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Summary

This is a pleading for Descriptive Geometry a subject of basic importance for any
engineeringeducation. From the very rst, Descriptive Geometry hasbeena method to
study 3D geometrythrough 2D imagesthus o®eringinsight into structure and metrical
properties of spatial objects, processesnd principles. The educationin Descriptive Ge-
ometry provides a training of the studerts' intellectual capability of spaceperception.
Drawings are the guide to geometrybut not the main aim.
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NA CRTNA GEOMETRIJA NA SUVREMENOM
STUDIJU TEHNIKE

Sazetak

Ovo je rasprava o Nacrtnoj geometriji, temeljnom predmetu svakog inzenjerslog obra-
zovanja. Oduvjek je Nacrtna geometrija bila metoda kojom se trodimenzionalni prostor
proucava pomdfu dvodimenzionalnih slika, cime se daje jasna predodzba strukturnih i
metriekih swojstava prostornih objekata i prostornih postupaka. Obrazovanje u Nacrtnoj
geometriji omogufuje razvijanje sposobnostiprostornog predccavanja. Crtez je sredstwo
u geometriji, ali nei glavni cilj.

Kljuecnerijeci: Nacrtna geometrija, prostorno predocavanije
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1. Intro duction

The aim of my presenation is to explain what Descriptive Geometry is good for, a
subject, which in the hierarchy of sciencess placedsomewherewithin or next to the eld
of Mathematics, but alsonearto Architecture, Mechanical Engineering,and Engineering
Graphics. | start with de nitions and cortinue with a few examplesin order to highlight
that Descriptive Geometry provides a training of the studernts' intellectual capability of
spaceperception (note the diagramin Fig. 9) and is therefore of incotestableimportance
for all engineersphysiciansand natural sciertists.

2. How to de ne ‘Descriptiv e Geometry'

In many American textb ooks on Engineering Graphics, e.g. [2, part I11] or [6], the
subject Descriptive Geometry seemsto be restricted to standard constructions like the
determination of the true length of aline segmehn or the intersectionof two plane polygons
in 3-space.From this point of view it must look rather strangethat prominert geometers
dewted their whole academiclife to promote this subject.

2.1. Descriptive Geometryin Europe

In order to explain the meaning of "Descriptive Geometry' in certral Europe, let us
look for de nitions in German textb ooks publishedin the last v e decades:

2 J. Kramesde ned in [9]: \Descriptive Geometry is the high art of spatial reasoning
and its graphic representation.
This de nition hasalsobeencited by R. Bereisin [1].

2 H. Brauner took up a recommendationgiven by E. Kruppa and preferredthe desig-
nation "Constructional Geometry' [Konstruktive Geometrie]instead of Descriptive
Geometry He de ned in [4]: \Constructional Geometry enmmpasseshe analysisof
3D objects by means of graphial or mathemati@l methads applied to 2D images.”

2 F. Hoherberg, whosetextb ook [7] focusseson applications of Descriptive Geome-
try in technology, formulated: \Constructional Geometry teacheshow to grasp, to
imagine, to design,and to draw geometrical shapes."

2 W.-D. Klix givesin his recert textbook [8] the following extended explanation:
\Descriptive Geometry is uniquein the way howit promotesspatial reasoning,which
is sofundamentalfor each creative activity of engineers, and howit trains the ability
to expressspatial ideas graphially so that they become understandablefor anylody
else."

As a consequencsd, would like to summarizein the following way.

De nition: ~ "Descriptive Geometry' is a methal to study 3D geometry through 2D im-
ages. It providesinsight into structure and metrical properties of spatial objects, processes
and principles. Typical for Descriptive Geometry is the interplay

a) between the 3D situation and its 2D representation, and

b) between intuitive graspingand rigorous logical reasoning.
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Accordingto this de nition, Descriptive Geometrycoursesn certral Europe cover not
only projection theory, but also modeling techniquesfor curves, surfaces,and solidsthus
o®eringinsight into a broad variety of geometricshapes. Besidesan intuitiv e approad to
elemertary di®erertial-geometric properties of curvesand surfacesand some3D analytic
geometryis included ([12, 13]). And in addition, oneaim is alsoto dewlop and to re ne
the studerts' problem-solvingskills.

2.2. G. Monge'sde nition

Gaspard Monge (1746{1818) is declared the
founder of the scienceof Descriptive Geometry
This does not mean that he himself deweloped
all the graphical methods. In cortrary, most of
them can already be found in earlier books, e.g.,
in those of Am&d§e Franeois Frezier.

Howewver, G. Monge was a most e®ectie scien-
tist and managerwho spreadhis ideasof Descrip-
tive Geometrywith the publication of his "Lesons
de g8onfitrie descriptive' (1799)from Franceover
whole Europe. We nd in [10], p. 1, the following
introductory statemerts:

\L a G&onfitrie descriptivea deuxobjets:

3 GASPARD MONGE 4" i
E SES ELEVES W' ‘

{ le premier, de donner les m$§thades pour
repr@sentersur une feuille de dessinqui n'a g M ET i
gue deux dimensions, savoir, longueur et ' SES CONCITOYENS :
largeur, tous les corps de la nature qui en M DCCCXLIX
ont trois, longueur, largeur et profondeur,
pourvu n§anmoins que ces corps puissent
&tre d§ nis rigoureusement.

I,

{ Le second objetestde donnerla manigre de
reconngftre, d'aprsune description exacte,
les formes descorps, et d'en d§duire toutes
les vBrit®s qui r@sultentet de leur forme et
de leurs positions respectives."

Fig. 1. Statue of G. Monge
Place de Monge, Beaune (birthplace)
Dep. Cote-d'Or, France

This proves that the two main objectives of Descriptive Geometry | imaging and
analysing3D objects| date bad to its founder. Thesetwo targets can alsobe found in
new encyklopediaslike Brockhaus [5]:

\Descriptive Geometry = subject of mathematics,... The aim of DG is the representation
of 3D objects ... aswel asthe interpretation of givenimages..."

2.3. The choiceof the name

It is remarkablethat the word “drawing' doesnot appearin Monge'sde nition. In De-
scriptive Geometrydrawing! is the guideto geometry (compare[14]) but not the main aim;

L1t is said that Felix Klein oncestated: \A mong all mathematicians, geometers have the advantageto
see what they are studying."
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This xture is madefrom mild steeland consistsof a
rectangula block 75mm high, 44mmlong and 100mm
wide. It hasa 25mmthick by 100mmwide °ange pro-
truding from the 100mm face of the block with the
lower surfacegbase)aligned. The freeendof the °ange
is roundedwith a 50mmradiusandat the centreof that
radiusis a hole 8mm diameterthrough the °ange with
a 20mm diameter counterkore 10mm deepin the top e 2 Bia x 10
surfaceof the °ange. The overalllength of the “xture

is 150mm.

The rectangula block hasa Veeshaped slot symmetri-
callythroughthe top surfacein a longitudinaldirection.
It is 38mm eachside of the centre at the top surface
and is 45 degreedo this surface. The bottom of the
Vee slot is removedby a rectangula slot 19mm wide
with its bottom face 10mm above the top face of the
°ange.

0

Fig. 2: On the importance of graphic represenations | oneillustration versus 1000words'.
Source: K. Suzuki [15, Fig. 1] (with permissionof Heldermann Verlag)

we teach geometryinstead of construction techniques. Note that the French "descriptive'
means describing’, ‘represeting' but not necessarily graphically depicting'.

Newertheless,in the public meaning Descriptive Geometry has falsely becomesyn-
onymic for ‘'marually drawing imagesof 3D objects'. As in the last decadesnanual draw-
ing with traditional instruments has beenreplacedby CAD or mathematical software
with graphic output, “peopleon the road' frequertly concludethat therefore Descriptive
Geometry has becomeobsolete.

Howewer, this is totally wrong: In cortrary,

2 only peoplewith a profound knowledgein Descriptive Geometry are able to make
extended use of CAD programs as the communication is usually basedon views
only.

2 The more powerful and sophisticateda modeling software, the higher the required
geometricknowledge.

2 A poor designerwill never becomeperfectonly by using CAD instead of traditional
tools.

For similar reasonsthe importance of mathematicsis still increasingthough computers
take over the computational labour.

Another misinterpretation of Descriptive Geometryis to considerit only asa theoret-
ical, rather "academic'subject. F. Hoherberg could disprove this opinion in his textb ook
[7] in a corvincing way. In many exampleshe demonstrated application of Descriptive
Geometryto real-world requiremens.

In order to defendthe true meaningof Descriptive Geometry, there were various at-
tempts to renamethis subject. Its applicability is stressedby usingthe names Tednical
Geometry' or "Applied Geometry' instead of "Descriptive Geometry'. As already men-
tioned, another choiceis “Constructive Geometry'| “constructive' in its gurativ e sense.
It should indicate that not only manual drawings but also mathematical computations
are usedin this subject.
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Anyway, the original Monge de nition of "Descriptive Geometry' with its wide mean-
ing covers all these aspects. So, in my opinion the original name is still appropriate.
Howewer, some nd this name old-fashioned. For strategic reasonsthey are seekingfor
more attractiv e designationswhich make evidert that temporary courseson Descriptive
Geometryinclude also somemethods from computer sciencelike "gemetric madeling' as
well as "visualization techniques'and of courseCAD-programs. In this sense Geometric
Modeling and Visualization' or more brie°y "Modeling and Imaging' could be appropriate.

And for thosewho like to translate "descriptive' by "graphically depicting' only, | add
the following statemen: "Descriptive Geometry' is more than “descriptive' geometry as
wel as "Geometry' is more than its literal sense,i.e., ‘measuring the earth'.

3. What should remain in the students' brain

In orderto estimatethe educationale®ectof any subject includedin a curriculum, one
shouldtry to gure out what remainsin the studert's brain after all details are already
forgotten. | would like to state that even for poor studerts the educationin Descriptive
Geometry brings about the ability

2 to comprehendspatial objects from given principal views, and
2 to specify and grasp particular views. Besides,

2 the studerts get an idea of geometricidealization (abstraction), of the variety of
geometricshapes, and of geometricreasoning.

The rst two items look rather elemertary. Howevwer, these intellectual abilities are so
fundamenal that many peopleforget later how hard theseabilities are to achieve.

3.1. The importance of principal views

Familiarity with the principal views | top
view, front view, and side view | are sub-
stantial for seweral reasonse.g.,

2 they are more or lessabstract as they
do not correspnd to our personal vi-
sual impression. But abstraction sim-
pli es.

2 |In the majority of casesthey better
make evidert the essetial propertiesof
spatial structures, and

2 inspecting these planar views is much
easierthan to concernrate on the orig- Fig. 3: Explanation of principal views
inal spatial structure. in a textb ook for dertists
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Fig. 4: Principal views for gynaecologists
There is no better way to explain the baby's 3D movemern when being born?

Howewer, it needstraining to becomefamiliar with this kind of represemation and to
graspthe shape of any 3D object just by looking at its principal views. Nobody questions
the necessi of a permanert training for sportsmen. But in caseof Descriptive Geometry,
people often neglectthis necess§ and they speak of a purely academicsubject, when,
e.g.,in introductory exercisegwo triangles in spaceare to intersect.

Medical doctors often hold in esteemtheir Descriptive Geometry education. In
anatomy, they could much easiercomprehendthe courseof blood-vesselsor nervesjust
by sketching them in the principal views. And in orthopaedy they were better able to
grasphow human joints are operating and why mislocations have speci ¢ consequences.

A few months ago Austrian television was broadcastinga life operation at a human
skull: The surgeonhad to correct a mislocation of the cheek-lone, causedby a tratc
accideni. In a pre-operative step the required position of the cheek-tbne was already
marked on a screen. By an image-fusionthis virtual posture was conbined with the
actual one. So, the surgeon'swork consistedin making thesetwo positions coincidernt by
manual manipulations at the patient.

How did the surgeoncortrol his work? He inspectedthe three principal views asthey
allowed to decompsethe true 3D displacemen into planar motions.

3.2. The art of specifying particular views

Axonometric views are important and well understandablefor everybody. And they
are appropriate to remenber on a known object or to comparewith a real object nearby.
Howewer, no angle,no length, no planar shape appearsin true size. Orthogonality canbe
“gured out only becauseof someadditional assumptionsbasedon experienceor estima-
tion. So,theseviewsare never suzcient for a “description exacte'asrequiredin Monge's

2The author is grateful to Prof. A. Sdmid-Kirsch, University Hannover, for submitting this Fig. 4.
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denition. 3

For a detailed analysisof a 3D object particular views (auxiliary views) with planes
in edgeview or lines in point view really can reveal the spatial situation. Sud views
often are the key to the solution of a 3D problem. In my opinion theseparticular views
make the sublimeart of Descriptive Geometry. Only in Descriptive Geometry courseghe
studerts learn what conditions can be simultaneously full lled in particular views and
how sudc views can be speci ed.

The following example(Fig. 5, cf. [11]) shall demonstratethe advantage of particular
views:

Example: Where does the sun rise ear-
lier on June 21, in Osloor in Vienna.

. Eastern Northern

city longitude latitude
Oslo 10, 6* 59 9*
Vienna 16, 4* 48 2*

We specify a front view in Fig. 5 with sun
rays parallel to the image plane. Then
we assumethat this view is taken in the
momert whenthe sunis rising in Osloon
June 21. As soon asViennais displayedin
this view, we seeat rst sight the solution
of the posedquestion.

The same view is also useful for clear-
ing additional and more detailed problems
like the following: .

a) Canit happenoverthe period of one
year that the sun rises simultane-
ously in Oslo and Vienna?

b) We increasethe precisionby paying
attention to the fact that because
of refraction in the atmospherethe
sun is still approx. 0;6* under the Fig. 5: Where doesthe sun rise earlier
local horizon when for the obsener on June 21,in Oslo or in Vienna?
on earth the sun seemgo rise.

c) In the zone of astronomic dawn the sun is between 6* and 18 under the local
horizon. Inspecting the particular view preserted above, it is easyto comprehend
why the period of the daily dawn is shorter when the obsener is nearerto the
equator.

3The sameis true for pictures shadel like photographs. The can be very impressiwe, but alsoextremely
cheating. Pure line graphicslook lessattractiv e; they are more abstract. But often this is an advantage
as much more information is included, and line graphics allow to concerirate on that which is essetial.
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3.3. Views are a guideto spatial geometry

| don't know if anybody is able to manipulate virtual 3D objects | without any
tools, in his imagination only | andto gure out how theseobjects look like in di®eren
postures. Maybe, sculptors or pilots have this mertal ability. Actually, I myself don't;
and the rhombic dodecahadron senesfor me as a corvincing example:

This cornvex polyhedron can be built by erecting
guadratic pyramides with 45 inclined planes over
ead faceof a cube (seeFig. 4). As any two coplanar
triangles can be gluedtogetherforming a rhomb, this
polyhedron has 12 congruernt facesand seemsto be
well understood. Newertheless,I'm not able to imag-
ine (with closedeyes)how this polyhedronlookslike
from above whenit is restingwith onefaceon atable.
Fortunately, a simple freehandsketch helpsto gure
out this view as well as other remarkable properties
like the following:

2 There are two typesof verticesat the rhombic
dodecahedron: 8 vertices belong to the initial
cube; the other 6 aremirror imagesof the cube's
certer under re°ection in the faces.

2 The rhombic dodecahedronis the intersection
of 3 quadratic prisms with pairwise orthogonal
axes(seeFig. 7).

/
N

2

Fig. 6: Cube and rhombic
dodecahedron

Fig. 7: Rhombic dodecahedronas the Fig. 8: Di®erert views of the rhombic

intersection of three quadratic prisms

dodecahedron

2 The rhombic dodecahedronis the intersectionof hexagonalprisms with axesplaced
on cube-diagonals. There are chains of 6 adjacert faces(note shadedrhombs in
Fig. 8) which are located on the samehexagonalprism.

2 The side and bad walls of a honey comb belongto a rhombic dodecahedron.
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2 Ead dihedral angle makes 120, and there is an in-sphere(contacting all edgesof
the initial cube).

2 The rhombic dodecahedrofi is dual to the cuboctahedron.

2 The rhombic dodecahedronis a space- lling polyhedron. This can be gured out
by starting with a "3D-thesstoard' built from cubes. Then the "white' cubescan be
partitioned into 6 quadratic pyramides. Each can be addedto the adjacen "blad’
cube thus enlargingit to a rhombic dodecahedron.

4. Descriptiv e Geometry in presence of computers

Descriptive Geometry
Computergraphics,
EngineeringGraphics,
3D-CAD,

control persons
Source: K. Suzuki[15, Fig. 5] (with
permissionof HeldermannVerlag)
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Fig. 9: Di®erencesbetweenpre- and post-MCT-test at Japanesestudents
before and after the graphics education

The statistics above in Fig. 9 revealsthe high e®ectof traditional Descriptive Geometry
educationin improving spatial abbility. Howewver, one should permanerly try to presen
the topics in actualizedform sothat they are attractiv e for the majority of young people.
The following tables summarizesomeof theseaspects:

What is obsolete:

2 complicatedmanual constructions,
2 hard theoretical proofs,
2 the theory of how to obtain imagesof particular 3D objects

4More strictly, it should be called rst rhombic dodecahedron. Due to S. Bilinski  [3] there is a second
one: In this casethe dihedral angle is 144*. This polyhedron is obtained from the triacontahedron,
the dual of the icosidodecahedron,by removing two prismatic zonesand bringing the remaining pieces
together. The author is grateful to H. Martini for pointing his attention to this fact.
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What is still necessary:

2 "3D-competence’,i.e.,

2 the capability to comprehendvirtual 3D situations from givenimages,
2 menal orientation in 3-space(e.g., user coordinate system),

2 basicknowledgeof 3D geometry

2 promoting creativity and problem-solvingskills,

2 applications of geometry

2 producing attractiv e illustrations.

But one must not forget that there are additional demandson Descriptive Geometry
courses:

Additional demands:

Handling software for geometricmodeling and visualization,
treating new geometricshapes(e.g., B-spline surfaces),
competencein handling graphics Tes (in di®eren format),
designof animations.
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