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[1] RSSR mechanism

An RSSR mechanism is a closed kinematic
chain, where two points B; (i = 1,2) of the
end-effector X are connected via spherical
joints centered in B; with the systems X;,
which themselves are coupled via rotary
joints with the fixed system .

Due to Griiblers formula the RSSR mecha-
nism has two dofs, where one degree is the
rotation of 3 about the line s := [By, Bs].
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[1] Cayley Theorems

The order of the ruled surface I' generated by the line s can be determined by
applying the two so called Cayley theorems given by Fichter and Hunt [1].

15t Cayley Theorem

If two points By and By a fixed distance apart on a line s are constrained to lie
respectively on two curves ¢; and ¢ (no planar curves lying in parallel planes) then
s generates a ruled surface whose degree is give by 2ni(ns — p2) + 2na(ny — p1),
where n; denotes the order of ¢; and p; the circularity of ¢; (i = 1, 2). = 8

2n¢ Cayley Theorem
In the special case that ¢; and ¢y are planar curves lying in parallel planes the order
of the ruled surface is given by 2nq(ny — p2) + 2ns(n1 — p1) — 2p1pe. = 6

Conference on Geometry: Theory and Applications, Pilsen/Plzen June 29 - July 2 2009, Czech Republic g 3



[2] Order and circularity of the spin surface

Hunt [2] proved that ® is of order
2-8 =16...general case
2-6 =12...special case

Hunt [3] suggested that the circularity of ®
is 8 which was later proved by Merlet [5].

For the special case Lazard and Merlet [4]
stated that the circularity is 6.

Theorem 1

The spin surface of an RSSR mechanism with
parallel rotary axes contains the imaginary
spherical circle four times.
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[2] Proof

W.l.o.g. we can choose a Cartesian coordinate system in X as follows:

e c; traced by the points B; are located in planes parallel to the xy-plane.
e Ay =(0,0,0)! and Ay = (¢,0,u)’ with t,u > 0.

The paths of B; parametrized by Z,,,A
. T A/2// Bg/
Bi(:ui) = A; + (Ti COS g, T3 S11L [y, O)

with r; := A;B; are coupled by

i

Py := || Bi(p1) — Ba(pa)||* = b° = 0

with b := B1By > 0 and b > u. =
Aj Bj x
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[2] Proof

The locus of a point X = (x,y, 2) of X is determined by the conditions
After applying the half angle substitution

2m¢
1+ m?

1

COS [4; = and sinu; =

in P; (1 =1,2,3) to get algebraic expressions we start the elimination process:
POl = RBS(P(), Pl, ml) and Q = R€S(P01, PQ, mg)
where () is polynomial (order 12) of the spin surface ®.
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[2] Proof

After introducing homogeneous coordinates (x = £L. ¢y = 22 2z = Z3) we intersect
xo’ xo’ oy

® with the plane at infinity w determined by zq = 0 which yields 217 1r3 FJ F Fy

Fy = a7 + x5 + 73 ko: Fo=0
Fy = (27 + 23)(u — b)? + o3t [x3t — 221 (1 — b)] ki: F1 =0
Fy = (27 + 23)(u + b)? + o3t [x3t — 221 (u + b)] ko: Fo =0

= The intersection multiplicity of w and ® along kg is 4.

Remark

It is not clear that kg is a 4-fold curve of ® because it could for example
also be the case that kg is a 3-fold curve and that w touches ® along k.
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[2] Proof

Therefore we intersect & with an arbitrary circle c3. By using the abbreviation

2 . .
C = ;ZQ S = 1_2:;12 and D :=1 — C the circle c3 can be parametrized as

(1 —0?)C +v?  wvweD —v38S vivsD + 128 | o 1]
viveD +v3S (1 —v3)C +v5  wvousD +v1S Bl + | fa] .
v1v3D — VS vov3D —v1S (1 —v3)C + v%_ y /3

Plugging these expressions into the implicit representation of ® yields a polynomial
of degree 16 in the unknown h.

As the circle c3 and ® have 2 x 12 = 24 intersection points the two cyclic points
of ¢3 must be 4-fold points of ®. []
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[3] Consequences for parallel manipulators

A parallel manipulator of TSSM ty-
pe consists of a platform X which is
connected via three SPR-legs with the
base >y, where the axes ai,aq,as of
the R-joints are coplanar.

If we skip the assumption of coplana-
rity we get a more generalized class of
GT'SSM parallel manipulators.

Theorem 2

GTSSM manipulators with two parallel rotary axes cannot have more than 16
assembly modes except the degenerated cases with infinitely many solutions.
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[3] Special Cases

We are interested in all cases with more than 8 common points of ¢3 and ® on k.

Necessary condition: Cyclic points of ¢3 must also belong to k1 € w and/or ks € w.

ko Nk; : Jo,j(), Jz,jz with  Jp = [1, 1, O]T,
Ji = (a2 — ), q? + 2, —2tq;1] "
g1:=u—0b and gy:=u+b

Y

As the carrier plane € of c3 has to intersect
ko in conjugate complex points there are three

possibilities left for choosing ¢ := ¢ N w:
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[3] Special Case a)

e; = [Ji,ji} for e = 1,2 : Now e; with projective line coordinates
Jix Ji =[2q;t:0:q; — tQ]T
intersects ® in the point J; and J; with multiplicity 5, but these points are not

5-fold points of ® which can be shown as follows:

We intersect ® with the line [ spanned by the origin and the point J; and J;,
respectively, by inserting its parametric representation into ®. Then the resulting
equation splits up into 2%r{r5F where I is a polynomial of degree 8 in the
parameter of [.

— ¢; touches ® in J; and .J; which are still 4-fold points of ®.
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[3] Special Case b)

= [Jo,jg] : As Jy and Jg are located on k; and ks the line ey with projective
line coordinates

J()XjO:[OZOZl]T <:>CL1HCL2HCL3)

intersects @ in these points with a multiplicity of 6.
Moreover Jy and J are 6-fold points of & which can be proven as follows:

We set v1 = v = 0 and v3 = 1 in the parametric representation of the circle c3
and plug it into the equation of ®. This yields a polynomial of degree 12 in the
unknown A which finishes the proof.

Discuss the very special cases: €1 = €9, eg = €1, g = €3 and eg = e = es.
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Now e; = ey intersects ® in J; = J5 and J; = J with multiplicity 6. This happens
If
2tqq q% — t2

det
[2tQ2 @ — t°

] = 4tb(u® — b* + t*) = 0.

e b must be greater than zero.

e %> = u? 4+ t%: It can be shown as in a) that J; = J, and J1 = Jq are only 4-fold
points of ®.

e ¢t = 0 will be discussed as last point of this case study.
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[3] €)p — €1

eg equals ey for (u — b)t = 0. Therefore we set u = b and assume t # 0.

It can be proven analogously to b) that Jy = J; and Joy = J; are 7-fold points
=- The manipulator cannot have more than 10 assembly modes

But this threshold can be refined, because I' can only have two real generators.

= ® degenerates into two coplanar circles which can be intersected by c3 in a
maximum of 4 real points.

Remark

Moreover it should be noted that such a manipulator has only 3 dofs, namely the
translations in = and y direction as well as the rotation about s.
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[3] €o)p = €9 and €) = €1 = €9

eo equals e for (u + b)t = 0.
As u > 0 and b > 0 holds this can only happen for t =0 (= a3 || a1 = as2).

But for t = 0 we get eg = e; = e and the points Jy = J; = Jy and Jg = J; = Jo
are 8-fold points of ® which can again be proven as in case b).

Remark

If additionally © = b holds the manipulator can only be assembled for 1 = 75

= I is a cylinder of rotation and the point X can only be located in an annulus.
Such a manipulator has again only 3 dofs and a maximum of 4 real solutions.

End of all cases.
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[3] Result of the case study

Theorem 3
GTSSM manipulators with two parallel rotary axes (a1 and as) cannot have more
than

i) 12 assembly modes if the axis ag is parallel to a1, as
1) 8 assembly modes if the axis ag is parallel to a; = as

i11) 4 assembly modes if u = b holds

except in the degenerated cases with infinitely many solutions.

Conference on Geometry: Theory and Applications, Pilsen/Plzen June 29 - July 2 2009, Czech Republic g 16



[4] Maximum number of assembly modes

The upper bounds of assembly modes given in Theorem 2 and 3 cannot be improved
due to the following examples:

e Theorem 3 7): This manipulator corresponds to the original Stewart platform. An
example with 12 real solutions was given by Lazard and Merlet [4].

e Theorem 3 ii): An example with 8 real solutions can easily be constructed by
applying the same approach used in [4].

e Theorem 3 ii): The construction of an example with 4 real solutions is trivial.

e Theorem 2: An example of a GTSSM manipulator with two parallel rotary axes
and 16 assembly modes was given by Nawratil [8].
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