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1. The definition of infinitesimal flexibility

Let F be a bar-and-joint-framework in
the d-dimensional Euclidean space E¢ with

X
vertex set 1 X3

V={x1, ..., Xy},
x; €R? forall il :={1,...,v}

and edge set

X5 X6

Ec {(i,j) | i<j, (i,5) € I*}.
e.g., bipartite framework:
We denote the edge lengths by V =1{x1,...,X¢}

E={(1,4), (1,5), ...,(3,6)}
lij = HXZ — XjH for all (Z,j) e k.
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1. The definition of infinitesimal flexibility

Definition: ‘classical’
[REMBS 1932, SABITOV 1989, TARNAI 1989, CONNELLY 1994, ...]

F is called infinitesimally flexible of order n if for each vertex, i.e., for each i € I,
there is a polynomial function

X; Z:X7;—|-X7;,1t—|-...—|-X,i’ntn, nZl,
such that

1. the replacement of x; by x} € R[t]? in the equations for the edge lengths gives
stationary values of multiplicity > n att =0, i.e.,

I, — x|l = Ly = o(¢™) (i, j) € B, and

2. in order to exclude trivial flexes, the velocity vectors x1 1, ...,X,1 do not
originate from any motion of F as a rigid body.
A
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Definition of infinitesimal rigidity

For the sake of brevity we write

X1 X1,1 X1,n
Xo = : , X1 := : s, Xy = :

Xov Xou,1 Xov.n

and we call

X(t):=Xo+ X1t + ... + X, t"
a flex of order n. We say that this is a flex of F (or: F admits this flex) if
property 1. holds.

Definition:
The framework F is called infinitesimally rigid of order n, if any n-th order flex
of F is trivial.
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Conditions for infinitesimal flexibility

Comparing the coefficients of ¢,#2,...,t" in

(x! — X;-)Q — lzzj =o(t") for x;:=%x;+x;1t+ ... +X;nt"

results in a sequence of systems of linear equations for the unknowns x;

(X’L o Xj) (X’L 1 Xj71) — 07 1 _ O
1 _
(i —Xj)- (X2 —Xj2) = —5Xi1—X51) (X510 — X5,1), )11
(i —Xj)- (%3 —%X53) = —(X1—X5,1) (Xi2 — Xj,2), T
(i = X5) (Xia = Xja) = =XK1 = Xj1)-(Xi3 = Xj8)~ 3=12
—5 (Xi2 — Xj2) (Xi2 — Xj,2), 4=13+22
(xi —x5)-(Xi5 —Xj,5) = —(Xi1—%5,1) (X0 — Xj,4)— 5—=1.4+92.3
_(Xz,2 X 2) ' (Xz 3~ Xj 3)7
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Conditions for infinitesimal flexibility

The number e of equations in each linear system equals the number of edges of
JF. The unknowns vectors X g, ... , X, contain vd unknown coordinates.

The (exwvd)-matrix of coefficients on the left side is always the same and called
rigidity matrix Rx of F, e.g., for K33 the 9x 12-matrix reads:

(x1 —xy4) o o (x4 —x1) o o
( (x1 —X5) o o o (x5 —x%1) o \
(Xl —X6) o 0] 0] o (X6—X1)
o (x2—x4) o (x4 —X2) o o
Ry = o (x2—X5) o o (x5 —%2) o
0] (XQ—X6) 0] 0] o (X6—X2)
o o EXg—X4§ (x4 —x3) : o ) o
\ 0] o (X3—X6) 0] o (X6—X3) )
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Geometric meaning of the first two systems

(xi — %) (Xi2 — X52) = —5 (X1 — Xj,1) -
(Xz',l — Xj’l) —
condition for the acceleration vectors

%Xz',% lXj,g of Xir Xy for (Z,]) c k.

2

(xi —%5)- (Xi1 —x51) =0 =

Projection Theorem — the
condition for velocity vectors
X1 X511 at the endpoints
Xi,x; of any bar of F.
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1st order infinitesimal flexibility

First order flexes X (t) = Xo+ X1t / 7

of F result from the solution of the / N N '
homogeneous system R - X; =0. C_— AN v

> A
The existence of nontrivial first order W, .\‘y%i’ [\\\;é
flexes is equivalent to - /A P /= '\'(

N / ,
d(d—+1 >
I’k(R]:) < vd — ( 2_|_ ) . ‘4 | 6
=\
<
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2nd order infinitesimal flexibility

C

In special cases the bipartite framework is even flexible of second order.

Tensegrity Workshop 2007, July 9 — 13, 2007, La Vacquerie/France g 9



Continuous flexibility

V. ALEXANDROV (1998): For each framework there is a sufficiently large n such
that any nontrivial n-th-order flex can be extended to an analytical flex.

two bipartite frameworks with

continuous flexibility — according to
DixoN (1899)
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Arbitrarily high infinitesimal flexibility

T. TARNAT (1989): There are frameworks with infinitesimal flexibility of arbitrarily
high order 2™ — 1, e.g., the pinned framework (Leonardo DA VINCI?)

_/ \/ N\ \

Tensegrity Workshop 2007, July 9 — 13, 2007, La Vacquerie/France g 11



A cusp in the configuration space

R. CONNELLY, H. SERVATIUS (1994):

There is an example of a continuously flexible pinned framework with a standstill
in its initial position:
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A cusp in the configuration space
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A cusp in the configuration space

nontrivial first order flex nontrivial second order flex
The admitted third order flexes are of type 1=0
X0—|—O.t—|—X2t2 —|—X3t3 gi]i;
4 =13+ 2.2

and therefore trivial.

g
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The dilemma

7
continuously flexible == 3rd-order rigid

&%

The way out? “Flexes with X1 = 0 can be nontrivial.”

But then from any nontrivial first-order flex Xy + X1t we
obtain a nontrivial second-order flex Xy + X t?, i.e.

14
first-order flexible == second-order flexible
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Which flex is trivial?

Definition:
The flex X (t) := Xo+ X1t + ...+ X, t" of framework F is trivial if it originates
from a motion of F as a rigid body.

1st order: At each instant of a rigid body motion in EZ there is a constant vector
c; € R? and a skew-symmetric matrix C; € R**? such that

Xi1 = C1 +Clxi forall 2 € I.
We say briefly: The component X; = S7 := (%41, ...,Xy.1)" is of S-type,

These trivial solutions S7 of Rr-X; =0 constitute a subspace of dimension

d(d—1) d(d+1)
It ===
in the nullspace of R£.
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Which flex is trivial?

Any other solution X gives a nontrivial flex of F, hence

F is infinitesimally flexible of order 1 <= rk(Rx) < vd — M

2nd order:  (x; — x;)-(Xi2 — X;2) = —5 (X510 — Xj,1)- (Xi1 — Xj1) =

3 59 € R? and C5 € R¥*? with Cl = —Cy and
Xio = C2+ (Cy — %CfCl)xi foralls e I.
The higher derivatives for trivial flexes are as follows:
x;3 = c3+ (C3—C{Cs)x;
C4—|—(C4—01‘F03—%C2TCQ)Xi C; e R, C; c Rdxd
cs + (C5 — CTCy — CTCs) x; with C = —C}.

ot
[l
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Which flex is trivial?

Lemma:
Let X(t):= Xo+ Xpt*+ ... + X, t" with k > 1 be an n-th order flex.

X}, is not of S-type = X (¢) is nontrivial.

If X(t):=Xo+X1t+ ... + X, t" is a flex of F, then also
X(t):=Xo+ (X1 +S1)t+ (Xo+S2)t*+ ... + (X, + Sp) t"
Is a flex of F, but also
X(t) = Xo+ (X1 +S1)t+ (Xo+ S+ X)) t2+ ...+ (Xp + Sp + X" ygm
with X1, X, X7, ... ,Xl(n_l) not of S-type, but in the nullspace von R .

But this is not the only possibility to modify flexes of F.
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Parameter substitutions of flexes

Let X (¢) be an n-th order flex of F and

t = alf—l—agf—l— oo Fapt 4. withag #0
be a regular polynomial parameter substitution. Then by replacing ¢ in X (t) we
obtain the flex X (¢) of F.

Lemma:
If X(t) keeps all edge lengths [;; of F stationary of multiplicity > n at ¢t = 0,
then the same holds for X (¢) at ¢ = 0, and vice versa.

However, any substition of order p > 1, i.e.,
t =1"(ag + a1t +...) with ag # 0
will give a flex which keeps the lengths stationary of multiplicity > pn. Such flex

will be called reducible.
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Reducible and irreducible flexes

Definition:

Two flexes X (t) and X (%) are called equivalent if they are of the same order
and X (f) results from X (t) by imposing trivial flexes and regular parameter
substitutions.

E.g., X(t) = Xo+ X1t + X3t3 and Y(%) = Xo + le—k (Xl -+ Sg)g2 -+ X3%3
are equivalent (hint: ¢:=7+7").

Definition: B
An n-th order flex X () is called reducible if there is an equivalent X (¢) in which
all exponents of ¢ have a common divisor p > 1.

Flexes which are not reducible are called irreducible.
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Modified definition of infinitesimal flexibility

Definition: (‘modified’)

F is called infinitesimally flexible of order n if there is an irreducible flex
X(t):=Xo+ XptF+ ... + X, t", 1<k <n,

with X # 0 and not of S-type, which keeps the lengths of all edges stationary

of multiplicity > n at t = 0.

Revisiting the previous dilemma: The transition from Xy + Xt to Xg+ X t?
gives a reducible flex; so
first-order flexible #- second-order flexible.
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Revisiting the dilemma above

The flex Xy + Xot2 + X3t3 of the
CONNELLY-SERVATIUS framework is
nontrivial as X5 is not of S-type.

However, if X3 is a multiple of X5, then
this 3rd-order flex is reducible, as

Xo+ Xot? + aXot? = Xo+ Xo(t* + at?) and ¢ =t+¢t° =
£ =124at® and Xo+ Xot +01".

Hence it is necessary that { X5, X3} are linearly independent in the nullspace of
Rr.
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Finally, a necessary condition

Theorem:
If F is n-th order flexible due to the flex Xy + XptF + ... + X, t", k> 1,

then rk(Rgr) < vd — ddt 1) _ 2.

Proof: Let X; . ; t“F+7 with 1 < j < k be the first term with an exponent which
is not an integer multiple of k. Then X, 14, is included in the nullspace of Rr.

Suppose tk(Rx) = vd —

d(d+ 1)
o 2
Stz'k“) we obtain X; 1 ; = aX}. We eliminate this term by substituting

—1: Then (after imposing a suitable trivial flex

T—t+ %t@—l)’fﬂﬂ' — otk gpikti

lteration leads to a reducible flex. ]
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