w i t h  zlz2-zoz3#0, ziEZ, o r  

f (3.24) [ a : ~ ]  = 2, a E Z ( a )  . 
This b r ings  t o  an end our  d i scus s ion  of degenerate 

conics .  

4 .  DEGENERATE NORMAL CURVES 

4 . 1 .  A few r e s u l t s  

4.1 . l  . Suppose t h a t  II ( V )  i s  an n-dimensional p ro j ec t ive  

space .  Let 

: uII/P - uII/Q (P#Q) 

be a degenerate p r o j e c t i v e  isomorphism whose fundamental 

subspace G ( 5 )  i s  k-dimensional ( 16kSn- 1 ) . 
I f  k=l , then the  improper p a r t  r X  ( g )  of  the  norxal  

curve r ( < )  with r e spec t  t o  g i s  t h e  l i n e  PQ, whereas k22 

impl ies  t h a t  r X ( g )  i s  a non-degenerate normal curve i n  the  

p r o j e c t i v e  space II ( G )  ( G :  =G ( 5 ) , because t h e  r e s t r i c t e d  map 
' l (un ( G )  ) /P i s  non-degenerate. 

Next l e t  G be no hyperplane.  Then 51u11/G i s  a projec- 

t i v e  automorphism of un/G. I f  X E ~ ~ ( < ) ,  i . e .  the  proper p a r t  

of  r ( 5 )  with r e spec t  t o  g ,  t hen  (XvG) '=XVG and r ( 5 )  2 (XvG) 



i s  t h e  p o i n t  se t  g e n e r a t e d  by l (ull (xvG) ) /P. This makes 

c l e a r  t h a t  T O  ( c )  i s  empty i f  h a s  no i n v a r i a n t  ( k + l ) -  

d imensional  subspaces .  

4 .1 .2 .  The p r e c e d i n g  d i s c u s s i o n  t e l l s  us t h a t  a t  f i r s t  pro-  

j e c t i v e  isomorphisms 5 w i t h  a fundamental  hyperplane have t o  

be  s t u d i e d .  Here t h e  g e n e r a t e d  p o i n t  s e t  r ( 5 )  is  e i t h e r  

t h e  union o f  two d i s t i n c t  l i n e s  (n=2;  c f .  3.1.1) o r  a  de- 

g e n e r a t e  normal cu rve  (1123). 

According t o  [ 28,4451 t h e r e  e x i s t s  always a  b a s i s  
. . 

1 p . . . , p I a  1 o f  V such  t h a t  
n- l  

( 4 . 1 )  r X ( < )  = { x t ~ j x  - p j t j ,  ~ E K I  U I P , - ~ K I  
tVjzo 

and 

0 
n- l  

(4.21 1. (0 = I Y t ~ / Y t = ~ p . t a j + a ,  t E K }  
j = O  J n-l. * 

w i t h  aiKX . A hyperplane  H=P ( k e r  h .  p*+ha*) , where {po, . .  . , 
* j =o 3 7 

Pn- 1  , a X )  i s  t h e  d u a l  b a s i s  o f  { p O , .  . . , I a )  , c o n t a i n s  

r 0  ( 5 )  i f  and on ly  i f  

( 4 . 3 )  h o t  + h l t a  + . . . + hn- l tan- l  + h = 0 f o r  a l l  t € K  

o r ,  e q u i v a l e n t l y ,  h=O and [ a : ~ ] s n - l  by Lemma 1.1.  On t h e  

o t h e r  hand, i t  i s  e a s i l y  s e e n  t h a t  t h e  dimension o f  t h e  sub- 

s p a c e  spanned by r 0  ( < )  e q u a l s  minI [ a :  Z ]  , n }  . (Us6 "Satz 1  " i n  

[ l 7 1  and "9.3" i n  [281 . )  Hence a € z X  i f  and only i f  r 0 ( 5 )  is 

a n  a f f i n e  l i n e .  Some examples o f  automorphic c o l l i n e a t i o n s  

o f  r ( 5 )  a r e  i n c l u d e d  i n  [ 2 8 ] .  

4 .1.3.  Returning t o  t h e  g e n e r a l  c a s e  and 'assuming ksn-2 it 

fo l lows  t h a t  e v e r y  < - i n v a r i a n t  (k+l) -d imensional  subspace  



h a s  non-empty i n t e r s e c t i o n  w i t h  r U  ( c )  . R e s u l t s  concerning 

t h e  c a s e  k=n-2 can be found i n  [ 2 8 ] .  

4.2.  F i n a l  remarks 

4.2.1.  L e t  n ( V )  be a 4-dimensional  p r o j e c t i v e  space  and l e t  
K be  t h e  G a l o i s - f i e l d  o f  o r d e r  2.  A non-degenerate normal 
c u r v e  i n  ll i s  j u s t  a t r i a n g l e  by ( 2.8 ) . On t h e  o t h e r  hand, 
it i s  easy  t o  see t h a t  t h e r e  e x i s t s  a degenera te  p r o j e c t i v e  
isomorphism 5, s a y ,  t h e  g e n e r a t e d  p o i n t  s e t  of  which i s  a 
t r i a n g l e  a s  we l l :  W e  have t o  e n s u r e  o n l y  t h a t  t h e  fundamen- 
t a l  subspace G(<) i s  a p l a n e  and t h a t  none of  t h e  seven 
hyperp lanes  p a s s i n g  through G ( < )  i s  < - i n v a r i a n t .  This  f o r c e s  
r x ( q )  t o  be  a t r i a n g l e  i n  G ( < )  and r 0 ( 5 ) = 0 ,  a s  r e q u i r e d .  

This  example shows t h a t  a normal  cu rve  may be  degenera te  

a s  w e l l  a s  non-degenerate ,  b u t  a l l  normal curves  wi th  t h i s  

p r o p e r t y  a r e  n o t  known t o  t h e  a u t h o r .  Cf.  however [28 ,436] .  

4 .2 .2 .  I n  g e n e r a l ,  t h e  problems o f  c l a s s i f i c a t i o n ,  auto- 
morphic c o l l i n e a t i o n s  and g e n e r a t i n g  maps seem t o  be  unsolved 
f o r  degenera te  normal c u r v e s .  I t  s h o u l d  a l s o  be i n t e r e s t i n g  
t o  d i s c u s s ,  f o r  example, t h e  group o f  c o l l i n e a t i o n s  f i x i n g  
t h e  p o i n t  s e t  F 0  ( 5 )  given  by ( 4 . 2 )  i r r e s p e c t i v e  of  what 
happens t o  r X ( < )  g iven by ( 4 . 1 ) .  
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