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Abstract.  The geometry of multiple imageshas beena standard topic in De-
scriptive Geometry and Photogrammetry (Remote Sensing)for more than 100
years. During the last twenty yearsgreat progresshas beenmadewithin the eld
of Computer Vision, a topic with the main goalto endov a computerwith a sense
of vision. The previously graphical or medanical methods of reconstruction have
beenreplacedby mathematical methods as o®eredby computer algebrasystems.
This paper will explain to geometershow to reconstruct two digital images of
the samesceneand how to recover metrical data of the depicted object | using
standard software only. Not the preserted results are new, but the way how they
are deducedby geometricreasoning.The argumerns are basedon Linear Algebra
and classicalDescriptive Geometry results.
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1. Intro duction

1.1. Central perspectives

The basicterm in this paper is the central projection with center ¢ and image plane ¥4 (see
Fig. 1). This is the geometricidealization of the photographic mapping with ¢ asthe focal
point or focal certer of the lensesand Ysas the plane carrying the Im or the CCD sensor.
The pedal point of ¢ with respect to %ais called principal point h ; the distanced := kcj hk
is the focal length The imageis called (central or linear) perspective.

Each certral projection or photographic mapping de nes a particular coordinate system
in spacethe camera frame Its origin is placedat the certer c, the principal ray of the camera
Is the z-axis. And the principal directionsin the photosensiti\e plane sene as X- and y-axis.
Thesecoordinate axesspanthe vanishing plane ¥ of this certral projection.
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Figure 1: Certral projection with certer c, principal point h and cameraframe X; y;z

When at the sametime the principal point h is the origin of 2D-coordinates (X% y9 in the
image plane, then the photographic mapping x 7! x° obeysthe matrix equation
M <0 1 _d M % 1 |
v oz ¥y

It is appropriate to introduce homogeneougD-coordinates (X3 : X9 : X9) by

<0 <0
S0 X1. _o_ X2,
x°= —1; y°= 3.
Xo X0

In the sameway we usehomogeneou8D-coordinatesobeying
Xo:X1:X,:X3)=(1:X:Y:2):

Then the certral projection is expressedas a linear mapping

0 _,1 0 101
X 0001 Xo
@xXA=@0d o0 0ACH : X:
X2 00do %5

Now we bring this in a more generalform: We replacethe cameraframe by arbitrary
world coordinates (x; y; z). And we admit that in the image plane %zour particular frame is
modi ed by a translation and by scalingsto the systemof (x% y9-coordinates. In this way we
obtain the generalform of mapping equationsfor certral projections:

0 1 9 1
0 1 0 10 1
X3 1 0 0 0001 Zl 000 Xo
@x0A =@h0 df, oAq@01ooAa%Zx R §¢F@;&; (1)
Xg hS ? dfy 0010 Zy X3
| G— = e
intrinsic calibration . . .
parameters extrlr;jfaniilgg::tlon

1Throughout this paper coordinate vectors are seenas column vectors.
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On the right hand sidethere is a triple product of matrices. The rst matrix cortains beside
the focal distanced the newimagecoordinates(hg;hg) of the principal point h and the two
scalingfactorsf,;f, which usually are setto 1. Theseertries are calledthe intrinsic calibra-
tion parametersof the photo. If theseparametersare known the photo is called calibrated. In
this casethe image determinesthe bundle of rays ¢ _ x up to arigid spatial motion.

The last matrix in the triple product of eq. (1) cortains the orthogonal (3£ 3)-matrix
R and the world coordinates (zy; z,;z,) of the certer c. This de nes the position of the
cameraframe with respect to the world coordinates. The involved ertries are called extrinsic
calibration parameters

d d

Figure 2: Certral projection into the negative plane

Fig. 2 revealsthat it doesnot matter, whether the image plane Yis located betweenthe
certer ¢ and the sceng(like in Fig. 1) or %ais outside (like %zin Fig. 2). The latter takesplace
at the photographic mapping. As long asthe distanced is the sameand the principal rays
c__h coincide,the imagesare congruen, provided, the imageplanesare seenfrom the correct
side.

1.2. Linear images

We cangeneralizethe certral projection by a central axonometry(see,e.g.,[13, 2,12]). It maps
the 3-spaceby a (singular) collinear transformation into the image plane. Hence,collinearity
of points remains invariant and crossratios are presened. In homogeneousoordinates a
certral axonometry can again be expressedoy a linear mapping; in matrix form like in (1)
there is a (4£ 4)-matrix of rank 3. Thereforetheseimagesare called linear images? There
are se\eral results on how to characterizecertral perspectivesamonglinear images(see,e.g.,
[6, 13 7,11, 2,12, 8]).

In the generic caselinear imagesare uncalibrated. Sud a linear image can, e.g., be
obtained by taking a photo of a given photo. It can be proved (cf. [13) that a linear image
of a sceneis always an atne transform of a certral perspective of the samescene(compare
the two viewsin Fig. 3).

2For a coordinate-free de nition of linear imagessee[1].
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Figure 3: Certral perspective (left) versuslinear image (right)

According to our de nition, a photo is uncalibrated as socon as the exact position of the
certer ¢ of projection with respect to the photo is unknown. This is becausereplacing the
exact certer by any other point meansthat the bundle of rays ¢ _ x connectingthe certer
with points of the sceneis replacedby a collinear transform of the original bundle.

Figure 4: Replacingthe original certer ¢ by T acts like a collinear
transformation on the bundle of rays

1.3. Singular value decomp osition

Onetechnical tool from Linear Algebra, which will be usedin the sequel,is the singular value
decomposition of any matrix. It decompmsesthe (m£ n)-matrix A into the product

A= Ucdiag(, 1;:::;,;0;:::;0)¢VT with | 1;:::;,, > 0; r - minfm;ng;
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Figure 5: Singular value decompsition

of a diagonal(m£ n)-matrix and two orthogonalmatricesU;V, i.e., Ui 1= UT andVil= VT,
The non-zeroenries | 1;:::;,  in the main diagonalof the certral factor arecalledthe singular
valuesof A. They are the positive squareroots of the non-zeroeigervaluesof the symmetric
matrix AT ¢A and therefore uniquely determined.

There is an instructive geometric interpretation of this decomposition in dimension 2
which can easily be generalizedto the Euclidean n-space: Matrix A represems an atne
transformation A !  A°(seeFig. 5) mapping the unit circle k onto an ellipsek®, which might
alsobe degenerated.There are pairwise orthogonal diametersg; h of the unit circle which are
mapped onto the axesof symmetry g% h® of the correspnding ellipse. Theseparticular pairs
of diametersde ne the directions of principal distortions for this atne map.

The singular valuesof A equalthe semiaxesof the ellipse. Thereforethe singular values
aresometimescalledthe principal distortion ratios of this atne map. The orthogonalmatrices
U and VT represen the coordinate transformations betweenthe given framesand that of the
principal distortion directions.

2. The geometry of two images

The geometry of pairs of certral views has beena classicaltopic in Descriptive Geometry
Important results are, e.g.,due to S. Finster walder, E. Kr uppa [9], J. Krames, W.
Wunderlich, H. Bra uner [1].

2.1. Uncalibrated case

Let two certral projections be given with certers c¢; and image planes%, i = 1;2. This
refersto the viewing situation in 3-spaceas displayed in Fig. 6. In addition, let - ;, -, be
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Figure 6: Epipolar constrairt in a two-views-system

collinear transformations which map the imagesinto %4 and ¥4° respectively. In this way we
have de ned a genearl two-views-systentonsisting of two linear images. Any spacepoint x
di®eren from the two certers is represeted by its two viewsx % x°° We call thesetwo images
of x correspnding

The basic geometric property of two-views-systemgesults from the fact that for space
points x which are not aligned with the two certers, the two rays of sight ¢c; _ x and ¢, _ x
are coplanar (seeFig. 6). They arelocatedin a plane +, which in both linear imagesappears
in an edgeview. In the viewing situation the imagesof the pencil of planes#, constitute
two persyective line pencils. After applying the collinear transformations - 1; - , there remain
projective pencils of lines, the so-calledepipolar lines. The certers c9 and c%of thesepencils
are calledepiples As expressedn the notation, ead epipoleis the imageof onecerter under
the other projection. The projectivity betweenthe two pencilsis called epiplar constraint.
We summarize:

Theorem 1 1. For any two linear imagesof a scenethere is a projectivity betweentwo
particular line pencils
ca(x) M cif£)
sud that two points x%x%are correspnding, i.e., imagesof the samespacepoint, if
and only if they are located on correspnding epipolar lines.

2. Using homogeneousoordinates, there is a matrix B = (b;) of rank 2 sudh that two
points x%= (xJ : x? : x9) and x%= (x3% x9% x99 are correspnding if and only if

by xPx°= x7 ¢B ¢x*°= 0: (2)
i;j =0
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Remark: This vanishing bilinear form de nes a correlation which is singular becauseof the
rank de ciency of the so-calledessentialmatrix B.

Proof: Using homogeneousdine coordinates, the projectivity betweenthe line pencilscan be
expressedy
(U, 1+ ug, )R 78 (U 1+ Uy )R

of two pairs of correspnding epipolar lines.
The points x° and x%are correspnding, i.e., imagesof the samespacepoint, i® there is a
nontrivial pair (, 1;, 2) sud that

0
0:

(uf, 1+ uj, 2)ex°
(uf? 1+ ud?,)ex®

Thesetwo linear homogeneougquationsin the unknowns (, 1;, ») have a nontrivial solution
if and only if the determinart vanishes.This givesthe stated bilinear form

(U Y(uWXY i (uIexO(udX% =0
or | in matrix form |
X ¢(ududT i udwi™) ex®= x ¢B ¢x°°= 0:

There are singular points of this correspndance: The epipole ¢3 correspndsto all x% i.e.,
cJT B &%= 0 for all x°°2 R3, thereforecd' @8 = 0. Vice versa,all points x°2 R® correspnd
to ¢ i.e., B@’= 0. As thesehomogeneoudinear systemshave a one-dimensionakolution,
the essenal (3£ 3)-matrix B hasrank 2. O

2.2. Calibrated case

In the calibrated casewe can expressthe essetial matrix B in a particular form. For this
purposeit is necessaryto specify the homogeneousoordinates usedin the bilinear relation
(2): For ead image point we take its 3D coordinates with respect to the cameraframe as
homogeneou2D coordinates (seeFig. 7).

Theorem 2 Whenin the calibrated casethe cameraframe coordinatessene ashomogeneous
coordinates of the image points x% x% then the essetial matrix B is the product of a skew-
symmetric matrix and an orthogonal one, i.e.,

B=S¢R with ST=j S and Rit=R": (3)
Then the two singular valuesof B are equal.
Proof: According to Fig. 7, the three vectors
c®:=c,j c;; x% and x®

are coplanar. Thereforetheir triple product vanishes.Howewer, we have to pay attention to
the fact that x° and x®are given in two di®erem cameraframes. Let

x; = c%+ RX, (4)
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Figure 7: Epipolar constrairts for calibrated images

be the coordinate transformation from the secondcameraframe into the rst one with an
orthogonal matrix R. Now the complanarity is equivalert to

0= det(x® c® R&% = x°¢(c’E Rex":
We may replacethe crossproduct by the product of x®with a skew-symmetricmatrix, i.e.,
c’E R&X® = S ¢R ¢x®

and 0 1
0 jzg Z
S=@ 22 o0 20A; (5)
iz z2 O
provided (z7;z); z)) are the coordinates of ¢, with respect to the rst cameraframe. It is

X

noteworthy that accordingto (4) the two factors S and R together de ne the relative position
betweenthe two cameraframesuniquely.

Xn

Figure 8: x 7! Sdx = c°£ x isthe product of an orthogonal projection,
a 90t-rotation, and a scalingwith factor kc%
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The singular valuesof B = S(R can either be computed straight forward asthe positive
squarermts of eigervaluesof BT ¢B, i.e., of ST ¢S = | S¢S. But we can also proceedin a
more geometricway by understandingB asmatrix of an axne transformation in 3-space(see
Fig. 8): The crossproduct c®£ x is orthogonalto the plane spannedby c® and x , and it
hasthe length

kc®E xk = kekkxksin' = kck kx"k

wherex" is the orthogonal projection of x in direction of c®. So,the mappingx 7! S is the
composition of an orthogonal projection, of a 90*-rotation, and a scalingwith factor kck. As
the singular values(= principal distortion ratios) of an orthogonal projection are (1;1) (note
Fig. 5), the singular valuesof S are (kc%; kc%k). O

3. The fundamen tal theorems

What means reconstruction from two images? The photos have beentaken in particular
positions of the camera. Theseposeswill be called viewing situation. But afterwards we have
only the two images,and we know nothing about how the cameraframes where mutually
placedin 3-space.Hence,any reconstructionincludesboth, recovering the viewing situation
and recovering the depicted scene.

The problem of recovering a scendrom two or moreimagesis a basicproblemin Computer
Vision (see,e.g.,[3, 4, 5, 19). It isremarkable,that sometimesn the cited booksthe authors
actually acknowledgeresultswhich have alreadybeenadhievedin Descriptive Geometry(note,
e.g., the high estimation of E. Kr uppa's results [9] in [15). Howewer, Computer Vision
focuseson numerical solutions, and the useof computersbrought newinsight and progressin
this problem. Sincemeasuringpixelsin any imagecan be carried out with standard software,
it has becomepossibleto recover an object with high precisionfrom two digital imagesjust
by using a laptop.

Theorem 3 From two uncalibrated imageswith given projectivity between epipolar lines
the depicted object can be reconstructedup to a collinear transformation.

Sketch of the proof: The two imagescan be placedin spacesud that pairs of epipolar lines
are intersecting. For this purposewe start with a position wherethe two imagesare coplanar
and two correspnding linesare aligned. Then the two pencilsof epipolar linesare perspective
with respect to an axis a. Now we rotate one of the image planesabout this axisa. The
correspnding epipolar lines are still intersectingon a. Then we specify arbitrary certersc;,
¢, on the baselinec which connectsthe two epipoles. This givesrise to a reconstructed3D
object.

Now it remainsto prove in detail that any other choice of a viewing situation | with
intersecting pairs of epipolar lines but di®eren certers| resultsin a recoveredobject which
is a collinear transform of the previousone. O

Theorem 4 [S. Finster walder , 1899] From two calibrated imageswith given projectivity
of epipolar lines the depicted object can be reconstructedup to a similarity.

Sketch of the proof: For the two projections the pencils of epipolar planes+, needto be
congruent There is a rigid motion from one cameraframe to the other sud that any two
correspnding epipolar planesbecomecoincidert. Then for any choiceof c, relative to c; on



146 H. Stachel: Descriptive Geometry Meets Computer Vision { Geometry of Two Images

the carrier line ¢ of the uni ed pencil of planesthere exists a reconstructed3D object. Now
it is obvious that any other choiceof ¢, on line ¢ givesa similar 3D object. O

In this sensethe problem of recovering a scends reducedto the determination of epipoles.
This problem is equivalert to a classicalproblem of Projective Geometry, the "Problem of
Projectivity' (seeFig. 9):

Given: 7 pairs of correspnding points (x2;x%, :::; (x9; x9.
Wanted: A pair of points (s%s% (= epipoles)sud that for i = 1; :::;7 the connectinglines
s? x%and s x%are correspnding under a projectivity, i.e.,

Y xA) s x%; i=1:7
0 00 0
© X3 o oXq oxQ0 Y8
X2
O
o 0
x9 X3 x 90
%00 o
5
OO (e) 00
0o X6 =
X 00
! X3 x90 Xg
fo) 7
2 5
+?

Figure 9: The Problem of Projectivity

The Problem of Projectivity is a cubic problem. This follows from the following reasoning:
Due to eq. (2) the 7 given pairs of corresppnding points give n = 7 linear homogeneous
equations

xTeB ¢xP=0; i=1;:::;n; (6)
for the 9 ertries in the essefial (3£ 3)-matrix B = (b; ). The condition rk(B) = 2 givesthe
additional cubic equationdetB = 0 which xes all b; up to a commonfactor.

4. Computing the best tting essertial matrix

For noisy image points it is recommendedto usen > 7 pairs of correspnding points, so-
calledreferene points (seeFig. 11), and to apply methods of least squaresapproximation for
obtaining the “best tting' essetial matrix B. This is donein two steps:

Step 1: Let A denotethe (n£ 9) coexcient matrix in the linear system(6) of homogeneous
equationsfor the ertries of B. Then the “leastsquaret' B, i.e., the “best' solution, is an
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Figure 10: Given photos: Historical "Stadtbahn' station Karlsplatz
in Vienna (Otto Wagner , 1897)
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Figure 11: Identifying 20 referencepoints

eigervector to the smallest eigervalue of the symmetric matrix AT ¢A which minimizes the
guadratic form

yT CATCA ¢y = kAdyk?®
under the side condition kyk = 1.3

Step 2: Any essetial matrix hasrank 2, and in particular for the calibrated casethe two
singular valuesmust be equal. In order to obtain suc a "best tting' essetial matrix B for
our obtained B, we usewhat sometimesis called the 'projection into the essentialspace':
This is basedon the singular value decompsition of B, which hasbeenpresened in Section1.
We factorize ¥ into a matrix product

B=UCCV"; D=dag(,1;,2,.3) With ,1, .2, .3, O (7)

and with orthogonal U; V.

3In the senseof Fig. 5 the requestedeigervector spansa diameter of the unit sphere(k) which is mapped
onto the diameter carrying the shortest semi-axisof the corresponding ellipsoid (k9. This diameter is orthog-
onal to the best tting hyperplane.
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Theorem 5 Let B = U ¢diag(, 1;, 2;, 3) ¢V by (7) be the singular value decompsition of
the best solution B obeying the homogeneousinear systemof equations(6). Then
1. in the uncalibrated casethe matrix

B = U ¢diag(, 1;, 2;0) ¢V' (8)

is best in the senseof the Frobeniusnorm, i.e., k& j Bk = , 3 is minimal, provided
.3<,2- ,1. Otherwisethe minimum is not unique. For the sake of completenessve
add:

2. If _ 3 is atwofold singular value of B, then all B = U ¢A ¢V T with

0 1
1 0 0

A=@ 0 ,31jn3) j,snng A and nZ+n2=1
0 j,snznz ,3(li nj)

reac the minimal norm k& j Bk; = , 5. If the singularvalue, 3 hasmultiplicit y 3 then
even all

A= 5(s3i n¢nT); n2 R® with knk = 1 and the unit matrix |3;

are minimal. Here A represetts the product of an orthogonal projection in direction of
n and a scaling.

3. In the calibrated casewith the particular homogeneousoordinatesaccordingto Theorem 2
the best matrix is

B = U¢diag(,; ; 0)¢VT with | = *1+2’2: (9)

. . P—
Proof: For the squarematrix A = (g; ) the Frobeniusnorm kAk; = . aﬁ equalsthe

trace of AT @A and thereforethe squaresum of the singular valuesof A (see,e.g.,[10, 15). In
the uncalibrated casethe product B by (8) gives

kB i Bki = kUddiag(, 1;, 2;,3) i diag(, 1;, 2;0)]&V ki = kdiag(0; 0;, 3)ki = , 3:

In orderto "gure out which B = UG®/ T givesthe minimal norm k& j Bk; amongall rank 2
matrices, we uselLagrange 's method for obtaining the minimum of the objective function

)(3 2 X 2
3(A) = kB j Bkf = (@i .j)°+ a;
j=1 i6]
under the side condition detA = 0. According to this the ten equations
@,
@y
give necessaryconditions for the nine ertries of A and the multiplier |

We rewrite these equationsin vector form. For this purposelet (e;; e; e3) denote the
standard basisand let a;, ] = 1;2; 3, be the column vectorsof A. Furthermore we set

(A)+, detA]=0; i;) = 1,2,3; and detA=0

ne=a £ a for (i;j;k) = (1,2 3); (2;3;1); (3;12):
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Now detA = 0 is equivalert to the linear dependenceof fa;; a,; azg. Hencethere is a unit
vector n sud that
ng=a £ a = 2t¢n; knk= 1:

On the other hand we have detA = a; ¢n; for ead j, and the vanishing partial derivatives
of our objective function 3 (A) are

for diagonalertries 2(a; i ,;)+ ., (nj ¢g) =0
and otherwise(i 6 j) 2g; + , (n; ¢g) = O:

They can be combined in
2 i .i&)=i.n =i2'n:

For the Lagrangemultiplier we conclude, & 0 as otherwisethe column vectorsa; = | ;€
would be linearly independen. So,our ten equationsare solved by

a = .,jgi . tjn; (10)

provided the unknowns? 1;1 5,1 5;, and the coordinatesof the unit vectorn obeyn, = a; £ a;
for all even permutations (i; j ; k). We substitute (10) and obtain

22n=, iti(nEe)i,, jti(NE g)+ i, je: (11)
Expressedin coordinates (ny;n; n3) of n obeyingn2 + n3 + n3 = 1 we get
2ryn; = v jlink and 21knj = .. iljnk; i.e., 2ting = v jlkni; (12)

and
Lottt 28 = 2,5, (13)

In a lengthy caseanalysiswe have to distinguish whether for any j the pairs of homoge-
neousequations(12) for *in, and ! «n; arelinearly depender, i.e.,, ?, # = 4, or there is only
the trivial solution

Ling=1on1=1n3=13n,=13n; = 11n3 = O

We skip the rst casewhich leadsto in nite solutions as listed in 2.; this rst caseis only
possiblewhenthe multiplicit y of the smallestsingularvalueis > 1. In the latter casewe may
“rst assumens 6 0 which implies

10=1,=0, 1360, n=e3; '3=:?

From (10) we obtain
a; = ,1€1; @ = ,26; az3= , 3€3j ,3e3= 0:

This giveshby (10) the minimal

2 X 2 2 2 2

i=1 j=1
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The alternative assumptionsn, 6 0 or n, 6 O result in larger valueskB j Bk; = . or 5.

Ad 3.: In the calibrated casewe follow the proof givenin [15, p. 119{120]: Forany B = UtAd/ T
and A = U¢diag(,; ,; 0) ¢V with U°= (u?), V°= (v{) we obtain

' ¢
KB Bk? = tr 'MT eM with M := diag(, 1;, 2;.3) i U%¢diag(,; .; 0) ¢V :
By straightforward computation we get

£ a
3+ .2+ .9+ 22 2tr diag(, 1;, 2;, 3) U ¢diag(,; ,; 0) ¢V =
(2+ .2+ .3+ 2 2 2 [, 1(ud v + udvd,) + | o(udva; + udvdo)l:

- ¢
r'MTeM =

5

This norm is minimal when the last term in bradkets is maximal. We pay attention to
.1;,2> 0. AsU and V are orthogonal, we have

0.,,0 0,,0 0.,0 0.,,0 .
(U11Vi; + Uppvpp) - 1 and (UpVap + UpoVp,) - 1

becauseeah sumcan be seenasthe scalarproduct of the top viewsof the i-th row vectorsu?
of U%and vP of V9 i = 1;2. Thesesumsare maximal if thesetop viewsare still unit vectors
and u®= v?. This implies

0

cos' jsint O
U= vVP= @sin® cos OA
0 0 1
and
A = U%diag(,; ,; 0) ¢V " = diag(,; .; 0):
Hence

KB i Bki=(i+.5+.9+2%1 2(1+.2=(C1i )%+ (2i )+ .5
and this is minimal for the arithmetic mean, = %(, 1+, 2) of the greatesttwo values. O
The factorization B = S@®R accordingto Theorem 2 revealsalready the relative position
of the two cameraframes. Thereforewe need

Theorem 6 The factorization of the essetial matrix B = UM /T, D = diag(,; ,; 0), into
the skew-symmetricmatrix S and the orthogonal matrix R reads:

0 1
010

S=8UCR, ¢DCU"; R=8UCR! ¢V' where R, = @1 0 O0A: (14)
0 0 1

Proof: It is su+cient to factorize the product of the rst two matricesof B = UM /T by
U ¢D = S¢RS,
becausehis implies immediately
B=S¢R%WT); ie, R=R%v:

We again focus on the atne 3D transformations which are represeted by the involved ma-
trices:
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Figure 12: Epipolar lines. The two epipolesare de ned by the row- and the
column-rullspaceof the essethial matrix B

Any skew-symmetricmatrix S represeis the comnmnutativ e product of an orthogonal pro-
jection with a 90*-rotation and a scaling(seeFig. 8). On the other hand, U® represeis the
product of the orthogonal projection parallel to the z-axis, the scalingwith factor , and the
isometry U which brings the X y-planeinto the image spaceof U(D.

Let R: be the matrix represeting the 90*-rotation about the z-axis. Then R. is of the
form given in Theorem®6, and the product R, ¢O = D (R, is skew-symmetric. This skew-
symmetry is presened under transformation with U while the X y-image-planeis transformed
into the correct position. This givesthe solutions

S=8UM, M ¢U"T and R°= §UWRI with SIR°= UID:

For the following reasonthere are not more than two di®eren factorizations of the required
type: As matrix B = UO® T represets a scaledorthogonal axonometry, the column vectors
are the imagesof an orthonormal frame. We know from Descriptive Geometry that apart
from translations parallel to the rays of sight there are exactly two di®eren triples of pairwise
orthogonal axeswith imagesin direction of the given column vectors. The two triples are
mirror imagesfrom ead other. So, Theorem 6 givesall possiblefactorizations. O

There are critical con gurations wherethe speci ed referencepoints do not determinethe
epipolesuniquely. This is happens,e.g.,whenonly coplanar3D points are chosenasreference
points, becausetheir imagesx? 7! x®determine a collinear transformation - : 2! %4 and
any pair of correspnding points s%swould sene as epipoles (compare Fig. 9). Besides,
there are alsocritical casegelated to quadrics. For details see,e.g.,[14, 15, 5]).

5. The algorithm

We summarize: The numerical reconstruction of two calibrated imageswith the aid of any
computer algebrasystem(e.g., Maple) consistsof the following six steps:
(1) Specify n > 7 pairs (x%x%, i = 1; :::;n, of correspnding points (cf. Fig. 11) under
avoidanceof critical con gurations.
(2) Setup the homogeneousinear systemof equations(6) for the unknown essetial matrix

B. The optimal solution & is an eigervector of the smallesteigervalue of AT ¢A, when
A denotesthe coexcient matrix of this system.
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(3) Basedon the singular value decompsition of & compute the closestrank 2 matrix B
with two equal singular valuesaccordingto Theorem5. This de nes the projectivity
betweenepipolar lines (Fig. 12).

(4) Factorize B into the product SIR of a skew-symmetricmatrix S and an orthogonal R
accordingto Theorem 6. This determinesthe relative position of the two cameraframes
| up to the scale.

(5) In one of the cameraframescompute the appraximate point s; of intersection between
correspndingraysc; _ xPandc,_ x%i = 1;2; ::: (Fig. 13).
(6) Transformthe recovered point coordinatesinto any world coordinate frame.

Figs. 10, 11 and 12 shov an examplewith the computed epipolar lines and epipoles. The
recoveredobject is displayed in Fig. 14.
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Figure 13: Approximating the point of intersection betweencorrespnding rays

13
iy
11
S 7017
2 %5 TlO
18
W I -
— 0 el 471 1037
i |
12
Co C1

Figure 14: The result of the reconstruction| in top view and front view
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