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1. The relative axis for helical gears

We treat the relation between the angular
velocities of a pair of skew gears and the
position and pitch of their relative screw
motion.

We useconsistentlydual vectors representing
directedlinesand screws.

We identify directed lines g with their dual
unit vectors bg (bg¢bg = 1) and note for the dual
angle b' = ' + "' 0 betweenany two directed
linesbg and bh:

PSfragreplacements

a

b

bg

bhbn

'

' 0

bg ¢bh = g:h + "(g0:h + g:h0) = cos' ¡ "' 0 sin ' = cos b'
bg£ bh = g£ h + "(g0£ h + g£ h0) = (sin ' + "' 0 cos' )(n + "n0) = sin b' bn:
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Example for `dual continuation'

Given: Two orthogonally intersectingspears
bg and bh, i.e., bg ¢bh = 0, =)

bk := cos b' bg + sin b' bh

is the image of bg under the helical motion
alongbn = bg£ bh with angle' and translatory
length ' 0 .

PSfragreplacements

bg

bh

bn

bk

'

' 0

Proof: bk ¢bk = 1, bk ¢bn = det(cos b' bg + sin b' bh; bg; bh) = 0, bk ¢bg = sin b' .
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Example for `dual continuation'

In the sameway the screw bqij standsfor
the instant screw of the relative motion
betweenthe two frames§ i and § j .

This screwis representedby the dualvector

bqij = b! ij bpij = (! ij + "! 0ij )(pij + "p0ij ):

² bpij is the screwaxis,

² b! ij = ! ij + "! 0ij is the dual amplitude
of the twist, with signedmagnitudesof
the angular velocity ! ij and the point
velocity ! 0ij along the screwaxis.

² hij := ! 0ij =! ij is the pitch of this screw.

PSfragreplacements

s

x

s
x ¡ s

bpij

! 0ij

! ij

v x

! 0ij p ij

! ij p ij £ (x ¡ s)

EuCoMeS{ 1st EuropeanConferenceon MechanismScience,February 21-26,2006,Obergurgl/Tyrol 4



3D Version of the Three-Pole-Theorem

Spatial Three-Pole-Theorem: (Ar onhold, Kenned y, . . . )
Given three systems§ 1; § 2; § 3, let bq21, bq31 be the instantaneousscrewsof
§ 2=§ 1, § 3=§ 1, resp.,then

bq32 = bq31 ¡ bq21

is the instantaneousscrewof the relativemotion § 2=§ 1 .

Expressedin terms of the screwaxesand the velocities we obtain

b! 32 bp32 = b! 31 bp31 ¡ b! 21 bp21 :
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Relations in the dual triangle

There are many formulas expressing
relations between the angles ®i and
distances®0i of the relative axis bp32

and the axesbp21 and bp31,

evenin the rotational caseb! 21; b! 31 2 R,
i.e.,

! 021 = ! 031 = 0:

PSfragreplacements

bp21

bp31

bp32

bn®1 ®2

®3

®01

®02

®03
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E.g., formulas presented in J. Phillips: General Spatial Involute Gearing.
Springer Verlag,New York 2003,498 p

EuCoMeS{ 1st EuropeanConferenceon MechanismScience,February 21-26,2006,Obergurgl/Tyrol 7



EuCoMeS{ 1st EuropeanConferenceon MechanismScience,February 21-26,2006,Obergurgl/Tyrol 8



Relations in the dual triangle

dual Cosine-Theorem:

b! 2
32 = b! 2

31 + b! 2
21 ¡ 2 b! 21 b! 31 cos b®1 :

dual Sine-Theorem:

sin b®2

b! 31
=

sin b®3

b! 21
=

sin b®1

b! 32
:

PSfragreplacements

bp21

bp31

bp32

bn®1 ®2

®3

®01

®02

®03

EuCoMeS{ 1st EuropeanConferenceon MechanismScience,February 21-26,2006,Obergurgl/Tyrol 9



Rotational case with variable ! 31 : ! 21

What happenswith the relativeaxis
bp31 when in the rotational casethe
transmissionratio i := ! 31 : ! 21

varies? PSfragreplacements

bp21

bp31

®01

®1
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Specialcase

planar gearing bp21 k bp31:

The axes are seen in a
point view.

bp32 divides bp21bp31 in the
ratio ! 31 : ! 21.

For variable ! 31 : ! 21 the
\pitch point" bp32 sweeps
out the wholeline.

Analogously, in the
spherical case for bevel
gears the relative axis bp32

performs a full rotation.

PSfragreplacements

e

E
c2c3

g2

g3

bp32

bp21

bp31

! 21

! 31
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Rotational case with variable ! 31 : ! 21

Given: Rotations § 2=§ 1

and § 3=§ 1 with angular
velocities ! 21; ! 31 about
skew bp21 and bp31.

If ! 21; ! 31 2 R vary, the
axis bp32 of the relative
motion § 3=§ 2 constitutes a
cylindroid= PlÄucker's conoid
ª . PSfragreplacements

ª

Cylindroid
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Rotational case with variable ! 31 : ! 21

How to visualizethe relation between
the mutual position of the axes bp21

and bp31, the angular velocities ! 21 :
! 31 of the pair of skew gears

and the axis bp32 and the pitch h32 =
! 032=! 32 of the relativescrewmotion
betweenthe two gears?

Diagrams presentedin J. Phillips:
General Spatial Involute Gearing.
Springer Verlag,New York 2003

§ = ®1, k = ! 21 : ! 31, angle= ®2
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§ = ®1, k = ! 21 : ! 31, radius= ®02

pitch = h32 ¡ !
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2. Disteli 's diagram for pure rotations

In

M. Disteli: ÄUber die Verzahnung
der HyperboloidrÄader mit geradlinigem
Eingri®.
Z. Math. Phys.59, 244{298 (1911)

this problem is solvedwith one single
diagram,basedon a circle.

This diagram seems to have been
overlooked by the community of
kinematicians.
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On Martin Disteli

Disteli 's papersare hard to readbecause

1. their lackof vector notation, whichleads
to lengthy expressionsfrom wherelittle
information can be drawn, and

2. the use of rather uncommon left-
hand frames. Although Disteli used
screw theory, he described screwsonly
explicitly, by listing their six coordinates
(p;q; r; u; v; w).

3. Moreover,the up-to-sixdi®erentframes
occurringin the paper are not identi¯ed
by subscripts, but rather by di®erent
characters.

Martin Disteli , (1862{1923)
Dresden,Karlsruhe
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On Martin Disteli

We follow the ¯nal commentin his obituary, which reads(F. Schur):

\It would be desirablethat somebody rewritesDisteli 's arguments,thus making
them much more understandable".
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Disteli's diagram

PSfragreplacements

bp21

bp31

bp32

bn®1 ®2

®3

®01

®02

®03

We changethe notation to ¡ !

and look in direction of bn = be3:

PSfragreplacements
bp0

21
bp0

31
! 21p21

! 31p31
bp0

32

O
x1

x2

x3

k

'

' 0

h32

®

®
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4
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Disteli's diagram

Step 1: The ratio ! 31 : ! 21

of angular velocities de¯nes the
direction of the relative axis bp32

and the angle' :

PSfragreplacements

bp0
21

bp0
31

! 21p21

! 31p31
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O

x1

x2
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4
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Disteli's diagram

Step 2: We specifypoints 1 2 bp21

and2 2 bp31 suchthat the distance
12 = 2®0.

Thereare 1 solutionsfor 1 and 2.

PSfragreplacements
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4
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Disteli's diagram

Step 3: We draw the circumcircle
k of points 123.

Then the point 4 of intersection
between bp32 and k de¯nes the
height ' 0 and the pitch h32 of
the relativemotion.

PSfragreplacements
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Proof for Disteli 's diagram

We consequentlyusedual vectors:

bp21 = be1 cosb®¡ be2 sin b®
bp31 = be1 cosb®+ be2 sin b®:

The spatial Three-Pol-Theorem implies

bq32 = b! 32 bp32 = b! 32 (be1 cosb' + be2 sin b' )
! 31 bp31 ¡ ! 21 bp21:

Comparison of coe±cients =)

b! 32 cosb' = (! 31 ¡ ! 21) cosb®
b! 32 sin b' = (! 31 + ! 21) sin b®:

PSfragreplacements
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Proof for Disteli 's diagram

We eliminateb! 32 and obtain

! 21 sin(b®+ b' ) + ! 31 sin(b®¡ b' ) = 0;

The real part gives

' 0 =
®0

sin2®
sin2' = R sin2'

with R as radius of k. On the other
handweobtainafter somecomputation

h32 =
! 032

! 32
= R(cos2®¡ cos2' ):

PSfragreplacements
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Proof for Disteli 's diagram

Alle relative axes bp32 are
located on the cylindroid
ª .

Tangent planes ¿ of ª
intersect along conics c
which are located on
cylinders¡ of rotation.

We concentrate on
tangent planes¿ with 45±

inclination:

bp21bp21bp21bp21bp21bp21bp21bp21bp21bp21
bp21bp21bp21bp21bp21bp21bp21

bp31bp31bp31bp31bp31bp31bp31bp31bp31bp31
bp31bp31bp31bp31bp31bp31bp31

be1be1be1be1be1be1be1be1be1be1
be1be1be1be1be1be1be1

be2be2be2be2be2be2be2be2be2be2
be2be2be2be2be2be2be2

be3be3be3be3be3be3be3be3be3be3
be3be3be3be3be3be3be3

ªªªªªªªªªªªªªªªªª

ccccccccccccccccc
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P0P0P0P0P0P0P0P0P0P0P0P0P0P0P0P0P0

Three-Dimensional
view of Disteli 's
diagram

The di®erence in
height can be seen
in the top view of
the slope line.

P0 is the point of
contact beetween¿
and ª .
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Particular view
ot the three-
dimensionalview of
Disteli 's diagram.
bp21 and bp31 are
perpendicular and
therefore torsal
generators of ª .

The di®erence in
height can be seen
in the top view of
the slope line.
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3. Disteli 's diagram: general case

PSfragreplacements
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21 bp0
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! 21p21
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»1

»2

Disteli 's diagram is also
valid, when bq21 and bq31 are
helicalscrews.

Step 1: With given ®0 und
pitchesh21 and h31 draw the
points 1 und 2 and the circle
k such that the center angle
over12 is 4®.
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3. Disteli 's diagram: general case

U
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Step 2: The residualpoint 4
of intersectionk \ bp0

32 de¯nes
' 0 and h32.

' 0 = T sin(2' ¡ Ã)
+ T cos2®sinÃ;

h32 = ¡ T cos(2' ¡ Ã)
+ T cos2®cosÃ

+
1

2
(h31 + h21)

with constantsT and Ã.
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Further information taken from the diagram

PSfragreplacements
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±
± is the distribution parameterof the
axodesof § 3=§ 2.

± = T cos(2' ¡ Ã) + T cos2®cosÃ

+
1

2
(h31 + h21):

EuCoMeS{ 1st EuropeanConferenceon MechanismScience,February 21-26,2006,Obergurgl/Tyrol 32



References

² J. Angeles : The Application of Dual Algebra to Kinematic Analysis. In J.
Angeles,E. Zakhariev (eds.): ComputationalMethodsin MechanicalSystems,
vol. 161, Springer-Verlag,Heidelberg 1998,pp. 3{31.

² R.S. Ball : The theory of screws:A study in the dynamicsof a rigid body.
Hodges,Foster, and Co., Grafton-Street,Dublin 1876.

² W. Blaschke : AnalytischeGeometrie. 2. Au°., Verlag BirkhÄauser, Basel
1954.

² W. Blaschke : Kinematik und Quaternionen. VEB DeutscherVerlag der
Wissenschaften,Berlin 1960.

EuCoMeS{ 1st EuropeanConferenceon MechanismScience,February 21-26,2006,Obergurgl/Tyrol 33



² W.K. Cliff ord : Preliminary Sketch of bi-quaternions. Proc. LondonMath.
Soc. 4, Nos. 64, 65, 381{395 (1873) = Mathematical Papers, ed. by R.
Tucker , MacMillan and Co., London1882,XX, pp. 181{200.

² M. Disteli : ÄUber instantane Schraubengeschwindigkeiten und die
Verzahnungder HyperboloidrÄader. Z. Math. Phys.51, 51{88, (1904).

² M. Disteli : ÄUber die Verzahnungder HyperboloidrÄader mit geradlinigem
Eingri®. Z. Math. Phys.59, 244{298, (1911).

² M. Disteli : ÄUber das Analogonder SavaryschenFormel und Konstruktion
in der kinematischenGeometriedes Raumes. Z. Math. Phys. 62, 261{309,
(1914).

² G. Figliolini, J. Angeles : The synthesisof the pitch surfacesof internal
and externalskew-gears and their racks. ASME Journalof MechanicalDesign,
to appear in 2006.

EuCoMeS{ 1st EuropeanConferenceon MechanismScience,February 21-26,2006,Obergurgl/Tyrol 34



² M. Husty, A. Kar ger, H. Sachs, W. Steinhilper : Kinematik und
Robotik. Springer-Verlag,Berlin-Heidelberg 1997.

² J.M. McCar thy : GeometricDesignof Linkages. Springer-Verlag,NewYork
2000.

² H.R. M Äuller : Kinematik. SammlungGÄoschen,Walter de Gruyter, Berlin
1963.

² H. Pottmann, J. Wallner : Computational Line Geometry. Springer
Verlag,Berlin, Heidelberg 2001.

² H. St achel : Instantaneousspatial kinematics and the invariants of the
axodes. Proc. Ball 2000Symposium,Cambridge 2000,no. 23, 14 p.

² F. Schur : Nachrufauf Martin Disteli. Jahresber. Deutsch.Math.-Verein.36,
170{173 (1927).

EuCoMeS{ 1st EuropeanConferenceon MechanismScience,February 21-26,2006,Obergurgl/Tyrol 35



² H. St achel : Euclideanline geometryandkinematicsin the 3-space. In N.K.
Ar t ¶emiadis, N.K. Stephanidis (eds.): Proceedings4th Internat. Congress
of Geometry, Thessaloniki1996.

² H. St achel : Instantaneousspatial kinematics and the invariants of the
axodes. Proc. Ball 2000Symposium,Cambridge 2000,no. 23, 14 p.

² H. St achel : TeachingSpatial Kinematicsfor Engineers. ProceedingsICEE
2005,July 25{29, 2005,Gliwice/Poland, vol 2, 845{851.

² G.R. Veldkamp : On the Use of Dual Numbers, Vectors, and matrices in
InstantaneousSpatial Kinematics. Mech. and Mach. Theory 11, 141{156
(1976).

EuCoMeS{ 1st EuropeanConferenceon MechanismScience,February 21-26,2006,Obergurgl/Tyrol 36


