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Abstract

The designof dewelopablesurfacesis of fundamertal importance for many appli-
cationsin Computer Aided Geometric Design. The aim of this thesisis to derive
di erent algorithms to approximate dewelopablesurfacesby cone spline surfaces
which are G!-surfacescomposedof segmets of right circular cones.This can be
seenas a certain spatial courterpart of approximating a spacecurve by an arc
spline A new algorithm for sudh an arc spline appraximation of spacecurvesin
Euclidean 3-spaceis preserted in this work.

The rst chapter shows how to approximate a dewvelopablesurfaceby smoothly
joining pairs of cone segmets. It turns out that there exists a one parameter
family of conepairswhich join two generatorsof the developablesurfaceand touch
the tangen planesat thesegenerators.Errors of this approximation method are
analyzedand se\eral examplesare given.

The secondchapter presens a di erent approximation technique with conespline
surfaces. From the given dewelopable surfacea set of osculating conesis com-
puted. For ead two consecutiw osculatingconesa smaothly joining conesegmen
is determined. In special casesthere still existsa one parameter set of solutions
but in the generalcaseone will have just two complexsolution cones. This sur-
vey includes an application of this method to the reconstruction of dewelopable
surfacesfrom scattereddata.

The third chapter gives a short introduction into 3-dimensionalEuclidean La-
guerre space. In the isotropic model of this geometry the appraximation tech-
niquesof chapters 1 and 2 will appear ascurve approximation with isotropic arc
splines. With tools from isotropic Mebius geometry we will prove the funda-
mertal theorem that there always exists a joining cone of two su cien tly close
osculatingconesof a developablesurfacewhich is real and usefulfor applications.
This result con rms the feasibility of the methods of chapter 2.

Finally, in chapter four we will discussosculating arc spline approximation of
twisted curvesin Euclidean3-space.ln generalthere existtwo arcsthat smaothly
join two osculating circles of a spatial curve. Again the existenceof a real and
usefulsolution is proven. Furthermore an algorithm is preseried how to segmen
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the given curve in order to minimize appraximation errors. The approximation
algorithms are discussedor se\eral examples.



Kurzfassung (German)

Das computerurterstutzte Modellieren mit abwickelbaren Flachen (Torsen) be-
sitzt wichtige Anwendungenim Designmit nicht dehrbaren Materialien. Diese
Arbeit behandelt versdhiedene Methoden eine gegelene Torse durch Dreh-
kegelspline achen anzumahern. Dies sind Flachen, weldhe aus Segmeten von

Drehkegeln tangertialstetig zusammengesetzsind. Es bestehl eine enge Ver-
wandtsdaft zwisthen der Approximation mit Drehkegelspline achen und reum-
licher Kurvenapproimation durch Kreissplines,alsoKurven, die tangertialstetig

aus Kreisbhegenzusammengesetzsind. Auch fer diesesProblem wird ein neues
Verfahrenvorgestellt.

Das erste Kapitel behandelt die Approximation von Torsen durch tangertial-
stetige Drehk@el@mare. Zu je zwei Erzeugendeneiner Torse existiert eine ein-
parametrige Scar von solthen Drehkegelpaaren weldhe die Erzeugendeninter-
polieren und dort die Tangernialebenen der Torse berehren. Weiters werden
Fehlerabsbatzungendurchgethrt und die Methoden anhandvon Beispielenver-
ansdaulicht.

Im zweiten Kapitel wird ein anderesApproximationssciemamit Drehkegelspline-
eachen vorgestellt. Von einer gegelenen Torsewerden Krammungsdrehlegelzu
einzelnenErzeugendenberetinet und mit weiteren Drehkegeln glatt zu einer
Drehkegelspline ache verbunden. Im Gegensatzzu ersterer Methode existieren
im allgemeinennur zwei komplexe Drehkegel, welche zwei Drehkegel berehren.
Als Anwendung diesesAlgorithmus wird die Flachenrelonstruktion einer Torse
aus einer Punktwolke prasentiert.

Das dritte Kapitel beinhaltet zunachst eine kurze Einfuhrung in die dreidimen-
sionale euklidische Laguerre-Geometrie. Im isotropen Modell dieser Geometrie
werdendie oriertierten Drehkegelspline achen namlich als isotrope Kreissplines
abgebildet. Dies ermeglicht einen tieferen Einblick in die geometristie Struk-
tur der Methoden aus den ersten beiden Kapiteln. Weiters kann mit Hilfe
von Mebiustransformationenleicht gezeigtwerden, da zu zwei gereigend na-
hen Kremmungskegelneiner Torse ein reeller, berehrender Drehkegel existiert,
sada die Brauchbarkeit desVerfahrensaus Kapitel 2 gesidert ist.



Im vierten Kapitel wird sdhlie lic h eineKorbbogenlonstruktion fer ebeneKurven

auf Raumkurven des euklidischen Dreiraums erweitert. An einzelnenPunkten

der Raumkurve werden die Krammungskreiseberedinet und durch berehrende
Kreisbegenzu einemKreisspline verbunden. Wiederum kann die Existenz eines
reellenKreisbogensbewieserwerden,der die Orientierung der Kr ammungskreise
erhalt. Anhand einesBeispielswird absdlie end ein Segmetierungsalgorithmus

vorgestellt, um die auftretenden Approximationsfehlerzu minimieren.
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Intro duction

In the computer-aidedgeometricdesignliterature, rising attention is givento de-
velopablesurfacesdhecausedhey are surfaceghat canbe unfolded(developed) into

a plane without stretching or tearing. Becauseof this property, they are of con-
siderableimportanceto the modeling of surfacesof approximately unstretchable
materials, sud as paper, leather or thin sheetsof metal. Applications in sheet-
metal and plate-metal basedindustriesinclude windshield design,binder surfaces
for sheetmetal forming processesaircraft skins, ship hulls and others (see,for

example,Mancewiczand Frey [24]). One motivation of this presert work comes
from a project launched by OdenseSteel Shipyard Ltd. and the Departmert of

Mathematics at the Tednical University of Denmark which dealswith the de-
sign and engineeringof double curved ship surfaces(seeRandrup [41]). There,

dewelopablesurfacesappear in the manufacturing processof the steel plates.

To include dewelopablesurfacesinto current CAD/CAM systems,they need
to be represeted asNURBS surfaceqsee,e.g.Farin [10] or Piegland Tiller [34]).
There are basically two approadesto rational dewelopablesurfaces. First, one
can expresssud a surfaceas a tensor product surfaceof degree(1; n) and solve
the nonlinear side conditions expressingthe dewelopability. Aumann [1, 2], Frey
and Bindschadler[11], Lang and Resdel [21] or Maekawa and Chalfant [23] follow
this approad and attach especial importance to cortrolling the singular points
of thesesurfaces.

Second,one can view the surfaceas ervelope of its one parameter set of tan-
gert planesand thustreat it asa curve in dual projective space.Bodduluri and
Ravani [3, 4] werethe rst to give algorithms similar to deCasteljauand Farin-
Boehm for dewelopable surfaces. Further geometric cortributions are given by
Hosdtek [16] and Pottmann [35]. Basedon the dual approad, someinterpola-
tion and approximation algorithms aswell asinitial solutionsto special applica-
tions have beenpreserted recerlly by Hosthek and Pottmann [17], Hosthek and
Sdineider [1§], Pottmann and Farin [37], Pottmann and Wallner [40], Sdnei-
der [46] and Vatter [56]. The numerical computation of the isometric mapping
of a dewelopablesurfaceinto the plane has beentreated by seeral authors (see
e.g.Clemerns and Leon[9], Gurunathan and Dhande[13], Kreyszig[19] or Weiss
and Furtner [55]).
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INTR ODUCTION 11

A technique to model dewelopablesurfaceswith smaothly joined segmets of
generalconeswas proposedby Sun and Fiume [53]. For the designof the cross
sectionsof the conepatchesB-spline curvesare used. One still needsnumerical
integration to atten out sud a generalconesegmen though. Redort [42] uses
patches of right circular cones(conesof revolution), their dewelopmern being
elemenary. Becauseof the global methods givenin [53, 42], the adjustmert of a
single conepatch a ects the position of all the adjacen patches.

This thesis presens a dierent approad to the design of smooth dewel-
opable surfaceswith piecesof conesof revolution, which has been introduced
by Leopoldsederand Pottmann [22]. The presered algorithms are local and use
tools from various branchesof classicalgeometry In this way one can get valu-
ableinsight into the degreeof freedom,the variety of feasiblesolutionsand ways
for optimizing them. From now on, thesesurfaceswill be called cone spline sur-
faces Thesesurfacesare esgecially usefulfor applicationswherethe developmen
of the designedsurfacesneedsto be computedwith high accuracy as numerical
integration techniquescan be avoided. Furthermore, these surfacespossesshe
lowest possible parametric and implicit degreefor designingG?! surfaces,their
dewelopmern and bending into other dewelopableshapesis elemertary and their
o0 sets are of the sametype.

The methods proposedin chapters 1 and 2 for designingconespline surfaces
useknown resultson planar and spheri@l arc splines An arc splineis a curve con-
sisting of segmets of circlesand straight linesthat arejoined with G* cortinuity.
Planar arc spline are desirablepaths for numerically cortrolled cutting madines
astheir o sets are easyto nd. Therefore,there is a rich variety of literature
on arc spline approximation of planar curves. A standard method for nding an
interpolating arc splineto a planar point set usesbiarcs (a biarc is a pair of cir-
cular arcswhich are tangert cortinuousat their junction point). One calculates
or estimatesthe tangerts at the given points and obtains a one parameter set of
biarcs joining thesegiven points and matching the tangerts. Dierent methods
for optimizing the free parameterhave beenproposedand analyzedby Bolton [5],
Nutb ourne and Martin [30], Piegl [33], Rossighacand Requida [43], Sabin [44],
Sdenherr [47], Shippey [5]1] and Su and Liu [52]. Parkinson and Moreton [3]]
and Parkinson [32] solve non-linear equationsto determine the tangert vectors
at the interpolation points sud that the arc spline has minimal strain energy
Meekand Walton [26, 27] analyzethe resulting errors of the biarc approximation
techniques. Furthermore, theseauthors introduce a di erent method in [28] to
produce an arc spline. They compute a set of osculating circles of a curve and
smaothly join consecutie osculatingcirclesby arcsto get a planar osculatingarc
spline approximating the given curve. They shawv that { asymptotically { this
method givessmaller errors than using a biarc spline.

All the cortributions on planar biarcs mertioned so far are basedon inter-
polation techniques. Somereseart on the approximation of planar point sets
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hasbeendoneby Meekand Walton [25]. Hosdek [15 solvesnon-linear equation
systemsto nd aleastsquarest to sud a point set. Wallner [54] usesa gen-
eralized multiresolution analysiswith trigonometric spline functions in order to
appraoximate a planar curve by an arc spline.

Hosdek and Seemann[14] and Seemann[48 have discussedspherial arc
splineappraximation. Many resultson planar arc splinescanbe appliedto spher-
ical arc splinessincethe planar and spherical caseare related via stereographic
projection. The approximation of a twisted curve in 3-spacewith spatial biarcs
has beenanalyzedby Fuhs and Stachel [12], Hostek [15], Nutbourne [30] and
Sharrock [50] using geometric methods. Similar to the planar casethere is a
one parameter set of biarcs joining two points while matching tangerts at these
points. Seemann[49] usesa di erent approad to spatial arc splinesas he does
not interpolate any points but ts a best appraximating spatial arc spline to
discretepoint data by solving a non-linear equation system.

In chapter 3 of this thesis a short introduction to 3-dimensionalEuclidean
Laguerregeometryis given. In the isotropic model of this geometryan oriented
dewelopable surfaceis just a twisted curve in isotropic 3-spacewhile conesof
revolutions appear as isotropic circles. A conespline surfacethereforeis trans-
formedto a spatial isotropic arc spline. The conepair approximation method of
dewelopable surfacespreserted in chapter 1 in this senseis equivalert to curve
appraximation with spatial isotropic biarcs. The osculatingconesplinesof chap-
ter 2 lead to isotropic osculating arc splines Both of these methods of curve
approximation with isotropic arc splinesare analyzedfrom a geometricpoint of
view.

The great advantage of the interpretation of developablesurfacesasisotropic
curveswith the help of Laguerregeometryliesin the fact that curvesare easierto
handlethan surfaces.With the help of isotropic arc splinesa proof is given of the
important theorem that two su cien tly closeosculating conesof a dewelopable
surfacecan be smoothly joined by a right circular conesegmen This theorem
con rms the feasibility and practicality of our osculating cone spline algorithm
of chapter 2.

Finally, in chapter 4 of this thesis a geometric method of constructing (Eu-
clidean) osculating arc splinesis introduced: From a given twisted curve one
computesthe osculating circles at selectedpoints. Then ead two consecutie
osculating circles are smoothly joined with an arc which givesa G* arc spline.
On the one hand this is the adaptation to Euclidean metric of the isotropic os-
culating arc splinespresened in chapter 3, on the other hand it is an extension
of the planar osculating arc splinesof Meek and Walton [28] to 3-space.Unlike
the planar and spherical casewhere there exists a one parameter set of solution
arcsjoining two given circlesthere are, in general,only two complexsolution arcs
in the 3-dimensionalcase. Chapter 4 presents a geometricmethod to nd these
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solution arcs and provesthat to su cien tly closeosculating circlesof a curve a
joining arc exists which is real and useful for applications. Special care hasbeen
takento presert a segmetation algorithm of the given curve which is basedon
geometricpropertiesof the givencurve. The practicality of the proposedmethods
is discussedor seeral examples.



Chapter 1

Appro ximation of Developable
Surfaces with Cone Pairs

1.1 Fundamen tals of developable surfaces

Dewelopablesurfacesare surfacesthat can be isometrically mapped (develogd)
into the plane. Thus, thosesurfacescan be unfoldedinto a plane without stretch-
ing or tearing. Assumingsu cien t di erentiabilit y, they are characterizedby the
property of possessinganishing Gaussiancurvature. All non at dewlopablesur-
facesare envelopes of one parameter setsof planes. It is a well-known result of
di erential geometry (see,e.g.[20]) that sud a dewelopablesurfaceis either a
conical surface,a cylindrical surface,the tangert surfaceof a twisted curve or a
composition of thesethree surfacetypes. Thus, dewlopable surfacesare ruled
surfaces but with the special property that they possesshe sametangert plane
at all points of the samegenerator.

1.1.1 Dieren tial geometric treatmen t

For an analytical treatment, we will work in the projective extensionP 3 of real
Euclidean3-spaceE 3. We usehomogeneou€artesiancoordinates(Xo; X1; X2; X3),
collectedin the 4-vector X. The onedimensionalsubspace X of R* spannedby
X is a point in P3. This point will alsobe denotedby X if no ambiguity can
result. For points not at in nit y, i.e. Xo 6 0, the corresppnding inhomogeneous
Cartesian coordinatesare X = X1=Xp; Y = X»=Xg;, Z = X3=Xo; they are comprised
in X = (X;y; 2).

The inhomogeneougparametric represeation of a ruled surface is

g(u;v) = I(u) + ve(u); (1.1)

14



CHAPTER 1. APPROXIMATION WITH CONE PAIRS 15

wherel(u) represems a curveon with respectto arc length u and e(u) are unit
vectorsof the generatorlines. The condition that (1.1) represeis a dewlopable
surfaceis

det(I%e;e%) = 0 (1.2)

with 1°= di=du;e®= de=du. For a cylinder e is constan, and for a conewe may

choosel = const asthe vertex. In a di erential geometrictreatment, a tangent

surfaceis written in the form (1.1) with u as arc length of the line of regression
I, and e = Iqu). Let e;p;n be the Frenet frame vectorsof |, with p and n as
principal normal and binormal, respectively, and let { and be curvature and

torsion of I. Then the Darboux vector

d(u) = (u)e(u) + { (u)n(u) (1.3)
de nes the axisa(u): I(u) + d(u) of a coneof revolution ( u) with vertex I(u),
which touches along the generatore(u). is called osculating cone, sinceit

has cortact of order 2 with  at all regular points of the commonruling. This
conemay be consideredas the courterpart of the osculatingcircle of a curve; it
determinesthe curvature behavior of a dewelopablesurfacealong a ruling. The
conical curvature

k(u) = ()= (u) (1.4)

is related to the opening angle of (seeFigure 1.2) via k = cot( ) which
follows from (1.3).

The rectifying planes (u) = I(u) + vie(u) + von(u) of I(u) ervelop another

dewelopablesurface . Its generatorsare the axesa(u) of ( u) (Figure 1.1).
The line of regressionof  is composedof the cuspoidal points
m (u) = I(u) ﬁ(U)( (we(u) + { (uyn(u)) (1.5)
on a(u), seee.g.[20. By using equation (1.4) this can be simpli ed to
1
m (u) = I(u) m(k(u)e(u) + n(u)): (1.6)

If aplane rolls on a dewlopablesurface thenacurveein will trace out
a so-calledmoulding surface. Recertly, approximation algorithms for moulding
surfaceshave beenproposedin [36]. Figure 1.1 identi es dewelopablesurfaces
to be special moulding surfaceswhere the generatingcurve e is a straight line.
During this motion ead point I(0) + ¢e(0) on e tracesout a surfacecurve

o (u) =I(u)+ ( u)e(u); 2R a.7)

of . Sud a curve intersectsall generatorsof orthogonally aso® 1°= 0 is
satis ed. Theseorthogonaltrajectoriesof or lar involutesof [(u) are a spatial
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m*(u)

Figure 1.1: Kinematic generationof asa moulding surface

counterpart of involutes of planar curvesand form an orthogonal parameter net
on together with the generatorse(u). For xed parameteru the osculating
circlesof o (u); 2 R have a commonrotation axis and lie on the osculating
cone ( u).

We comebadk to  being a conical or cylindrical surfacewhereformula (1.3)
is not applicable. If is a generalcone with vertex |, the osculating cone
cortains the osculatingcircle of the sphericalcurve c(u) = | + e(u); for a general
cylinder, one may compute its intersection curve ¢ with a plane normal to the
generators. Then, the osculating cylinders passthrough the osculating circles of
C.

The osculatingconeor cylinder may degeneratdo a plane;the correspnding
generatorof isthen calledanin e ction genentor. For acylinder this happens,
if the normal sectionc hasan in ection point (point with vanishing curvature).
A cone hasanin ection generator,if the sphericalcurve ¢ sendsits osculating
planethrough the vertex. Finally, a tangernt surfacehasan in ection generatorif
the correspnding point of the line of regressionpossesseganishingtorsion. For
the computation of in ection generatorson dewelopablesurfacesseefor instance

[7].
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1.1.2 Dual approach to developable surfaces

A plane up + u;x + uyy + uzz = 0 can be represeted by its homogeneouplane
coordinates U = (ug; Usy; Up; uz). We will also useoriented planesand represen
them by normalized plane coordinates, where the normal vector (uq; u; u3) is
normalized,u? + u3 + u3 = 1, and determinesthe orientation.

The \dual approad” to dewelopablesurfacegnterprets a developableNURBS
surfaceas set of its tangert planesU (t). It canthen be written as

X
U =" U NKY); (1.8)

i=0

with the normalizedB{spline functions NX(t) of degreek over a givenknot vector
V. The vectorsU; are the homogeneougplane coordinate vectors of the cortrol
planes alsodenotedby U;.

Each generator of the dewelopable surfacefollows from (1.8) as intersection
of the plane U (t) and its derivative U(t). In particular, the boundary rulings
of the surfaceare the intersectionsof the boundary cortrol planesUy\ U; and
U, 1\ U,. The cuspoidal edgeor line of regressionis obtained as intersection
U)\ W()\ U(t). In general,this is a Bezier or B{spline curve of degree
3k 6. Recerly, algorithms for the computation with the dual represemation,
the corversionto the standard tensor product represemation and the solution of
interpolation and approximation algorithms have beendeweloped [17, 18, 37].

For k = 2, the dewelopableNURBS surfaceis composedof piecesof quadratic
conesor cylinders. Apart from the polygon connectingthe cone vertices, the
surfaceis G, i.e. adjacert conesor cylinders are tangert to eat other alongthe
commonruling. Evenin this simple case,the dewelopmen of the surfacecan, in
general,not be given in terms of elemenary functions. Therefore, we will now
study the casewherethe surfaceis composedof right circular conesor cylinders
only. Thesesurfacesshall be called cone spline surfacees henceforth. Figure 1.2
shaws the Bezierplanesof a right circular conesegmen Using normalizedplane
coordinates Uy and U,, the Bezier plane U; = (uUj0; U11; Ugo; Ug3) cortains the
boundary generatorsand hasthe weight

q cos
Wy = Uf +ubt+ Ui ——
1 11 12 13 cos
with  and denotingthe anglebetweenthe axisaand U or U 1, respectively. It
is well known that the point setof sud a conesegmen could alsobe represeted
by a rational Beziertensor product surfaceof degree(1,2) (seee.g.[34)]).
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Figure 1.2: Conesegmenh

1.2 Metho d

Modeling with cone spline surfacesis thought in the following way. First, the
shape of the surfaceis described in someanalytic form, for example (1.8) with
arbitrary degreek. Togetherwith this G! dewelopablesurface we prescribe a
regionofinterest in which isfreeofsingularities. may beasimply connected
region, for example a bounding box or a ball, which makesit computationally
easyto decidewhether or not a point liesin . We would like to approximate
by a conespline surface which is free of singularities inside .

1.2.1 G! Hermite elements

The ideais to selecta sequenceof rulings e of , computetheir tangernt planes

i and interpolate consecutive G! elemens (e; ;) with two segmets of conesof
revolution, which possesghe sametangert plane along the commongenerator.
Throughout this thesis, we will tacitly allow that the conemay degenerateto a
cylinder and mertion this caseonly if necessary Furthermore, we will simply
referto a segmen of aright circular cone,boundedby two generators,asa cone
segment The two cone segmeis which interpolate the given G! Hermite data
form a G! cone pair. If we want to stressthe fact that a coneis not a right
circular onewe will call it a geneal cone

For computing a practically useful solution, it is necessaryto selectspecial
generatorsof and to introduce someorientations.

Since conesof revolution do not have in ection generators,the typical be-
havior of an in ection generatorcan only be represerted at a junction of two
cones. Therefore, in ection generatorsshould belongto the selectedgenerators.
Chalfant and Maekawa [7] introduceda method for computing in ection lineson
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dewelopablesurfaces.We also proposeto selectthoserulings of the given surface

along which we have a G? junction of two dewelopable surface patches such
that the patcheslie locally on di erent sidesof the commontangernt plane. If
onedoesnot segmen at in ection generatorsour method will produce s-shaped
conepairs, i.e. the coneslocally are lying on di erent sidesof the tangert plane
at the junction generator. Now, we will focus on the solution of the Hermite
interpolation problem.

Let (g; i), i = 1;2, be two consecutie G* elements. With ead elemen we
assaiate an orthonormal basis e;; pi; n; in the following way (Fig. 1.3).  is

Figure 1.3: Orthonormal basisassaiated with Hermite elemen (e;; ;)

spannedby the generator vector e; and the unit vector p; normal to . The
orientation of e; is taken from an orientation of the set of generatorsof the given
surface . The vector p; indicates the side on which the interpolant betweene;
and e.; hasto connect. Thus, the unit normaln; = e p; always points to the
sameside of the surface , which is assumedto be regular and orientable in the
region of interest.

1.2.2 The general case

If two conesof revolution ;, , with dierent verticesv,, v, posses& common
generator and tangert plane, their axes either intersect at a point m or are
parallel. We will now treat the rst (general) case. Here m is the certer of a
sphere that touchesboth conesalongcirclescy, ¢, (Fig. 1.4). canalreadybe
computed from the two given G elemerts. Using a point |; on e, the midpoint
m of is the intersectionof the normal planes

it (x L) pi=0; i=12 (1.9)
with the tangent planes'bisector plane

X (nl nz) |1 n1+|2 n,=0: (110)
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Figure 1.4: Inscribed sphereof two cones

Let & be the touching point of and e. The desiredcone pair will touch
along a G! pair of circle segmets, i.e. a spheri@l biarc. Its end points are a;,
and the end tangert vectorsare p;. The set of biarcs interpolating two points
plus tangert vectorshasbeenstudiedin [12], [15], [3]] or [50] and the results can
now be applied to the presern problem.

For the rational Bezierrepresetation of the biarc, we denotethe Bezierpoints
of its two circle segmets c;; ¢, by a;;b;;c; by; a; (Fig. 1.5)andletb; = a;+ 1py,
b,=a, ,p,. Thetwolegsin the Bezierpolygonof acircle possesgquallength

Figure 1.5: Control polygon of a biarc

and thus an admissiblepair of inner Bezierpoints is characterizedby

(b2 by)>=( 1+ 2%
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This is equivalert to

(a2 a1)® 2 1(az a) p1 2 2(a ay) p2+2 1 2(p1 p2 1)= 0 (1.11)

We may chooseb;( ;) andthen computea uniqueb,( ») via (1.11). To complete
the rational Bezierrepresemation, we alsoneedthe junction point
b+ 1b
c= 217 1¥2. (1.12)
1t 2
Setting the weights at the end points of the two circle segmets to 1, the weights
w; at b; are computedas

o jbi &) (¢ &),
Wi = b akke ak

If ; > 0, then one usesthe arc contained in the triangle a;; b;;c and a positive
weight w;. Otherwise one has to use the complememary arc and a negative
weight. The homogeneougoordinates of the Bezier points are

Ai = (La); Bi = (w;wb;); C = (L;0):

The Bezierplanesof the conesegmets arethe polar planesof theseBezierpoints
with respectto the sphere :(x m)? = r2. The homogeneougquation of the
polar plane of a point with homogeneousoordinatesY = (yo;y) is

(X xom) (Y Yom) = r’xoyo:

Clearly, a conepair and the correspnding sphericalbiarc are connectedvia this
polarity.

As we have a region of interest, an additional problem hasto be consid-
ered. For the momert, let uslook at a single conefor which we have computed
the correspnding spherical arc ¢ with Bezier points a;b;c. As we excludeall
solutionswith vertexv in , we have to distinguish betweentwo cases.The rst
caseis shown in Figure 1.6. The sphere and the region lie on the sameside
of the vertex v. Choosinga point d of the bounding generatore lying in , this
is characterizedby

(@ v) (d v)>0

Here c directly correspndsto the useful pieceof the cone.
If and lie ondierent sidesof v howewer, equivalert to

(@ v) (d v)<G

using the computed arc ¢c would lead to sharp edgesin the interpolated surface.
Figure 1.7 shows that the arc c complemenary to ¢ hasto be used. This leads
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Figure 1.6: and lying on the sameside of v

to sharp edgesin the sphericalarc splineon , but guararteesa smaoth surface.
The changefrom c to cis easilyaccomplishedoy changingthe sign of the weigh
w of the inner Bezierpoint B = (w;wb).

The verticesv; of the two cone segmers can be computed by intersecting
the tangert plane of at c with the boundary generatorse,. We can also rst
compute the vertices in a way analogousto the inner Bezier points. Letting
Vi= a1+ 1€, Vo= & 2€,, an admissiblevertex pair is characterizedby

(V2 v1)P=( 1+ )%
Similar to (1.11), this yields a bilinear relation between i; », given by
(@ a)? 21(a a) e 24 a) e+2 1 (e; & 1)=0: (1.13)

In orderto determinea conepair within the oneparametersetof solutionswe can
either chooseb,( 1) and computeb,( ;) or choosev( ;) and computevy( »).
We seethat both mappingsb; 7! b, and v, 7! v, are projective maps. The
connecting rulings v,v, thereforelie in a ruled quadric . According to Fuhs
and Stadhel [12], is a hyperboloid of revolution, which touchesthe sphere
along a circle, which the connectingpoints ¢ of the sphericalbiarcs are lying on
(Fig. 1.8). The tangert planesof (and ) alongthe circle c are the tangert
planes of the cone pairs at their junction generators;they ernvelope a cone of
revolution. Discussingdegeneracieand special casedater, we summarize:
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Figure 1.7: and lying on di erent sidesof v

Theorem 1.1 Giventwo G! elements(e; ;) in geneal position, there is a one
parameter family of cone pairs interpolating these data. The cones possessa
commoninscribed sphee . The junction geneartors of the cone pairs form a set
of rulings on a hyperboloid of revolution , which touches alonga circle. The
geneators e;; e lie in the second set of rulings of . The tangent planesof
and alongthis circle are the junction tangent planesof the cone pairs.

Let us now discusssomespecial solutionswithin the one parameterfamily we
have obtained sofar.

In casethat the surfaceto be approximated possessea generatore whose
singular point is at in nit y, we might want to nd a solution in which vertex v;
of the cone pair is at in nit y and thus the rst of the two conesegmets is a
cylindrical sggment In view of (1.13) this occursif

(a2 @) e,

1.14
e, e 1 ( )

2 =

The coneswhich the two segmets of a pair are taken from are congruent if

1 = 2. Hence,theseconepairs belongto solutions of the quadratic equation,

which arisesfrom (1.13)with ;= ,. It always hastwo real solutions, which is

in accordancewith aresult by Fuhsand Stachel [12] on sphericalbiarcs consisting
of circlesof equal radius.
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Figure 1.8: Sphericalbiarc

As practically useful conepairs onecanidentify thosewith (locally) minimal
vertexdistanee k vk = kv, vik=j 1+ ,j (seesectionl.4). Writing equation
(2.13) in the form

A +B
=_ - — 1.15
27 C ,+D’ (1.15)
this conepair belongsto a solution of
C?2+2CD ;+ AD +D? BC=0: (1.16)

Figure 1.9 shows a typical function k v( 1)k taken from the examplein Fig-
“\1)

Figure 1.9: Vertex distancefunction

\J

ure 1.13. One hasto take attention that only one of the two solutions ;, 1



CHAPTER 1. APPROXIMATION WITH CONE PAIRS 25

leadsto a conepair useful for applications. In section1.4 it will be shavn that
in generalthe practical solution correspndsto the local minimum ; that is not
the global minimum. In the exampleof Figure 1.9 the global minimum ; would
producea loop in the conespline surface.

Equation (1.16) always hastwo real solutions: Accordingto Theorem1.1, we
have to nd those rulings of the hyperboloid , which intersectthe generators
e in points v; with minimal distancefrom ead other. Using the top view of ,
the imagesof all rulings of are tangert to the circular silhouette u®of . As
all rulings of are constartly sloped, oneonly hasto nd those with minimal
distanceviv? (Fig. 1.10). Thesespecial solutionsof junction generatorsv,v, can

\Z) v \{”2

/v v N\
Figure 1.10: Minimal vertex distancevv,

alsobe characterizedby the fact that the generatorv,v, de nes the sameangle
with both generatorse,.

Nutb ourneand Martin [30]have shovn how to minimize the anglebetweenthe
planesof ¢c; and c,. This canbe achieved by minimizing the distancekb, bk =
] 1+ 2 of the cortrol points b; in Figure 1.5. Additionally, the winding angles
of ¢; and ¢, are equalthen.

1.2.3 Special cases

Important special casesarise if the dewelopable surface to be appraximated
(locally) is a generalcone,a generalcylinder or a surfaceof constart slope, that
is the tangen surfaceof a curve whosetangert vectorsenclosea constart angle
with someplane (Fig. 1.11). Any osculatingcone ; of a dewlopablesurface
of constart slope hasits axisnormalto . For any two tangert planes ;i = 1;2
touching alonge we have p; parallelto and the normal vectorsn; enclosea
constart anglewith

In the following we look at two consecutie G! elemens (g; ;);i = 1;2.
Using thesedata only, we characterizethe special casesand derive algorithms to
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Figure 1.11: Surfaceof constart slope

interpolate the given boundary elemens with a pair of coneor cylinder segmets.
These algorithms will prove to be similar to the generalcasediscussedin the
previous section.

The cone case

The generatorse;; & intersectin a point v. If additionally | = ,, weinterpolate
with a part of ;. Otherwise,two conesegmeits with commonvertex v will be
used which intersect a sphere certered in v in a spherical biarc. The one
parameter set of solutionsis determined by the end points a; = ¢ \  and end
tangent vectorsp;. The missingBezierpoints b; = a; + 1p1;c;by = a; 2P2
can be computedusing formulae (1.11) and (1.12).

The cylinder case

The generatorse;; e, are parallel and have the sameorientation. This caseis
similar to the rst one, with v being a point at in nit y. We interpolate with
a planar surfacein caseof ; = 5, otherwise with a pair of right orthogonal
cylinder segmets. Intersecting(e;; ;) with a plane normal to e we get Hermite
elemerns (a;; p;) that canbeinterpolated by a oneparametersetof planar biarcs.
Obviously (1.11)and (1.12) canalsobe usedfor calculatingthe inner Bezierpoints
of planar biarcs.
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Surfaces of constant slope

In the following the generatorse;; e, have no point in common.

Giventwo G! Hermite elemerts in generalposition we found the certer m of a
commoninscribed sphereasintersectionof three planeswhich had normal vectors
p1;p2 and n; n,, accordingto equations(1.9) and (1.10). This calculation is
not possibleif

det(pi;p2;n1 N2) =0 (1.17)

i.e., the three planesdo not intersectin a point. Equation (1.17)is equivalert to

(P21 pP2) Nni=(p1 P2) Nz

Assumingdet(p1; p2) 6 O for the momert, the normal vectorsny; n, enclosethe
sameanglewith a plane spannedby p; and p,. We will now interpolate the
given boundary generatorshy a conepair with parallel axes,both being normal
to . The conepair intersects in a planar biarc (Fig. 1.12)with a; = ¢\ as
endpoints and tangert vectorsp;. Admissible Bezierpoints b,; c; b, againfollow

Figure 1.12: Pair of conesegmets

from (1.11) and (1.12). The verticesv; and v, are the intersection points of the
generatorse; ande, with @ (x ¢) (b, by) = 0; which is the plane through
the junction point ¢ perpendicular to the junction tangert in c. One can also
computethe verticesdirectly, usingv; = a; + 1€5;Vv, = a; 2€, and equation
(1.13). Minimizing the vertex distance with formula (1.16) provides congruert
conesegmets.

In the caseof det(p1;p2) = 0, which was excludedabove, the plane hasto
be spannedby p; andn; n,. The remaining algorithms stay the same.
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1.3 Examples

The rst example shall demonstrate the general case. Figure 1.13(a) shavs a
tangert surface . Usingfour Hermite elemens (e; ;) of asinput data we get

(a) (b)
Figure 1.13: (a) Tangen surface,(b) its appraximation with 3 conepairs

an approximation by three conepairs, seeFigure 1.13(b). From the oneparameter
setof solutionsthosewith minimal vertex distanceare chosen. Connectingthe six
verticesof the conesegmets to a polygon we obtain the locusof all the singular
points of the conespline surface. Although the line of regressiorwas not usedin
the computation of the conespline, one can seethat this curve is appraximated
perfectly by the vertex polygon.

(@) (b)

Figure 1.14: (a) Surfaceof constart slope, (b) its approximation with 3 cone
pairs

The secondexampleillustrates oneof our special casesand shows the approx-
imation of the tangen surfaceof a helical curve (Fig. 1.14). The appraximation
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of this surfaceof constart slope with only a small number of cone segmets is
again very good.

1.4 Appro ximation qualit y

Let the givendewelopablesurface bethe tangert surfaceof a twisted curve | (u)
which is su cien tly di erentiable. Let u denoteits arc length, { (u) and (u) its
curvature and torsion. After choosingtwo Hermite elemens (e;; i);i = 1;2 of
our algorithm is basedon a sphere which touchesboth Hermite elemens. On

we obtain biarcs which correspnd to conepairs joining the Hermite elemets.
We now want to analyze our algorithm for Hermite elemens (e;; ;) which lie
‘close’to ead other.

By using the Taylor expansionof the line of regressionl(u) at the point
[(0) we will look into the limit caseof joining Hermite elemens (e(0); (0)) and
(e(u); (u)) foru! 0. The spheres( u) touching these Hermite elemeis will
turn out to corvergeto a limit spherewhich doesnot posseswanishing radius.
A geometricinterpretation of this limit spherewill be given.

There is a one parameter set of cone pairs joining the Hermite elemeis
(e(0); (0)) and (e(u); (u)). In section1.2.2we proposedto minimize the dis-
tance of the conevertices. The feasibility of this choiceof the free parameterwill
be derived from the following calculations.

The Taylor expansionof the line of regression(u) of at the point 1(0) is

(W) = 10) + 190)u + Iog(!))uz+ |(3)3(!0)u3+ |(4)4(!O)u4+ O(Ld): (1.18)

Denoting tangert vector, principal normal vector and binormal vector in 1(0)
with e = e(0), p = p(0), n = n(0) and employing the Frenet formulae for spatial
curvesthe derivativesof |(u) with respect to arc length u are given by

190) = e
1t0) = {p;
190) = {Pe+{P+{ n

19E) = 3 e+ {® {° { Hp+°+{ In; (1.19)

where{ = {(0) and = (0) are curvature and torsion at |(0) and {° =
(d =dy)(0), {%°= (d*{=dw?)(0), ©° = (d =du)(0), ::: the derivatives of { (u)
and (u) with respect to arc length in 1(0). With 1(0) as origin and the Frenet
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vectorse; p;n asaxesof a coordinate system(1.18) and (1.19) give

0 2ud out 5
u {5 {{ " + O(u

1
I(u)=% (o + {% + q° {95+ 0(u5)§: (1.20)

+

{9+  (2°+{ 9y + O
The tangert vector
0 1 {ZUZ_? 3{{ Og + O(U4 1
|°(u>=% {u+ {% + (™ {3 {3y + 0<u“>§ (1.21)
{9 + (% +{ 9% + O(u%

denotesthe direction of the generatore(u) of . The normal vector of the tangert
plane (u) alonge(u) is given by

_ 1) %)
"= figwy o) (22

which leadsto

0 i . 1
{ & + @{ %+ {9% + oY

w=f  u e (@ e 92 s owEr a2
1 242 3 %+ O(uY

We will now usetheseequationsto join the Hermite elemens (e(0); (0)) and
(e(u); (u)) by aconepair. Initially we computethe sphere ( u) which touches
both Hermite elemens. The certer m(u) can be found as intersection of three
planesaccordingto equations(1.9) and (1.10). Inserting (1.4), (1.21) and (1.23)

one obtains 0 N 1
K o+ Bsu + O(u?)

m(u) = % 0 ;: (1.24)
Lo+ Xu + O

The third coordinate of m(u) denotesthe distanceto generatore(0) and is there-

fore the radius 00

1 k
r(u) = ot @yt O(u?) (1.25)

of the sphere ( u). With m (u) from formula (1.6) and its derivative

00 00
(m )W) = S5 (We(w) + W
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(1.24) simplies to
1 2
m(u) = m (0) + é(m Y{0)u + O(U?): (1.26)
Thus, in the rst order approximation the midpoint m of lies halfway between

m (0) and m (u) = m (0) + (m )Y0)u + O(u?). The geometricinterpretation
of this property is illustrated in Fig. 1.15: Similar to the kinematic generation

(b)

Figure 1.15: Kinematic generationof (a) a dewlopablesurfaceand (b) an ap-
proximating conepair

of a dewlopable surfaceas a moulding surface (Fig. 1.15(a), seesection1.1.1)
one can give a kinematic generationof its conepair appraximation. Let a plane

rotate around two intersecting axesa; and a, asin Figure 1.15(b). Then a
line ein  will trace out a conepair. Comparing Fig. 1.15(a) and (b), the set of
Darboux axesa(u) of is replacedby two rotation axesa;(u) and a(u) which
intersectin the midpoint m(u) of ( u) (seeFigure 1.4). Formula (1.26) reveals
this geometricproperty.

Let usassumexed parametervalueu for the momert. ( u) andits midpoint
m(u) are uniquely determinedby the Hermite elemerts (e(0); (0)), (e(u); (u)).
There is still a free parameter for the choice of conepairs 1(u), 2(u) which
will be eliminated by minimizing the vertex distancekv,(u) vi(u)k. Then, the
verticesvi(u) on e; := €0) and v,(u) on e, := e(u) merely depend on u. For
the computation of the verticesv(u); v,(u) we follow the courseof section1.2.2.
One will expect vi(u), vo(u) to approximate 1(0), I(u) asthe vertex polygon of
the conespline surfaceshall approximate the line of regression.
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First we needto calculate the points a;(u) and a,(u) where ( u) touches
e; = ¢0) and e, = e(u) (seeFigure 1.16for a;(u)). With (1.24) the parameter

Y Aq(u)

Ar{u)

Figure 1.16: Sphere ( u) touching (e(0); (0))

1(u) in ag(u) = 1(0) + 1(u)Iq0) equals

k  kko
()= 5% el O(u?)

and this leadsto
0 0 1
Ko+ Kou + O(u?)

aw=§ = o £

0

The secondgenerator e(u) is touched by ( u) in ax(u) = I(u) +
parameter

2(u) = (m(u)  I(u) 19u):
With (1.20), (1.21) and (1.24) this simpli es to

k  kk
2(U) = ot Ge 1)u + O(u?)

and gives 0
00
5o+ Hpu + O(u?

1
kO 2k®
ap(u) = % oU + O(u?) E:
O(u?)

A possiblevertex pair vi(u) = aj;(u)+ g(u)ei(u), vo(u) = az(u)

(1.27)

(1.28)

»(W)IYu) to

(1.29)

(1.30)

2(u)ez(u)

where e;(u) = 190), eyx(u) = Iqu) hasto fulll the bilinear relation (1.13) for
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1(u); 2(u). For the minimization of the vertex distance kv,(u) vi(u)k one
hasto solve the quadratic equation(1.16). Inserting (1.28) and (1.30) oneobtains
the two solutions

(W= 6+ (Gt 5 u+ OW);
- k kk 14 1 2y. (1.31)
(W)= Gt (Get 5+ 5ut OU?):

Note, that onehasto evaluate (1.28) and (1.30) up to third orderin u to obtain
(1.32).

In the following we will identify 1(u) of (1.31) as the useful solution while
1(u) will not lead to a practically useful cone pair. Let us analyzethe good
solution rst. With (1.27) and (1.31) the vertex vi(u) = a;(u) + (u)lq0) =
[(0)+ ( 1+ 1)I90) simplies to
vi(u) = 1(0) + (%u + O(u?))190): (1.32)
Similarly the vertex v,(u) of ,(u) equals

vo(u) = I(u) (éu + O(u?))Iqu): (1.33)

The vector v(u) = vo(u) vi(u) (Fig. 1.17) which givesthe direction of the

V(u)

Figure 1.17: Line of regression (u) with appraximating vertex polygon

commongeneratorv;(u)v,(u) of ;(u) and ,(u) simplies to

0
1 + O(u?

1
v(u) = éu% Lu + 8Eu2 g: (1.34)
u
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Thus, the junction generatorv,v, approximates the generatore(u=2): I(u=2) +
IQu=2) of , since

0 1
1 + O(u?

1qu=2) = %%u + O(u?) %:
O(u?)

Equations (1.32) and (1.33) give
kvi(u) 10k = kvy(u) I(uk= %u + O(u?)
which, accordingto (1.34), asymptotically equalsa quarter of the vertex distance
kvo(u)  vi(u)k = :—iu + O(u?):

This shaws that a cone spline surface generatedwith the cone pair algorithm
possessea vertex polygonvy;Vv,; vs;::: sud that asymptotically

kv, vik+ kvy vik+ = 2(kvy 1(0Ok+ kvy Vvok+ kvs vzk+ )

holds true. This unewen distribution of the vertices can be noticed in all the
examplesgivenin Figures1.13,1.14and 2.8.

Finally, let usfocuson the secondsolution ;(u) of (1.31). Completely similar
to the calculations above we obtain vertices

vi(u) = 1(0)+ (3u+ O(u?)I%0);
Vo(u) = I(u) (Fu+ O(u?)IYu):
The vector
0 , o 1
+

i I (u)
v(u) = va(u) vi(u) = 2 % {° + O(u)
{ + O(u)

doesnot appraximate the direction of a generatore of . The resulting conepair
is not practical for the approximation of . The length of v(u) is of third order
in u in cortrast with the length of v(u) in (1.34) which is of rst orderin u.
Thusthe solution ; will | for suciently smallu| leadto the glokal minimum
of the vertex distancefunction.
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Osculating Cone Splines

2.1 Metho d

Recerly, Meek and Walton [28] have studied the approximation of plane curves
with osculatingarc splines Theseare circular splineswhich cortain a sequence
of segmets of osculating circles of the curve to be approximated. Betweentwo

consecutiwe osculating circles one circle segmehn is built in. It has beenshown

that the method resultsin curveswith a smaller error than those producedfrom

biarcs [27, 2§].

We will now investigate the analoguefor cone spline surfaces. Given a de-
velopablesurface that is neither a generalconeor cylinder nor a surface of
constart slope, we compute a sequencef osculatingcones ; and smaothly join
consecutie coneshby a cone . The special casesexcludedabove will be treated
in section2.1.1.

Figure 2.1: Joining cones ; and

Let usassumehat ;; , arenot cylinders. If acone smaothly joins these
two cones,we may perform translations which take their verticesto the origin.

35
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The resulting three cones ; ; , are again smoothly joined. The relevant
segmeits intersectthe unit sphere in a sphericaltriarc, formed by segmets of
circlescy;c;c, (Fig. 2.1). Thus, we will rst focus on the problem of nding a
joining arc c to two given arcsc,, ¢, on a sphere .

From the given cones ; we can computethe planesU; of the circlesc;. The
poles Q; of U; with respect to  are the vertices of cones ; which touch
along the circlesc;. If c; is touched by a circle c, the pole Q of the plane U
of c must lie on ;. Thereforethe vertex Q of a conewhich touches alonga
lling circle ¢, must lie on the intersection curve | of the cones ;; ,. Because
of the commoninscribed sphereof thesetwo cones,their intersectioncurveis, in
general,composedof two conicsl, andl,. Projecting the conicsl; from the origin
yields two quadratic coneswhosegeneratorsare the axesof possibleintermediate
cones.

In caseof ; and , touching eat other at a common generatorthe inter-
section curve consistsof a conicl,; and the commongeneratorl,. Points Q of I,
do not lead to useful solutions of intermediate cones.

To computethe planesV; of the conicsl;, we rst note that they must lie in
the pencil spannedby U = (Ugg: Ugg @ Ugp i Ugz) and U, = (Ugp @ Ugg & Ugo : Ugg),
hence

Vi=U;+ Uy

With Figure 2.2 one veri es that the crossratio cr(U.;U,;V1;V,) equals 1

andthat V ;V , are conjugatewith respectto , i.e., the poleofV ; with respect

to liesin V5. This leadsto

U

Puf+uf,+ui; Ui
U3 + U3, + U3 U5

1,2 =

The orientation of the set of generatorsof the osculatingcones ; in the senseof
increasingparametersleadsto orientations of ¢;. Thus only oneof the two conics
li, say |1, canleadto suitable solutions.

The computation of I, and the resulting cones and may proceedas fol-
lows. We represen any segmehn of the circle c; as a rational quadratic Bezier
curve (see,for instance,Piegland Tiller [34]). Its Bezierpoints shall have the cor-
rectly normalizedhomogeneousoordinatesB?; i = 0;1;2. Then a homogeneous
represemation of the circle is given by

Ci(t)= (1 t)’Bi+ 2t(1 t)BI+ t?Bi:

We use a projective parameter line P! described by homogeneougparameters
to; t; with t = t;=ty and parameterizethe entire circle by

Cl(to;tl) = (to tl)ZBé + 2tl(t0 tl)Bi + tiB%
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Projecting C; from the certer Q; onto the plane V ; yields the conicl;. Using
the projective invariance of the rational Bezierrepresemation, we can represen
I by applying the projection with matrix A; to the Bezierpoints B:. We getthe
Bezierpoints B! = A; B! of ;. The projection from the planeV; to U, with
certer Q, yields a Bezier represetation of the circle c, with Bezier points B2.
Toeah t = t; : tg, the points C4(t); C,(t) determinethe generatorswith vectors

Figure 2.2: Construction of correspnding generatorsc (t), cx(t)

c1(t); co(t), alongwhich a joining cone ( t) with axis vector I(t) is touching the
cones 1; .. We summarize:

Theorem 2.1 Given two oriented conesof revolution 4, > with common ver-
tex, there is a one parameter set of conesof revolution  which smathly join
while preservingthe cones' orientation.

If we translate the cones ; bad to their position ;, not all ( t) lead to
solutions  of our problem. For a solution cone , the generatorsv;+ uc;(t); u 2
R of the cones ; must intersectat the vertex v of . Thus, only thoset which
satisfy the intersection condition

det(cy(t);ca(t);ve  Vv2) =0 (2.1)
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belong to possiblejoining cones . Equation (2.1) is a homogeneougjuartic
polynomial in tg; t;, which hasup to four real solutionst = t; : to. Note that it
is necessaryto work with homogeneougarameters,sincet = 1: 0 may leadto a
useful solution.

We will now look at the four possiblesolutionsin detail. If c,(t) = cy(t) is
the vector of a commongeneratorof ; and , we get a solution for equation
(2.1) which cannotbe usedto construct a joining cone of , though. As there
are two commonpoints of the two circlescy; c,, courted algebraically there only
remain two solutions for joining cones which neednot be real for arbitrary
spatial position of cones ;.

In our problemthe cones ; areosculatingconesof a givendewelopablesurface
, howewer, touching along generatorse,. By applying tools of Euclidean
Laguerregeometrywe will prove in section3.3.2

Theorem 2.2 Let be a piecewiseC! developble surface. To any osculating
cone ( t;) of to parametert,, there existsa parameter interval U =]t;t; +

t] R suchthat the osculatingcones ( t;) and ( ty);t, 2 U can be smaothly
joined with a cone . The joining cone is real and joins ; and , with
G!-continuity while preservingthe orientation of ;.

To completethe discussionof the generalcase,we considerthe caseof |, say
1, beingan osculatingcylinder. Let c; determinethe direction of its generators.
Theline c;; 2 R canbeinterpreted asa degenerateccone ; which intersects
in the point Q;. , degeneratesnto the tangert plane of at Q;. The
intersectioncurve |; = ;\ , corntains the points Q correspnding to lling
circlesc. Again a projective mapping of correspnding generatorsof ; and
is determined which leadsto the solutionsfor .

2.1.1 Special cases

In the previous section we have already treated the appraximation of general
coneswith osculating cone spline surfaces. Unlike the general casethere is a
one parameter set of joining cones,seeTheorem 2.1. Note that this contains
the solution of nding a spheri@al osculatingarc spline appraximating a spherical
curve: From the sphericalcurve one computesosculatingcirclesc; to parameters

osculating circles. In analogy to the planar casetreated by Meek and Walton
[28], one could shav that appropriate choiceswithin this solution setwill yield a
high accuracyapproximation scheme.

Of course,this planar schemeis appropriate for the appraximation of cylin-
drical surfacesaswell assurfacesof constart slope (Fig. 1.11). In the last caseall
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osculatingcones ; have parallel axesand the sameopening angle. Two consec-
utive cones ; » in generalintersectin a conicl,, which cortains the possible
vertices of connectingconesegmets.

2.2 Examples

We apply the algorithm of osculatingconesplinesto the examplein Figure 1.13.
Using four generatorse, plus osculatingcones ; of our tangert surfaceasinput
data, we compute the three lling conesegmets and get an approximation of
with sewen conesegmets (Fig. 2.3), one more than we got using four Hermite
elemerts (g; ;). Note that the verticesv; of the given cones ; must lie on the
line of regressionbut not the vertices of the intermediate cones.Using only two
osculatingcones i; ,ofthe samesurface resultsin asatisfyingapproximation
quality even with few input data.

(a) (b)

Figure 2.3: Approximation of the dewelopablesurfaceof Fig. 1.13(a)with (a) 4,
(b) 2 osculatingconesasinput data

2.3 Applications

2.3.1 Reconstruction of developable surfaces from scat-
tered data

An important eld of researt is the reconstruction of surfacesfrom scattered
data. Recenly, somework has beendone on the reconstruction of kinematic
surfaces[8, 36, 38 39. These include helical surfaceswith their subclass of
rotational surfacesand moulding surfaces.
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In [8] these methods have beenapplied to a disturbed point set of a dewel-
opable surfacewhich shall be approximated by a conespline surface. The algo-
rithms presened in this paper are robust against outliers. A basic step in this
method isto nd the bestapproximating coneof revolution to a point set. First
the normal vectors are estimated and the axis is determined by least squares
methods with non-linear constraints. All data points are rotated into a plane
through this axis and the best tting line to this data is chosenas generator.

Given the point cloud of a dewlopable surface (Figure 2.4(a)) a region is
iteratively determined which is well approximated by a single cone. A rough
segmeiation of the data points with the help of the Gaussianimagesupports the
regiongrowing algorithm. For an approximating coneof revolution two boundary
planes through the axis are determined that enclosea wedge with only well-
approximated data points. At the border of the initial regiononechoosesanother
seedpoint and repeats the procedureto get a set of conesegmets ; (Figure
2.4(b)) which are estimations of the osculatingconesof the original surface. The
cones ; are not joined, howewer.

(@) (b)

Figure 2.4: (a) Point cloud, (b) approximating conesegmets

With the method descriked in chapter 2 onecan nd an intermediate cone
to eat two consecutiv cones , i1, resultingin aconespline surface(Figure
2.5). One hasto be aware of the possibility of complexsolutions for the joining
cones, howewer. This may occur if the estimation of the conesby leastsquares
methods producesbad estimationsfor the osculating cones.

A more stable algorithm to determine a conespline surfacecan be obtained
by applying the conepair algorithm descritedin chapter 1. From ead estimated
conesegmeh ; onegeneratorand its tangert planeis chosen.From the st and
last coneswe will take the boundary generatorsand from ead of the other cone
segmets we will choosethe middle generator. Figure 2.6 shaws the resulting
conespline surfaceif the vertex distanceis minimized.
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Figure 2.5: Approximating conespline using conesegmeis of Fig. 2.4(b)

Figure 2.6: Approximating conespline composedof conepairs

2.3.2 Bending sequences and development

One major advantage of appraximating a given dewelopable surfaceby a cone

splinesurfaceis the simpledewelopmert that doesnot neednumericalintegration.

A conesegmeh g is determined by the angle o betweengeneratorsand axis

and the segmen angle’ o (Fig. 2.7).  canbebendedinto another conesegmen
1 with segmen angle' ; and angle , if

1Sin 1= ' OSin 0
is satis ed. The dewelopmern of | is a planar segmeh with segmeh angle

="' osin 0-

Figure 2.8 shavs a bending sequencda) { (d) of a conespline surfacein which
all segmets are attened out simultaneously The distance betweensuccessig
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Figure 2.7: Conesegmenh

verticesremainsconstart during this processand a spatial arc splineasboundary
curve is transferredinto a planar arc spline of the developmer.
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(@)

(€)

Figure 2.8: Bending sequence

(b)

(d)
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Chapter 3

Spatial Isotropic Arc Splines

Dewelopable surfacesare the ernvelopes of their one parameter set of tangert
planes,i.e. they are dual to a spatial curve. For the aim of appraximation of
dewelopablesurfaceswe are specially interestedin conesof revolution which are
special examplesof dewelopable surfaceswhosetangernt planesall touch a one
parameter set of spheres.

This property motivatesusing 3-dimensionalEuclideanLaguerregeometryin
which the elemerts are oriented spheesand oriented planesof Euclidean 3-space.

Wewill rst introducedi erent modelsof this geometry all of them embedded
in Euclidean 3- or 4-spaceE? or E*#. Especially useful for our purposeswe will
nd the isotropic model preserted in section3.1.4which provides a point repre-
seration of oriented planes,thus a curve represemation of dewelopablesurfaces.

For the analytic treatment in E* wewill either usethe a ne coordinate vector
X = (X;y;z) to describe a point x 2 E® or its homogeneousoordinate vector
(Xo; X1;X2;X3) = (1;X;y;2); 2 RnfOg using the projective extensionP 3 of ES3.
In the following we will alsousethe notation (Xq : X3 : X, : X3) for homogeneous
coordinates. Points at in nit y are characterizedby xo = 0. In E* we denotethe
ane coordinatesof a point by x = (x;y;z;t) and its homogeneougoordinates
iNP4by (Xo:X1:X2:X3:Xq)= (:x:y:z:t).

3.1 3-dimensional Euclidean Laguerre space

3.1.1 The standard model

Let E3 be real Euclidean 3-space,U the set of oriernted planesu of E3 and C
the set of oriented spheresc including the points of E* as (non-orierted) spheres
with radius zero. The elemens of C are calledcycles The basicrelation between
oriented planesand cyclesis that of oriented contact. An oriented sphereis said

44
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to bein oriented cortact with an oriented planeif they touch ead other in a point
and their normal vector in this commonpoint is oriented in the samedirection.
The oriented cortact of a point (nullcycle) and a planeis de ned asincidenceof
point and plane.

Laguerre geometry is the survey of properties that are invariant under the
group of so-calledLaguerte transformations = ( y; ¢) which are de ned by
the two bijective maps

H:H! H;, ¢c:C! C (3.1)
which presene oriented cortact and non-cortact between cycles and oriented
planes.

Analytically, a planeu is determinedby the equationug + u;X + uyy + uzz =
0 with normal vector (us;u,;u3). The coe cients u; are homogeneouglane
coordinates (Up : Uy : Uy : u3) of u in the projective extensionP?3 of E3. Eadch
scalarmultiple (Uug: U;: U1: Uy); 2 RnfOg descrikesthe sameplane, thus
it is possibleto usenormalizedhomogeneouplane coordinates

U= (Up:Up:Up:us);with uf+ ui+ui=1 (3.2)
which are appropriate for describingoriented planeswherethe unit normal vector

(uq; up; u3z) determinesthe orientation of the plane.

An oriented sphere
C= (Xm:Ym:Zm:T) (3.3)
is determined by its midpoint m = (Xm;Ym;Zm) and signedradius r. Positive
sign of r indicates that the normal vectors are pointing towards the outside of
the spherewhereasin the caseof negative sign of r they are pointing into the
inside. Points of E3 are cyclescharacterizedby r = 0.

The relation of oriented cortact is given by

Up+ UiXm + UpYm + Uszn + 1 =0 (3.4)

3.1.2 The cyclographic model

Let E3 be embeddedin Euclidean4-spaceE* = f(x;y; z;t) 2 R*g ashyperplane
t = 0. We will now map cyclesand oriented hyperplanesof E* to points and
special hyperplanesof E# in sudh a way that oriented cortact is transformed to
incidence.

A cyclec = (Xm;¥Ym;Zm;r) 2 C is mappedto the point
C= (¢)= (Xm;Ym:Zm:r) 2 E*: (3.5)

Themap :C! E*is bijective and its inversemap ! is called cyclayraphic
map or isotropy projection (see[6], for instance).
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determinesthe map  which mapsan oriented planeu 2 U;u = (uUp : Uy :

U @ U3); U2+ u3+ u3 = 1to the (non-orierted) hyperplaneU =  (u) of E* with
homogeneougplane coordinates
U= (u)=(Up:Uy:Up:uz:d);with u?+ ud+ui=1 (3.6)

The property of oriented contact of cycle ¢ and oriented hyperplaneu is equiv-
alert to incidenceof (c) and (u) which is given by equation (3.4). Note that
ead hyperplane (u) enclosesa Euclideanangleof = ; with the embedded
hyperplaneE?® : t = 0 and will be called -hyperplanehenceforth.

All oriented planesu beingin oriented cortact with a cycle c are mappedto

-hyperplanesthrough C which envelope a quadratic hypercone ( c) with vertex

C. The generatorsof ( c) enclosean angleof with t = 0 and intersect the
hyperplanet = 0 in the points of the spherec.

Let P# be the projective extensionof E% and! : X, = 0 be the ideal plane.
Eadh hypercone ( c) intersects! in the quadric

Xo= O;X2+ X5+ X5 X2=0; (3.7)
where (Xo @ ::: : X4) are homogeneousoordinates in P4 and we seethat all
-hyperplanesare tangert to . The polarity with respectto  determinesa

pseudo-Euclidan orthogonality ? . of linesg, h 2! . If g = (91; 0; 0s; %) and
h = (hy; hy; hs; hy) denotethe direction vectorsof g and h this is written by

g ? pe h , I‘g, hi pe = 91h1 + gzhz + ggh3 g4h4 =0 (38)
which is equivalert to (g\ ! ) conjugateto (h\ !) with respectto .

A line g which enclosesn angleof , smallerthan or greaterthan with the
embeddedE? is called lightlike, spacelike or timelike. A lightlik e line g intersects
I in apoint of andis pe-orthogonalto itself. A spacelile line g intersects! in
the exterior of and a timelike line g in the interior.

It isanimportant theoremof EuclideanLaguerregeometrythat the equivalert
of a Laguerretransformation in the cyclographicmodel is a linear map of P#
with ! 711 and 7! . Therefore,a Laguerretransformation is preserving
pe-orthogonality and maps -hyperplanesonto -hyperplanes.

Let usnow look at the represemation of conesof revolution. In E?2 all oriented
planesbeingin oriented cortact with two di erent cyclesc,; c, generallyenvelope
a cone of revolution. If the signedradii of c; and c, are equal this cone of
revolution degeneratego a cylinder of revolution or (in caseof two nullcycles
C1; Cp) to a pencil of planes.

The cyclographicimageof the oriented tangernt planesof a coneof revolution
under  consistsof the -hyperplanesthrough the line connectingC, = (c;)
andC, = (cp). Only if the line C,C, is spacelile there existreal -hyperplanes.
If the line C,C, is timelike there are no oriented hyperplanesin oriented contact
with both cyclesc; and ¢, which occursin caseof concertric cycles,for instance.



CHAPTER 3. SPATIAL ISOTROPIC ARC SPLINES a7

3.1.3 The Blaschke model

As we are more interested in the oriented tangert planesthan in cyclesit is
appropriate to usea model of EuclideanLaguerrespacein which oriented planes
arerepreseted by points. This canbe achieved by applying aduality : (P#) !
P4 to the cyclographicmodel descriked in the last section. The Blaschkemap
maps hyperplanesto points and is given by

(U= (Up:ug:up:uz:1)=(1:ug:Up:uUs:Ug): (3.9)

For all -hyperplanes (u) thereis u?+ u3+ u3 = 1sotheir imagesare points
lying on the Blaschkehypercylinder

X2+ x5+ x5= 1 (3.10)

Using a ne coordinates (x;y;z;t) one seesthat the hypersurface hasa one
dimensionalgeneratorline in t-direction through ewvery point of the basesurface
x? + y2 + z? = 1. Parallel and equally oriented planes possesshe same nor-
mal vector (us; Uy; us) and therefore are mapped onto points lying on the same
generatorof .

The Blasthke map further mapsall hyperplanesthrough a given point (xo :
X1 : X2 © X3 @ X4) to points lying in a hyperplane of P4 with homogeneouplane
coordinates (X4 : X1 : X2 : X3 : Xg). A cyclec| viewedasenvelope of its oriented
tangert planes| is thereforemapped via onto a hyperplanar intersection
of . The Laguerre transformations appear as projective maps of P# with
7.

The points of  togetherwith its hyperplanarintersectionsand the automor-
phic linear mapsof  build the so-calledBlaschkemadel of Euclidean Laguerre
geometry

3.1.4 The isotropic model

Applying a stereographicprojection to the Blasdke cylinder  one obtains
the isotropic model of Euclidean Laguerre space.We will descriee :E*! E3
in ane coordinates. Let the projection certer z have ane coordinates z =
(0; 0; 1; 0) and the image hyperplane E® be the hyperplanez = 0. We introduce
anane coordinate system(x;y;z) in E® sothat the origins of E* and E 3 coincide
and

X=Xy=y;z=1t (3.11)

Let e be the generatorline of  through z which is parallel to E3. The
stereographicmap : ne! E?3 togetherwith the cyclographicmapping and
the Blasdhke map leadsto

= Ul E3 (3.12)
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which maps oriented hyperplanesu 2 U of E3 to points in E2. In coordinates
this is written as

1
(u)= (u) = 5 (Ur; Uz; o): (3.13)
Us
Figure 3.1 illustrates the stereographicmap for the one dimensionlower case.
The Figure can be interpreted as the restriction of : ne! E?3 to the hyper-
planey = 0.

Figure 3.1: Stereographicmap

The transition between the standard model and the isotropic model is de-
scribedby andits inverse ! which mapsead point x = (x;y;z) of E to an
oriented planein E2 with normalized plane coordinates

Y(x) = (2z:2x: 2y : x2+y? 1) (3.14)

X2+y2+ 1
Formula (3.13) fails for oriented planesu with uz = 1, i.e. normal vector (0; 0; 1).
For sucth planesthere is (u) 2 eand mapsall the points of e onto the
point of in nit y of the z-axis. E® together with this singularin nite point forms
the isotropic closue | ® of E3. The z-direction is called isotropic direction.

Interpreting cyclesc as their set of oriented tangert planeswe obtain ( c)
as hyperplanar intersectionsof . In the casethat this hyperplanecorntains the
projection certer z the image ( c) is a planenot parallel to the isotropic direction
z otherwise ( ¢) is a paraboloid of revolution with isotropic axis. In coordinates
we have

= (C):22+ X2+ Y)(r + zm) + 2%Xm + 2YYm + I Zyn = O (3.15)
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The surfaces, de ned by (3.15) are called isotropic Mebius sphees The in-
tersection of two isotropic Mebius spheresis either an ellipse whosetop view
(normal projection onto z = 0) is a circle or a parabola with isotropic axis or a
non-isotropicline. Thesecurvesare calledisotropic Mebiuscircles They are the
the -images of conesof revolution (including cylinders of revolution and pencils
of planes).

In the isotropic model, Laguerre transformations are realized as special
guadratic transformations, so-calledisotropic Mebiustransformations Theseare
bijective on the set of Mebius spheres.

3.1.5 Dieren tial geometry of curvesin I3

We will restrict our examinationsto curvesg: g(t) = (x(t);y(t);z(t)) in I 3 which
are regular and without in ection points and have no isotropic (z-parallel) tan-
gerts and isotropic osculating planes. Let g(t) = (x(t);y(t)) denoteits normal
projection into the xy-plane. To determine the isotropic osculatingcircle ¢ of g
at a point g(tg) we intersect the cylinder of revolution through the osculating
circle e of g at g(tg) with the osculatingplanein g(to).

The semide nite scalarproduct hi; of two vectorsx; = (X1;y1;21) and x, =
(X2; Y2 22) given by .
X1, Xaii = X1X2 + Y1Yo (3.16)

de nes the isotropic distance d; of two points g; and g, by

q
di(91;92) == Moo 01,02 Qi (3.17)

which is the Euclideandistanceof g, and g,. Thus, the isotropic arc length of a
regular curve g(t) is given by
Z q Z
u:= X2+ y2dt = kegkdt: (3.18)

Note that the isotropic distanceis a metric property in |13 (seee.qg.[45]) and is
not invariant under isotropic Mebius transformations.

3.2 Isotropic biarc appro ximation of curves

We will briey analyzethe approximation of curvesin |2 with isotropic biarcs.
Let a; and a, be two points of a given curve g and p4; p» their tangent vectors
which arenormalizedby hp;i; pii; = 1. The Hermite elemens (a;; p;);i = 1; 2 shall
now be connectedby a pair of isotropic arcsc; and ¢, joined with G? cortinuity.
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Transforming this problem badk from |  to the standard model of Euclidean
Laguerre geometry with the map ! we obtain the appraximation of a dewel-
opablesurface (g) by a pair of conesegmets  (c1); (c). (a;;p;) are
the imagesof the (oriented) Hermite elemerts ( i;e). Thus, appraximation
with isotropic biarcsis equivalert to the conepair appraximation we investigated
in chapter 1.

Completely analogousto the situation with Euclidean biarcswe de ne a con-
trol polygon for the Bezier represemation of the isotropic biarc. The cortrol
points will be namedby a;;b;;c;b,;a, (seeFigure 3.2).

Figure 3.2: Isotropic biarcs

Forb,=a;+ ipiandb;= a, 2Pp2 we obtain
ho, by;by beii=( 1+ 2)2;

as the normal projections e;; e, of the isotropic arcsc;; ¢, have to be Euclidean
circles. Again there is a one parameter set of solutions which we can get by
choosingb( 1) and computing b,( »). The junction point ¢ can be computed

by

_ obi+ 4by.
1+ 2
For the Bezierrepresemation of ¢, we have weights 1 at a; and ¢ and weights w,
at b; which satisfy
jhb;  ai;c &),

wij = di(a; bi)di(ai;c)
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The sign of w; and w, have to be chosenequalto the signof ; and , (compare
with the Euclideancase).

The following result on isotropic biarcs is an analogueto the results in [50]
and [12] in Euclidean 3-spaceand can be derived from our investigations on
approximation with conepairs in chapter 1. After transferring theseresultsinto
the isotropic model | * we obtain:

Theorem 3.1 All the isotropic biarcs c;;c, joining the Hermite elements
(ai;pi);i = 1,2 lie on an isotropic sphee  which is uniquely determinel by
(ai; pi)- The junction point ¢ varies on an isotropic circle c whichlieson and
passesthrougha; and a,.

3.3 Isotropic osculating arc splines

Let a; and a, be two points of a given curve g in | 3 which is regular and hasno
isotropic tangerts. The oriented isotropic circlesc, and ¢, osculatingg in a; and
a, lie in the planes ; and ,. Our aimisto nd an isotropic circle c joining c;
and ¢, with G! cortinuity in the junction points ¢, and ¢, (seeFigure 3.3). With

Figure 3.3: Isotropic osculatingarcs

this method we are able to construct an isotropic arc spline approximating g so
that every secondarc is an isotropic osculatingcircle of g in a point a;. Although
we usethree arcsto join the two points a;; a, the method producesan arc spline
with about the samenumber of arcs asthe biarc method does. This is because
the next segmeh betweena, and a3 is cortinued with the isotropic arc c,.
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The survey of isotropic osculating arc splinesis motivated by the fact that
it is the -image of the osculating cone spline approximation we dealt with in

chapter 2: From a given dewelopablesurface =  !(g) we choosecertain gen-
eratorsto oriented tangert planes ; = (&) andjoin two consecutie oriented
osculatingcones ;=  !(¢) by aconesegmen = 1(c).

As curvesare easierto handlethan surfacest is often preferableto work with
isotropic circlesin |2 than with conesof revolution in E3. Therefore,in section
3.3.1wewill rst analyzegeometricallyhow to nd an isotropic arc c joining two
isotropic circles ¢;; ¢, which are osculating a curve g to parameter valuest;t,.
It is obvious from our previousinvestigationsthat we will in generalobtain two
solutions for ¢ which neednot be real. In section3.3.2we will be able to prove,
howewer, that there is a real and useful solution arc c if the di erence between
the parameter valuest; is su ciently small. In our proof we will simplify the

geometricsituation by applying an appropriate isotropic Meobius transformation
13 s,

3.3.1 Metho d

The normal projection of ¢;; c;c, into the xy-plane is an (Euclidean) arc spline
e;; €;& which we will examine rst. Note that the pre-imagesu =  %(x) and
= (») of apoint x 2 12 and its top projection ® are parallel planesand
cortains the origin 0 2 E3. The top view of the isotropic triarc ¢;; c;c, therefore
is equivalert to a translation of the cones %(c); (ci) sothat they possess
the commonvertex o.

It is well known that there is a one parameter set of circles ¢ being in ori-
erted contact with e;; e, (seefor instance[29]). Quite recerily the approximation
quality of planar osculating arc splineshas beenanalyzedin [28].

We will de ne a cortrol polygon for the arc spline and denoteits points by

1 IS @ homogeneougarameter on the oriented circle c¢;, the secondjunction
point e;( ») is uniquely determined. e;( 1) 7! ex( ») is a projective mapping. It
is an important property that the middle cortrol point 8 of e hasto lie on the
chordal line & of the two circlese;; e, since& cortains all points whosetangertial
distancesto e; and e, are equal. The equationof §in ane coordinatesis

#:2x(nz  My) (17 13+ (Mi+ M3) =0 (3.19)

wherer; denotethe radii and fn; the midpoints of . For the implemertation
of the projective map e;( 1) 7! ex( ») it is helpful to be aware of the fact that
the connectinglines of matching points e; and e, always passthrough a point z.
This property canbe veri ed asfollows: Let { ; equalthe homothety with certer
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Figure 3.4: Planar Euclidean osculatingarcs

z and{ 1(e1) = &, preservingthe orientation of ¢. z is given by

o r
zZ= m m 3.20
oM e (3.20)

wherethe radii r; of g are oriented. Denote the e,-automorphic harmonic per-
spectivity with certer z by { ,. Then the composition { = { 1{ » is a perspective
collineation with certer z and axis & becausethe points of ¢, \ e, are xed under
{. Now the restriction of { to e; givesthe projective map ci( 1) 7! ca( »2).

Furthermore, the midpoints m of the joining arcs lie on a conic with focal
points m; and m, which directly follows from the basic de nition of conics.
Another way to realize the projective map e; 7! e, is to choosee; and thus
nding 8 by intersectingthe tangert in e; with & Laying a tangert from 8 to e,
onegetse, which is unique becauseboth circlesg are orierted.

We will now return to the spatial problemin | 3: a possiblesolution arc e with
junction points e; of the planar problem does not necessarilylead to a solution
arc c of the spatial problem becausethe tangerts t; in ¢; to ¢ generallylie in
di erent osculating planes ; and , and neednot have a point d in common.
As this point d cannotbut lie on the intersectionline s= ; , it is necessaryor
8 to lie on both & and the top projection s of s. If 8 lies outside of e; and e, one
getstwo real solution arcsc. Onejust hasto lay both tangerts out of 8 to ¢ and
thus determinethe junction points while taking care of the circles' orientation.

In the special casesof ; = , and s = & there is a one parameter set of
isotropic solution arcsc joining ¢; and ¢,. This happensexactly if ¢c; and ¢, lie on
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a commonisotropic Mebius sphere,i.e. a non-isotropic plane or a paraboloid of
revolution. Reinterpreting with 1, we con rm the existenceof a one parameter
set of cones in oriented corntact with two given conesof revolution ;  if
both ; arein oriented cortact with a commonsphere . This includesthe case
of ; possessindghe samevertex v asthe commonvertex hasto be interpreted
as spherewith radius zero.

3.3.2 Feasibilit y of the solution
In order to shaw the reality and usefulnessof a solution arc ¢ we will prove

Theorem 3.2 Let g(t) be a piecewiseC! curvein isotropic 3-space | 3. To any
point g(t;) there existsa parameterinterval U = ]t;;t;+ t] R suchthat the
points g(t;) andg(t;);t, 2 U can bejoined with an isotropic triar c in the following
way: the rst and the third arc of this triar c lie on the isotropic osculatingcircles
c: and ¢, of g(t) to parameterst; and t, The joining isotropic arc c is real and
joins ¢; and ¢, with G!-continuity while preservingthe orientation of c;.

Proof:

We apply an isotropic Mebiustransformation : 13! 13 to the curve g suc
that the rst isotropic osculatingcircle c; is mappedto the x-axis. As the order
of contact betweeng and c; is not changedby the x-axisis anin ection tangernt

to (9.

Without lossof generality we can restrict oursehesto a curve g = g(t) which
hasan in ection point g(0) to parametert = 0 at the origin 0. Let its in ection
tangert be the x-axis and g(0) + :9(0) + ,g®(0) be the xy-plane. A Taylor
expansionof g(t) up to the fourth derivative is then given by

0 1
art + axt? + agt® + ast* + O(t>

g(t) = % byt + hyt* + O(t5) € ;a1;b3;¢,2 R ;a;h;6 2 R (3.21)
cit? + O(td)

with derivatives
1

° a; + 2at + 3ast? + dastd + O(t%)
a(t) = % 30;t2 + 4byt® + O(t%) (3.22)
4c,t3 + O(t4)
and 0 1
2a, + Bast + 12a,t% + O(t3
g(t) = % st + 12yt + O(t°) g: (3.23)
12c,t2 + O(t%)
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We will compute the cortrol points c;;d; c, of an isotropic arc ¢ which is in
oriented cortact with the x-axis and the isotropic circle c,(t) which osculatesg
in g(t) (seeFigure 3.5, wherethe connectingarc ¢ has beenomitted for reasons
of clarity). The middle cortrol point d is the intersection point of the osculating

Figure 3.5: g(t) with in ection point g(0)

plane ; at g(t) with the x-axis. The junction point ¢, canbe computedby laying
a tangert from d to c,(t). The last cortrol point c; on the x-axis is determined

by
di(cy;d) = di(cz; d): (3.24)

We will now calculatecy;d;c, in dependencyont and will shaw that fort! O,
i.e. the touching point g(t) to c,(t) corvergesto g(0), we will obtain a usefularc
C.

De ning the normal vector
0 1
12c,b5t% + O(t®)

n0=a) a0 =g 12206412 + O(t?) £ @
Baghst + 6(2a1ky + axbs)t* + O(t®)
of ,(t), onegets
2(t) :n(t) x = n(t) o(t)

and easily veri es
0 L
sagt + O(t°)

d(t) = H(t)\ x-axis= % 0 E: (3.26)
0

The following calculations will be made for the top projection g of g. The top
view of c,(t) is the (Euclidean) osculating circle e(t) of g at g(t). Its radius

equals
. kel
det g;§
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Formulae (3.22) and (3.23) give

4 3 4 ’
1o Sadehs 2ahy ) (3.27)

2 362 183
The midpoint m(t) of ex(t)

B2(t) =

_ kg(t)k2 .
m(t) = g(t) + det g(t): §(0) ¢ (1)
simpli es to
0 1
Tt + O(t?) |
mO=B1 &  Saab, 280, | 02y £ (3.28)
t 6h 613

The squareof the distance R(t) betweend(t) and m(t) equals
|

4 3 4 ’
Lo Sadehs 24y e (300

R2(t) = (Mm(t t)2= = +

= (MO dO’= 5 35 152
Using coe cien ts of higherorderin t, which have beenomitted in formulae (3.27)
and (3.29), one veri es for the power p(t) of the point d(t) with respect to the
circle e(t)

p(t) = R?(t) E(t) = ia§t2+ o(t?): (3.30)

12

The value of p(t) is positive if t is su ciently small. Thus, d(t) lies outside of
& (t) and e,(t) and c,(t) arereal.

The power p(t) is the squareof the distance of d(t) and e,(t) and together
with (3.24) we have

B(t) = (d(t) ex(t)?= (d(t) ea(t)*
(3.26) and (3.21) show that the squaresof the distancesof d(t) to o = g(0) and
g(t) simplify to
(d(t) g(0)*=(d(t) e(t)*= %ait“ o(t°) (3.31)

which is greater than p(t) in formula (3.30). This shows that for small t the
x-coordinate of c,(t) is positive and the x-coordinate of c,(t) is smallerthan the
x-coordinate of g(t) (seeFigure 3.5). O



Chapter 4

Spatial Osculating Arc Splines

In the last section 3.3 we examined how to join two isotropic Mebius circles
by an isotropic Mebius arc. This led to an isotropic osculating arc spline that
approximated a given spatial curve in isotropic 3-spacel 3.

It is natural to adapt the methods descrited above to Euclidean 3-spaceE °.

joined by an arc with G?! cortinuity at the junction points. Thus, the given curve
g 2 E3 is approximated by an arc spline where ewvery secondarc is an osculating
arc of g. We will call such an arc spline spatial osculatingarc spline henceforth.

Note that the caseof g being a planar curve hasbeenanalyzedin [28]. Also,
in section3.3.1the construction of planar osculatingarc splineshasbeenbrie y
discussedfrom a geometric point of view (seeFig. 3.4). The caseof g being
a spheri@al curve we have already treated in sections2.1 and 2.1.1. Obviously
results on sphericalcurve approximation can be derived from the planar caseby
stereographicallyprojecting the plane onto a sphere.We know that in both cases
there exists a one parameter set of solution arcs joining two given (oriented)
circles. In the following we will restrict oursehesto the non-planar and non-
sphericalcase.

In section4.1 we will rst presern a geometric method of nding an arc c
connectingtwo oriented circlesin E3. Note, that we will tacitly allow a circle
to degenerateto a straight line which one can interpret as a circle with in nite
radius. We will briey considerall the special casesand seethat there are two
complexsolutionsin the generalcase.

It is natural to introduce 3-dimensionalEuclideanMebius geometryin section
4.2 sincethe set of Euclidean Meobius circlesis comprisedof straight lines and
Euclideancircles. Similar to section3.3.2we will usea Meobiustransformation in
order to simplify the proof of Theorem 4.1 in section4.3: two osculating circles

57
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c1; ¢, of a curve g canbe joined by a real and usefularc c aslong asthe di erence
of parameterst,;t, assaiated with ¢;; ¢, is small enough.

In section 4.4 we will take a closerlook at the approximation errors and
proposean algorithm for a good segmetation of the given curve g. Choosing
appropriate initial osculating circles ¢; of g clearly has great in uence on the
quality of the approximation. Finally, in section4.5 theseresults are applied to
seweral examples.

4.1 Metho d

Let .; , bethe planescortaining the oriented Euclideancirclescy; ¢, in E3. We
rst assume ; not to be parallel and treat special caseslater. Our goal is to
nd cortrol points c;;d;c, of an arc c joining ¢;; ¢, while preservingthe circles'
orientation (Figure 4.1).

Figure 4.1: Spatial osculating arc spline

Obviously, the middle cortrol point d hasto lie onthe lines= ;\ , and
posses®qualtangertial distanceto c¢; and c,. To determinethe location of d we
will rst rotate , arounds sud that > and 4 coincide. The chordal line d of
c: and the rotated circle ¢, in ; contains all points of ; with equaltangertial
distanceto ¢, and ¢,. The only possiblelocation of d is the intersectionpoint of
d with s. If d lies outside of ¢; and ¢, the missingtwo cortrol points ¢; and c, of
¢ can be found by laying tangerts from d to ¢; and c,. We obtain two solutions
if the orientation of ¢ is taken into consideration. Thesesolutions are not real if
d liesin the interior of ¢c; and c,. Note, that both possibilitiesto rotate , into

1 leadto the samepoint d.
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Special casesthat have to be treated separately include the spherical case
(s = d) and the planar case( 1 = ;), both of them leadingto a one parameter
setof solutions. If ; k ,, ;6 ,the method givenabove doesnot work. Here,
the junction points of a solution arc c lie in the commonplane of symmetry of ¢,
and c, (Figure 4.2).

Figure 4.2: Specialcase: 1 k

If one of the two circles, say ¢y, is a line, the intersectionof ¢; with , gives
d. Figure 4.3 shows one of the solution arcs which is real becaused is lying on
the outside of ¢,. Last but not least, it is obvious that there are no connecting

Figure 4.3: Special case:c; is a straight line

arcsin caseof two skew lines c; and ¢c,. From a Mebius geometricpoint of view
(comparewith next section4.2) this last caseof skew lines is equivalent to two
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oriented circlescy; ¢, that intersectin a single point without touching ead other
in this point.

4.2 3-dimensional Euclidean Meobius geometry

Let E3 be real Euclidean 3-space,P its point setand M the set of spheresand
planesof E3. We obtain the so-calledEuclidean conformal closute Ey, 3 of E3
by extending the point set P by an arbitrary elemen u 62P to Py, = P [ fug.
As an extensionof the incidencerelation we de ne that u liesin all planesbut
in none of the spheres.The elemerts of M are called Euclidean Mobius sphees
and the intersectionof two Meobius spheress a so-calledEuclidean Mebiuscircle.
Euclidean Mebius geometry is the study of properties that are invariant under
Euclidean Mebius transformations A Mebius transformation is an incidence
preservingcomposition of a bijective map of Py, and a bijective map of M.

Another model of this geometry we obtain by embedding E3 in Euclidean
4-spaceE* asplanet = 0. Let : nfzg! E3 be the stereographicprojection
of the unit hypersphere

X2+ Y+ 22+ t2=1 (4.1)

onto E3 with certer z = (0;0;0;1). Extending to with :z 7! u givesa
new model of Euclidean Mobius geometry The point setis that of E4 and
the Meobius spheresare the hyperplanar intersectionsof  since is preserving
spheres.It is a certral theorem of Euclidean Mobius geometrythat all Euclidean
Mebius transformations of this model are induced by an automorphic linear map
P41 P#of , whereP# denotesthe projective extensionof E4.

4.3 Feasibilit y of the solution

Completely analogousto the isotropic casein 3.3.2we state

Theorem 4.1 Letg(t) bea piecewiseC! curvein Euclidean 3-space E3. To any
point g(t,) there existsa parameterinterval U = ]Jt;;t; + t] R suchthat the
points g(t;) andg(t,);t, 2 U can bejoined with a Euclidean triar c in the following
way: the rst andthe third arc of this triar c lie on the Euclidean osculatingcircles
¢, and ¢, of g(t) to parameterst; andt,. The joining Euclidean arc c is real and
joins ¢; and ¢, with G!-continuity while preservingthe orientation of c;.

Proof: We apply a Euclidean Mebius transformation to the curve g sud that
the rst osculatingcircle ¢; is mapped to the x-axis. Thus, we can restrict our
calculationsto curvesg = g(t) with an in ection point at g(0) = o.
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We will compute the cortrol points ¢,;d; c, of an arc ¢ which is in oriented
contact with the x-axis and the osculating circle ¢, of g to parametert. The
middle cortrol point d canbe found asintersectionpoint of the osculating plane

> with the x-axis (Figure 4.4). The junction point c, can be determined by

Figure 4.4: g(t) with in ection point g(0)

laying a tangert from d to ¢, and c; follows from
kc; dk=kc, dk: (4.2)

The only di erence to section3.3.2isthat ¢, is a Euclideancircle and the distances
in (4.2) are Euclideanones.

We can use (3.21) to (3.23), (3.25) and (3.26) for the Taylor expansionsof
g(t); g(t); g(t); n(t) and d(t). The radiusr(t) of the (Euclidean) osculatingcircle
c(t) of g at g(t) equals

_ kgk®
"= kn(Dk

and with (3.22) and (3.25) simpli es to

1 4 3 2 4 ’
A, Seudl 24D o2 (4.3)

2 360 18%

The midpoint m(t) of cy(t)

ra(t) =

kg(t)k?

e MO ao)

m(t) = g(t) +

possesse$aylor expansions
0 1

Tt + O(t?) |

1 a2 bGaab; 2a?h '
m(t) = f i + == 6b\2; =t O(tz) : (4.4)
%% L o

303
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The squareof the distanceR(t) betweend(t) and m(t) equals

RO = M0 d0°= 5 g Do B o)

which leadsto

P = R2Y) (1) = 2 it + O(t)

for the power of d(t) with respect to c,. If t is small enoughthe value of p(t) is
positive but smallerthan

(d@® g(0)*= (d(t) g(v)*= %aitz + O(t%):

Therefore,arealand usefulsolution arc c existswhich providesa triarc connection
of g(0) and g(t). O

4.4 Segmentation

44.1 Error estimates

The approximation errors of a spatial arc spline can be judged easily Let x be a
point of the given curve g(t) and c one of the arc splines’' segmets with Bezier
points b; and midpoint m (Figure 4.5). It is computationally easyto ched if the

Figure 4.5: Distance of a point x to anarcc

point x liesin the wedgebetweenthe planes ; and , through the rotation axis
of c. The Euclideandistanceof x to the circle segmeh c then is

q
dix;c) = d2+ d (4.6)
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where d, denotesthe componert lying normal to the circles' plane and d, is
the radial distance. In the following we will orient d. sud that d, > O indicates
that the normal projection of x onto  lies outside of ¢c. Also the orientation of ¢
determinesan orientation of andthusan orientation of d,. In the degenerating
caseof ¢ being a straight line segmen the distance d(x; c) againis well-de ned
but we will not distinguish betweenradial and normal componerts.

spline. It is natural to selectthosepoints wherethe osculatingcircle approximates

g(t) well. Let 0

u {24 + O(u% ’
g(u):% {9 + {% + O (4.7)
{ 4% + O(uY

be the Taylor expansionof g(t) at the point g(0) with respect to arc length u
(comparewith (1.20)). The Frenetframein g(0) is usedascoordinate systemand
{ ={(0), {°= %%(0) and = (0) denotethe dierential invariants evaluated
at g(0). The osculatingarc ¢y at g(0) has midpoint

mo= (0 10" (4.8)
The third coordinate in (4.7) givesthe normal componert
dn(u) = %{ u®+ O(u%) (4.9)
of the distanced(u) betweeng(u) and ¢,. The radial componert is

d.(u) = kg(u) mok rg

where g(u) is the normal projection of g(u) into the xy-plane and r, the radius
of cg. With (4.7), (4.8) andrg = {l its Taylor expansionsimpli es to

d (u) = %{ W3+ O(uh (4.10)

and together with (4.6) and (4.9) we have

d(u) = ép 2[2+ {23 + O(uh): (4.11)
for the distance betweeng(u) and co.
The leadingterm of (4.11) provides us with a function

F(t) = éq

M )2+ {qt)? (4.12)
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sudh that F(t;) indicatesthe appraximation quality of the osculating circle c(t;)
fort! t. F(t;) = Oisequivalert to { {t;) = 0; (tj) = Oor {4t;)) = O;{(t;) = O.
In the secondcasec(t;) degeneratedo a straight line, in both casesc(tj) and
g = g(t) hyperosculate,i.e. they arein cortact of order 3.

4.4.2 Segmentation algorithm

following three criteria hold true for eath segmen

Criterion 1: The connectingcircle of ¢(t;) and c(tj+;) is real.

Criterion 2: The maximal error betweenthe curve g(t);t 2 [ti;ti+1] and the
resulting triarc doesnot exceeda chosenerror tolerance.

Criterion 3: Both of the two inner joining points of the triarc lie on the right
sideof the oriented osculatingcirclesc(t;) and c(tj.+1 ) (comparewith the bad
casein Figure 4.6). Note, that in somecasesa usefularc spline canbe con-

Figure 4.6: Violation of Criterion 3

structed, although criterion 3 is not ful lled (seeexample2, for instance).
This dependson the joining point of the next arc segmeh though.

Possiblesegmetation algorithms include

The bisection metho d: One choosesan ewenly distributed segmetation
with respect to arc length rst. Each segmen is bisectedfor which one of
the criteria given above does not hold true. Clearly, this method is easy
to implemert but will not produce ewenly distributed segmemations, in
general.

Longest triarc metho d: Let tg = t, bethe rst segmetation point. The
next one, t;, will be chosenas largest parameter value sud that criteria
1to 3 arestill fullled. This procedureis repeatedfor the next segmets.
Thus, one minimizes the number of arc segmets involved but completely
ignoresthe geometricproperties of the given curve. The appraximation of
a closedcurve would give di erent results depending on the starting point,
for instance.
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Here a di erent approad will be proposed. An initial segmetation will be
performed at the local minimas of the function F (t) of 4.12. Figure 4.7 shows

Figure 4.7: Function F (t) for a polynomial curve of degree4.

F (t) for a polynomial curve of degree4 which is taken from example 2 of sec-
tion 4.5. The osculating arcsto parameterstg;ty;ts;te; tg Well appraximate the
curve g(t). These v e segmetation points give four triarc segmets. As eadt of
the osculatingcirclesc(t,); c(t4); c(ts) is usedin two triarc segmets the computed
arc spline is composedof nine arc segmets (seeFigure 4.13). Figure 4.8 shavs
the approximation error of this initial appraximation. Note, that in the third

Figure 4.8: Approximation error d(t) after initial segmenation

triarc segmen [t4; tg] criterion 3 is violated. The resulting arc spline still is useful
although the segmeh on the osculatingarc c(tg) is very short. In order to avoid
sud situations and in order to reducethe error to the desiredaccuracyone has
to subdivide segmets.

For the subdivision point we choosethe peak value of the error function d(t)
within a segmehn (t1;t3;ts;t7). If d(t) hastwo peaksof appraximately the same
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value (seefor instanceFig. 4.10(a), (b) or Fig. 4.15) oneeither splits in between
or divides into three segmets.

After computing the triarc of the segmen [tg; tg] still the error tolerance of
0:01 is exceededat this segmen (the correspnding gure for d(t) is not given).
Subdivision at the maximum error givest;. The nal arc spline is preserted in
Figure 4.14 of the next section.

4.5 Examples

Example 1 Helical curve

(@) (b)

Figure 4.9: Approximation with (a) one, (b) two triarc segmets

Figure 4.9 (a) shows the approximation of a helical curve (thin curve) by one
triarc segmehn (thick curve) in top view and front view. Figure 4.9 (b) showsthe
approximation of the samecurve with two triarc segmets. The big octahedrons
indicate the curve points whoseosculating circles were computed. The smaller
octahedron are the joining points of di erent arc segmets. In order to better
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Figure 4.10: Approximation error d(u) for (a) one, (b) two triarc segmets

illustrate the spatial position of the arc segmets their end points are connected
to their midpoint with thin lines.

Figure 4.10 (a) and (b) cortain diagrams showing the appraximation error
d(u) of the helical curve to the arc splines. Here u is the arc length of the
helix. The occurring error hasits peaksat the middle arc segmen which can
alsobe clearly seenin Figure 4.9 (a). Note the di erent scalingsin the diagrams
Fig. 4.10(a) and (b) which tend to disguisethe fact that the error hasdecreased
appraoximately by factor 1=8 becausethe segmeh has beenbisected.

N

Figure 4.11: (a) Normal componert d,(u), (b) radial componert d,(u) of the
approximation error d(u) of Fig. 4.10(a)

In Figure 4.11the error d(u) of Fig. 4.10(a)is split into its normal and radial
componerts d,(u) and d; (u). The function d,(u) shavsthat the helical curve lies
on both sidesof the plane of the middle arc segmen At the point of vanishingd,
the radial distanced, readesis maximum. While d(u) is smooth the functions
dn(u) and d; (u) have discontinuities at the junction points. This occursbecause
of the twist angle betweenthe planescontaining the adjacen arc segmets. In
the presen examplethe angle betweentwo consecutie planesequals25.8 .
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Figure 4.12: (a) Curvature and (b) torsion diagrams of a helical curve and its
approximation with onetriarc

Finally, in Figure 4.12we look at curvature and torsion diagrams{ (u), (u)
of the helical curve, both of them being constart functions. The dotted lines
indicate the curvature and torsion pro le of the approximating arc spline. The
small di erence in arc length between curve and arc spline has beentreated by
scaling. Obviously the curvature of ead arc segmen is constart but the torsion
pro le of the arc spline needsto be explained. As the arcsare planar curvesthe
torsion is zeroat all points exceptat the junction points wherethe torsion is not
de ned. For a su cien tly smooth curve the torsion (tp) at g(to) can be de ned
by the limes
6 (to) (to+ 1)

ka(to)k
where (t) denotesthe osculating plane at g(t). At the junction points of the
arc spline there is a suddenrotation of the osculating plane around the tangert
vector without a changein arc length. We will take over the term torsion impulse
from Nutbourne [3Q] for this behavior. We will de ne sud a torsion impulse T
at the joining point of two arc segmets c;; c, by

(to) = lim_ (4.13)

T= ° 01 (4.14)
~ () + () '

where ; arethe circles' planesand I(¢) the arc lengths of the segmen ;.
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Example 2 Polynomial curv e of degree 4

Figure 4.13: Approximation of a polynomial curve of degree4 with four triarc
segmets (9 arc segmets)

Figure 4.13shawsthe arc splineapproximation of a polynomial curve of degree
4. The bigger octahedraindicate the position of the segmetation points. These
have beenchosenat the local minima of the function F(t) (Figure 4.7). After

Figure 4.14: Approximation with nine triarc segmets (19 arc segmets)

further subdivision of the segmets as descrited in section4.4.2 one obtains an
osculating arc spline composedof 19 arc segmets. Figure 4.14 givesthe nal
result.

The approximation errorswhich gowith this arc splinearegivenin Figure 4.15
Note the di erent scaling of the diagram comparedto Fig. 4.8. The maximum
absoluteerror of 0:01 givesa maximum relative error of 0:00025with respect to
the arc length of 40:8 of the whole curve.



CHAPTER 4. SPATIAL OSCULATING ARC SPLINES 70

Figure 4.15: Approximation error d(t) for the arc spline approximation of Fig-
ure 4.14

Figure 4.16: (a) Curvature and (b) torsion diagramsof a polynomial curve g(t)
and its arc spline appraximation

Figure 4.16(a) givesthe curvature diagram of the polynomial curve and the
piecewiseconstart curvature function of the arc spline. Figure 4.16(b) showns the
torsion function (t) and the torsion impulsesof the approximating arc spline.
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