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Disclaimer

In what follows . ..
rings will be associative with identity 1 6 0 (no rngs,
please!)
modules will be unital (no modls), ring homomorphisms
will preserve 1 (no homomorhisms)
“nite” means “of nite cardinality” (not only “ nitely
generated”)
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Algebraic Coding Theory
Suppose A is a nite set of size jAj=q 2 (“g-ary alphabet”).

De nition
A (block) code over A is a nonempty subset C A" for some
integern 0.

Parameters of a code

n Length,i.,e.C A"
M Number of codewords, i.e. M = |Cj

d Minimum distance, de ned as
minf duam(c; ¢9; c;c%2 C;c 6 c%

A code with these parameters is said to be a g-ary (n; M; d) code
or, using bracket notation, an [n; k; d] code, where k = log, M.

The performance of a communication system using C to transmit
information over a noisy channel is determined by k=n
(transmission rate) and d=n (error correction rate), which both
should be large.

For complexity reasons n should be small.
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Main Problem

Given two of the parameters (n; M;d), optimize the
value of the third parameter.

Find codes with suf ciently rich structure in order to
facilitate (encoding) and decoding.
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Classical Linear Codes
Suppose g > 1is a prime power and A = Fq = GHQq) is the nite
eld of order q.
De nition
A g-ary linear [n; k; d] code is a code over Fy with parameters
[n; k;d] (or (n; 2%;d)), which is also a vector subspace of Fg-

Simpli cations
k = dim(C)

d = min Wyam(c);c 2 C;c 6 0 , where wyam(€) is the
Hamming weight (number of nonzero entries) of ¢

C=1xG;x2 F'ag, where G 2 F'é " is a matrix having as its

rows a basis of C (generator matrix).
C = fc 2 Fj;HeT = 0g for some H 2 F" 9" (parity-check
matrix)

For some families of linear codes (Reed-Muller codes, cyclic
codes, algebraic-geometry codes, low-density parity-check
codes) ef cient encoding and decoding algorithms are known .
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The Hexacode is the quaternary linear code with generator matrix

0 1
1 001 1 1
G=@ 1 0 1 A2 RS,
0 0 11
where F, = f0;1;; g(so =1+ = 2).

C has parametersn = 6,k = 3(sojCj= 2= 8),d = 4.

C is an MDS code, i.e. it satis es the Singleton bound
d n k+ 1with equality. In terms of G this means that every
3 3-submatrix of G is invertible.
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The Geometric View

Idea: View the columns of G as (homogeneous coordinates) of
points of PG(2; F,).

The projective plane over F,4
PG(2; F,) is de ned as the point-line incidence structure (P;L;l)
with

P:=fU F3dmU=1g L:=fU F3dimU=2g

and | ;= (setinclusion).
Thus G corresponds to the point set

K= F4(100); F4(010); F4(001); F4(111); Fa(1 );Fa(l ) .
The geometric view is compatible with coding theory:

Replacing G by a different generator matrix G° of the same
code corresponds to a collineation of PG(2; F,).

Changing the order of the points and/or the coordinate
vectors corresponds to a code isomorphism of F§.
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d = 4 (or“all 3 3-submatrices of G are invertible”)
translates into the following geometric property:

No three points of K are collinear.

Such point sets K are known as maximal (6; 2)-arcs or
hyperovals.

Ovals and hyperovals

An oval (hyperoval) in a projective plane of order q is a set
of g + 1 points (resp., g + 2 points) meeting every line in at
most 2 points.

Ovals have unique tangents (1-lines) in each of their points.
Hyperovals have no tangents at all (i.e. meet every line in
either O or 2 points).
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Using geometry to compute the
weight distribution of a linear

code

Weight distribution of C  Fj

The sequence (Ag; Ag;:::;Ay) de ned by

Ai=# ¢c2C;WHam(c)=1i .

Now suppose G = (g1jg2j:::jgn) and x 2 F'é n fO0g.
Observation

WHam(XG) = Wham (X 9151153 gn) =# fi;Fq0i 2 X7 g,

where L= x* = fy 2 Fl;x y = 0gis a line of PG(2; Fy).

In other words, a line L of PG(2; Fq) meeting Kinn w points
contributes exactly g 1 codewords of weight w.

Application

Hyperovals in PG(2; F4) have 15 secants (2-lines) and 6 passants
(external or O-lines). Hence the Hexacode has weight distribution

i |0
1

3 4 6
Al | 0

1 2 5
0 0 45 0 18
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The Heptacode over Z4
Twin brother of the Hexacode
Linear codes over a nite ring R are de ned in the same way as
for nite elds, except that “vector subspace of Fg"is replaced by
“submodule of either gRR" (“left linear code”) or RS (“right linear
code”).

“Linear over Z,” means just “closed under addition mod 4”.

Observation

The Gray map :Z,! F2,07!00,17!10,27!11,37! 01
maps every linear [n; k; d] code over Z4 onto a (linear or
nonlinear) binary [2n; 2k; d] code with essentially the same
encoding and decoding complexity. These codes are sometimes
better than the best binary linear codes.

Caution

The observation is only true if we use the preimage

Wham  : Z3 ! R of the Hamming weight as the corresponding
weight for codes over Z,4. This is called the Lee weight.
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The Heptacode is the linear code over Z4 genelrated by

10012 31
G=@ 1 0 1 1 2 3A
0011312

Itis a [7; 3; 6] (or (7;43;6)) code and corresponds (via the Gray
map) to a nonlinear binary [14; 6; 6] code. Linear binary codes
with these parameters do not exist.

The columns of G de ne a hyperoval in the projective Hjelmslev
plane PHG(2; Z,) over Z4.
De nition of PHG (2;Z4)

The plane PHG(2;Z,) is de ned as the incidence structure
(P;L; ) with

P:=fU Z3U=240 L:=fU Z3U=2, Zg

The points are thus the cyclic modules Z4(x1; X2; X3) with at least
one entry Xi;X»; X3 equal to 1, and the lines are generated by
two linearly independent such vectors. Lines can also be
described as point sets

Z4(X;y;z);ax+ by + cz=0 = Zy4(a;b;c) ? for some point
Z.(a b:c).
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Properties of PHG(2; Z4)

Tow distinct points py1;p> 2 P can be incident with either one
or two lines. In the latter case the points (as well as the
corresponding lines L3;L,) are said to be neighbours (written
asp; ppresp.Ly L)

Neighborhood corresponds to equality mod 2 and de nes an
equivalence relation on both P and L.

There are 28 points and 28 lines (falling into 7 neighbour
classes of size 4). Each line has 6 points, and each point is
on 6 lines.

The quotient structure induced on the neighbour classes [x],
[L] of points resp. lines is isomorphic to the Fano plane
PG(2; F,). We write x L if [x] is incident with [L]. (If
L=(a;b;c)?,thismeansax + by + cz 0 (mod 2).)
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Vit (i) The type of x 2 Z} is the integer triple (ag; a1; ay), where

ao; az; ap count the entries of x equal to 1, 2, resp. 0. (This
is sometimes also written as ( 1)%220%,

(i) The (symmetrized) weight enumerator of a code C  Z} is

X ao(C) ysa1(c) v az(c)
AC (Xo; X]_; X2) = XO Xl X2 .
c2C
Remarks

Clearly Ac encodes all information necessary to compute
the Lee weight distribution of C (Hamming weight distribution
of the binary image of C).

As in the classical case, linear codes over Z, can be
associated with point (multi-)sets in projective Hjelmslev
spaces over Z,4, and weight enumerators can be computed
from geometric information about the corresponding point
sets.



Lnearcodes  Example (Weight enumerator of the Heptacode)

and Geometry

Cog;anFL?inth First we verify that no 3 points of K, the set of points derived from
Th 0 1
homas 1 0012 31
G=@ 1 0 1 1 2 3A;
Motivation 0O 01 1 3 1 2

are collinear. (Since no two points of K are neighbours, the
determinant test can be used for this.)

Since #fL;p 2 Lg= 6 = jKj 1, this implies that K has only
2-lines and 0-lines. There are ; = 21 secants and hence
28 21 = 7 passants.

De nition

The K-type of a line L is the integer triple (bg; by; b,) de ned by
bo=#fp2K;p6 Lg;
bi=#fp2Kp Lp2LlLg
b, =#fp2 K;p2Lg=jK\ Lj:

If L=(a;b;c)?, the K-type of L is equal to the type of the two
codewords (a;b;c)G.
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O-line | ( 1)423
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This gives a contribution of 2(21X X X2 + 7X3X3) to the weight
enumerator.

The torsion code of the Heptacode has weight enumerator
X7 + TX$X3 (Simplex code over f 0; 2g).

Hence the nal result is

Ac(X1; X2; X3) = Xq + TXPX3 + 42XIX X2 + 14XgX3:
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Thomas The (Jacobson) radical N = radR is de ned as the
intersection of all maximal left ideals of R. The set N is a
two-sided ideal of R (and equals the intersection of all

IECT maximal right ideals of R).
ings

If R is nite (or, more generally, left Artinian) then N™ = 0O for
some integer m > 0.

R is said to be a local ring if R has exactly one maximal left
ideal. In this case, R=N is a division ring and R nN is the set
of units (invertible elements) of R.

A nite ring R is local iff R=N = F4 is a nite eld (by
Wedderburn's Theorem).
R is said to be a left chain ring if its lattice of left ideals is a

chain (i.e., the left ideals of R are linearly ordered w.r.t. ).
Right chain rings are de ned in an analogous manner.
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Theorem
For a nite ring R with radical N the following are equivalent :

() R is a left chain ring.

(i) The principal left ideals of R form a chain.

(i) Risalocalring, and N = R is left principal,

(iv) R is aright chain ring.
Moreover, if R satis es these conditions, then every proper
ideal of R hasthe form N' = R ' = 'R for some integer
i>0.

De nition (Finite chain ring)
A nite ring R is called a chain ring if it satis es the
equivalent properties of the preceding theorem.
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Proof of the theorem.
If N = fOg, then R = Fq is a nite eld and satis es (i)—(iv).
From now on we assume N 6 f0g and hence N2 ( N.

(i) (iii): Clearly R is local.
Consider the quotient module V := N=N2,

NV = VN = 0, so V is both a left and a right vector space over
R=N = Fq (necessarily of the same dimension).

The left ideals between N and N2 correspond to subspaces of V.
Since they form a chain, we must have dmV = 1.

Let 2 NnN?2
R N
R * N2 :) R =N

(iii)) (i),(iv): The crucial step is to show N = R.
N=R =) dmgyV =1
2NnNg - =) N= R+N°

This gives
N= R+N?2= R+( R+ N?N
R+ N3= = R+N"= R:
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Proof cont'd. o
It followsthatN'= R '= 'Rfori=1;2;:::.

We have the chain of two-sided ideals
R=N°%) N) N?) )y N™ 1) N™= fog: ?)

Suppose now 08 a2 R. There existsi 2f0;1;:::;m  1gsuch
thata2 N'nN*1=R 'nR "1 je.

a=u' whereu2 RnN isa unit:
Hence Ra= R ', and thus every left ideal of R belongs to the
chain (?).

We have proved that property (iii) is left-right symmetric and
implies (i). Hence (iii)) (iv) is true as well.

The remaining implications are trivial. O
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Properties of Finite Chain Rings

With every nite chain ring R we associate the following pair
(g; m) of integers:

g The order of the residue class eld R=N (i.e.
R=N = Fg)

m The index of nilpotency of N (equal to the
composition length of the regular module rR)

We have the following counting formulas:
jRi=q™ jNj=q™* jRj=q™ g™ '=(q Igm*
Nl =g™ '’ R=N' =¢g for0O i m

For the proof it suf ces to observe that

Ni=N*1= R =R "1 = R=N as a vector space over R=N.
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Galois Rings
Letg = p" > 1 be a prime power and h(X) 2 Zp=[X] a monic
polynomial of degree r which is irreducible modulo p (a so-called
basic irreducible polynomial or Galois polynomial).

De nition
The ring GR(Q™; p™) := Zpn[X]= h(X) is called Galois ring of
order g™ and characteristic p™.

Properties of R = GR(q™; p™)
R is a nite commutative chain ring with radical N = Rp,
invariants (q; m) and characteristic p™.
The isomorphism type of R does not depend on the
particular choice of the polynomial h(X).
A nite chain ring with invariants (qg; m) and characteristic p™
is isomorphic to R.
Every automorphism of R=N can be lifted in a unique way to
an automorphism of R. Thus AutR = AutFq = (Z;;+) .
Remark
For the Galois ring of order g™ = p'™ and characteristic p™ two different
notations are widely used: GR(q™; p™) (due to Raghavendran [?]) and
GR(p™;r) (due to Janusz [?]).
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Representation Theorem

De nition
Suppose S is a Galois ring.

(i) For 2 AutS the skew polynomial ring S[X; ]is de ned in
the same way as the polynomial ring S[X], except that
Xa= (a)X fora2 S.

(i) A polynomial of the form
g(X) = XK+ p(ge 1XK T+ + 91X+ go) 2 S[X; ]where
0o 2 S npS is said to be an Eisenstein polynomial.

Theorem

Suppose R is a nite chain ring with invariants (g; m) and
characteristicp® (1 s m). LetS = GR(qg®; p%). Then there
exist (unique) integers k;t satisfyingm=(s 1)k+t,1 t Kk
(k = t = mifs = 1), an automorphism 2 AutS and a (possibly
nonunique) Eisenstein polynomial g(X) 2 S[X; ] such that

R = S[X; ]= g(X);p® X" :
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The Casem= 2

Corollary

Suppose R is a nite chain ring with residue class eld Fq,
g = p", and nilpotency index m = 2. Then jRj = g2, and either

(i) R has characteristic p? and R = GR(g?; p?), or

(i) R has characteristic p and there exists 2 AutFq such that
R = Fq[X; 15(X?).

Thus there are exactly r + 1 isomorphism types of such rings.
Two of them, G4 := GR(g?; p?) and
S = Fq[X;id]=(X?) = Fq[X]=(X?), are commutative.

Example
The chain rings of order 16 withm = 2 are

jRi=4  Ga=1Zs S= Zo[X]x(X?)

jRi=9  G3=2Zy, S3= Z3[X]H(X?)

Rj= 16 Gas= Z4X]=(X2+ X + 1), Sy = F4[X]=(X2), and
T4 = F4[X;a 7! a?]=(X?) with multiplication
(a0 + a1 X)(bo + b1X) = aghg + (aghy + a;b3)X.
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Thomas the same thing as an Abelian group of exponent dividing p™
(i.e. the additively written abelian group G satis es
p"G = fp™x;x 2 Gg = f0g).
The following is well-known:

Modules over
Finite Chain

Rings Theorem
For every nite abelian p-group G there exists a unique
sequence of integers 1 5 r 1 such that
G=2,, Z,, Zy

The group G satises p "G = fOgiff ; m.

Now we shall generalize this theorem to modules over
arbitrary nite chain rings (and thereby reprove it).
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considered will be nite.
De nition
For a left R-module kM and x 2 M we say
Modules over X
;ii"niéeSChai" () x has period ', ifi 2f0;1;:::;mgis the smallest integer

satisfying x = 'y forsomey 2 M.
Wealsodene M = x 2 M;periodx)= ™ (“units of RM").
Remarks

0 2 M is the only element with period © = 1 (resp., height m)

If x has period ', thenR! Rx,r 7! rx has kernelR ' = N'.
Hence Rx = R=N' as left R-modules, and Rx = R iff
X2 M
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Further we de ne
'M = f 'x;x 2 Mg;
M[ T:=fx 2 M; 'x = Og;
Vi:=M[]\ "M
All these sets are submodules of gM (since R ' = 'R).

We have the submodule chains
M= °M M 2™ ™M = fOg;
(upper Loewy series of RM)

M=M[™ M[™ ] M[ °] = fOg;
(lower Loewy series of RM)

whose successive quotients are vector spaces over R=N = Fq
(since they are annihilated by ),
and the chain of R=N-spaces

M[]=Vi V; Vm f Og
(Ulm-Kaplansky series of gM)
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Proposition

() For1 i mwehave dimgey ' M=M=
dimgey M[TJ=M[ T 1] = dimgey M[ ]V F 1M .

(i) Theintegers ;:= dimg=y M[J\ "M ,1 i m
(Ulm-Kaplansky invariants of M) satisfy 2
and 1+ 2+ + = log,jMj.

Proof. _ _
() The map ' _1M I '™M,x 7! xinduces an (additive)
isomorphism ' *M=M[]\ ' M = M. Hence

v . - . -
— I I - I - I .

MITV T IM] M and M='™M MI T\ M :
Similarly, M[ 'T! M[ ],x 7! ' *x induces an isomorphism
M[ ]=M[ ' ]! M[]\ ' M, proving the second equality.
(ii) The inequality i+1 follows from ; = dimg=N(Vi) and
Vi VQ 1. Part (i) and the upper Loewy series give
ij: in;l i IM= M = q 1t o
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Example

LetR = Z,=10;1;2;39,M = Z}, = 2 (the only choice for ).
The possible periods (heights) of x 2 Z} are 1;2; 4 (resp. 0; 1; 2).
X 2 Z} has period 1 (height 2) iff x = 0

x has period 2 (height 1) iff 2x = 0~ x 6 0iff x; 2 f 0; 2g and at
least one x; = 2.

x has period 4 (height 0) iff at least one x; 2 f 1; 3g.

We have Z}[2] = 27}, so both Loewy series coincide (a property
of free modules in general).

The factors are

273 = Z4 (divide the entries of x by 2)

Z,=27} = Z3 (read the entries of x modulo 2)
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Example
Let C be the linear code of even length n over Z, generated by
0 1
1 1 1 .01
2 2 0 0
0o 2 2
: . .0
O ::: 0 2 2

2C=100:::0;22:::2¢g

C[2] is either 2Z] (if n is odd) or the even-weight subcode of 2Z}
(if n is even)

So the Loewy seriesC 2C f OgandC C[2] f Ogare
different, but its factors C=2C = C[2] and C=C[2] = 2C are the
same.
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Partitions of integers

De nition

An (integer) partition is a sequence =( 1; »;:::) with ;2 Z,
1 2 ,and ; = 0 for all but nitely many i. The numbers
i > Oarecalledthe partsof ,andj j= 1+ >+ is called

the weight of . Ifj j = n, we say that is an (unordered)
partition of n and write  * n.

Trailing zeros are usually suppressed, e.g. (2;1;1;0;0;:::) is
written as (2;1;1),oras4= 2+ 1+ 1.

A partition is often visualized by an (empty) Young tableaux T ,
shown here for =(6;6;4;3;2;2;1;1;1) ° 26:

Think of T as the union of all unit squares in the Euclidean plane
whose upper right corners have coordinates (i;j) wherei 1 and
1 i
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De nition
Let be a partition. The conjugate C°of is the partition whose
Young tableaux T o is obtained from T by a re ection at the line

y = X.
Properties

If " nthenalso °° n.

The parts of Care 2= jfj; ; igj.

The largest part ¢ of Cis equal to the number of parts of

Example
The conjugate of =(6;6;4;3;2;2;1;1;1)is °=(9;6;4;3;2;2).
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The Module Classi cation Theorem

Theorem
For any nite module rM there exists a uniquely determined
partiton " log, jMj into parts | m such that

rRM=R=N1! R=N?2 R=N r:
(Here r denotes the number of parts of .)
Remarks

The theorem holds mutatis mutandis for right modules Mg.

The theorem says in particular that every nite R-module is a
direct sum of cyclic R-modules.
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Proof of the theorem. L
Uniqueness part: Suppose kM = ~ [_, R=N .
The upper Loewy series of R=N i is clearly

R=N ") N=N ') N*=N ') ) N '=N'=f0g

with all successive quotients 1-dimensional over R=N.
Hence ' _
dimgy 1 'M=IM =jfi; ; jgi=

This shows that ©(and hence ) is uniquely determined by R M.
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Existence part: Since any cyclic R-module is isomorphic to R=N'
forsomei m, it suf ces to prove that rM is a direct sum of
cyclic R-modules. We use induction on jMj.

Assume M 6 f0g (otherwise the assertion is clear) and choose
X1 2 M of maximal period t. By induction,

M=Rx; = Ry, Ryr: ()
Letx; 2 M suchthaty; = xi+ Rxy (2 i r). Then
M= Rx; + Rxy + + RX;: (??)

To make (?7?) a direct sum decomposition, the x;'s must be chosen
in a special way.

Suppose y; has period i,i.e. ix; 2 Rx; and j is the smallest
such integer.

There existsr 2 R such that ix; = iax;. (Otherwise the period
of x; would be smaller than the period of x;.)

Then i(x; axy)= 0,andsox ax; has period .

Replacing x; by x; ax;, we may assume that the x;'s in (??) have
the same period ' as the y;'sin (?).



Linear Codes
and Geometry
over Finite
Chain Rings

Thomas
Honold

Modules over
Finite Chain
Rings

Proof cont'd.
Now suppose

ai;Xs + axxs + +ax,=0 wherea; 2 R

Modulo Rx; this reads ayy, +  + a;y, = 0, and (?) gives
azys = = ayr=0.

Since x; has the same period as y;, we conclude

ar)Xp = = a;X; = 0, and further a;x; = 0.
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De nition L
The partition * log, jMj such that kM = ~ {_, R=N ' is called
the shape (or type) of kM. The conjugate partition ©, which
satises 2= dimg=y ' M='M ,is called the conjugate shape
of kM. The integer r = ¢ (number of nonzero summands in a
direct sum decomposition of kM into cyclic R-modules) is called

the rank of kM (and denoted by rk M).
De nition

() independent if a;x; + ax, + + asXs = Owitha; 2 R
implies ajx; = O0forl i s;

(iii) linearly independent if a;x; + asx, + + asxs = 0 with

a2 Rimpliesaj=0forl i s.
Remarks
Properties (ii) is equivalent to kM = Rx; RXs.

Property (iii) is equivalentto () and x; 2 M forl i s.
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Example

Consider the linear codes Cs, C4 over Z,4 generated by
0 1

0 1 111 1

1l 220 0
Gs= @ 2 0A resp. Gy= g:

0 2 2 2 2 0

0 0 2 2

The rows of Gz are independent, hence a basis of Cs.

The rst 3 rows of G4 form a basis of C,4 (since they are
independent, and the last row is a linear combination of the 1st
and 2nd row).

Hence both modules have the same shape = (2;1;1) with
Young diagram

rank equal to 3 and cardinality jCsj = jC4j = 22*1*1 = 16.




Linear Codes
and Geometry
over Finite
Chain Rings

Thomas
Honold

Modules over
Finite Chain
Rings

Example

The linear code over Z, generated by
0 1
1 001231
@ 10112 3A
0011312

has shape = (2;2;2) with Young diagram

rank 3 and cardinality 22+ 2*2 = 64.
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Free Modules

Recall that gM is free if xM = RX for some integer k 0. (The
integer k is the rank of M.) Equivalently, kM has “rectangular”

Free modules are important, since they are the ambient spaces
for both linear codes and projective Hjelmslev geometries over R.

De nition

Let RM be free of rank k. The projective geometry PG(grM) is the
lattice of all submodules of kM. A free submodule U gM of
rank 1 (rank k 1, rank s + 1) is said to be a point (resp.
hyperplane, s- at) of PG(grM).

Important problems
Determine the number of points (hyperplanes, s- ats, or in
general -shaped submodules) of PG(rM).

How many hyperplanes contain a given point (s- at, or
-shaped submodule)?
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Theorem
Suppose g M is free of rank k, and U is a (not necessarily free)
submodule of kM of shape and rank s.

of M suchthatx; 2 Ry;forl i s.(BasesofU and M
related in this way are called stacked bases.)

@® The quotient module M=U has shape
(m m  opiinm ).

® IfU 6 ; then U is the sum of its free rank 1 submodules
(i.e., points).

@ If (M=U) 6 ; then U is the intersection of all free rank k 1
submodules of R M (i.e., hyperplanes) containing U.

Remark

Part (2) says that the shape of M=U is
the complement of in the

k m-rectangle corresponding to M. U

1]
M=U 1
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Proof.
Suppose M is free of rank k. For the shape of RM this means
Modules over 1= - k= m, 2 - - 21 - k:
Finite Chain . . 0 i
Rings So M[]=M[ " Y] =g i =gKkforl i m,andhence
M[ '] =qgKfor0O i m.

By a similar argument using the upper Loewy series of kM we
have 'M = gk(m D,

Hence M['] = ™ 'M forO i m. Together with
m M M[ "JthisgivesM[ ']= ™ IMforO i m.
Remark

Suppose R is a proper chain ring (i.e. m  2). If there exists
i2f1;2;:::;m 1lgsuchthatM[ ']= ™ 'M, thengM is
necessarily free.
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Proof of the theorem.
(1) Suppose M is free of rank k, U M has shape , and
X1;:::;Xs is a basis of U with x; of period .

and then proceeding as before).
(2) With y; as in (1) we have

M=U = Ry;=Rx; Rys=Rxs RK
= R=N™ R=N™ s R=N" R=N™
= R=N"™ R=N™ &

(3 U 6 ; isequivalentto ;= m,i.e.x;2M .
Forj 2,ifx;2U thenx;+ x;2 U ,soU isgenerated by U

(4) (M=U) 6 ; isequivalentto g = 0. Inthis case U is
contained in the hyperplane H = Ry; + + Ryk 1.
Forz2HnU,z=ryi+ +r 1y 1with ™ i-r,say, let H°
be the hyperplane obtained from H by replacing y; by y; +  iy«.
One easily checks thatU  HC butz 2 HC. O
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Embedding into Free Modules

De nition
Suppose rM, kM%are modules over R. A mapping : gM! grM?°
is said to be semilinear with associated ring homomorphism

"R Rif (x+y)= (X)+ (y)and (rx)= (r) (x) forall
X;y2Mandr 2 R.

Remarks

Semilinear mappings are important in geometry (!
Fundamental Theorem of Projective Hjelmslev Geometry)

IfM 6 ; and isinanembedding, then 2 AutR and is
uniquely determined by . In this case preserves free
modules.

The group of all R-linear (R-semilinear) isomorphisms
:rRM ! grM is denoted by GL(rM) (resp. L(rM)).
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Proposition

For every module gM there exists a minimal free module rH
containing RM. More precisely, there exists an R-linear
embedding : RM ! rH such that no proper free submodule of
rH contains (M).

Proof.

The minimality of gH is equivalent to rk H = rk M. In this case grH
contains a submodule of the same shape as R M. O
Theorem

Let kM be a nite module withM 6 ; and gH a minimal free
module containg R M.

(i) Any semilinear embedding of kM into a free module gF can
be extended to a semilinear embedding of gH into grF.

(i) If :gM! gMP%is a semilinear isomorphism and rRH%a
minimal free module containing gkM?, then there exists a
semilinear isomorphism €: RkH ! rH%which extends

The theorem allows us to restrict attention to free R-modules in
most situations.
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Main idea of the proof.
Reduction to the R-linear case:

:rM ! RF is semilinear iff is linear as a map from gM to gF

where rF has scalar multiplication de ned by rx := (r)x.

The proof can be completed using either the existence of stacked

bbases for kM and gH or the fact that gH is an injective hull of
rRM.

O



Linear Codes
and Geometry
over Finite
Chain Rings

Thomas
Honold

Modules over
Finite Chain
Rings

Counting Formulas for Submodules

First recall the following

Fact
An n-dimensional vector space over Fq has exactly

no_(@ 1 a9 (@ 9"

k o (@ I}g* a) (g dg* 1)
(@ )" ' 1) (" &' 1)

(“ It 1) (g I

k-dimensional subspaces.

In particular, an n  1-dimensional projective geometry over Fy

has % points and the same number hyperplanes.

Question

Let R be a nite chain ring with invariants (g; m). How many
points (hyperplanes) does the projective geometry PG(rR")
have?
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Answer

where at least one x; 2 R

Normalize x by setting the rst unit coordinate equal to 1.
iji 1jRjn i q(m (i D+m(n i) — qmn m i+1

choices for x, suchthatx; = 1and x; 2R forj < i.
Hence the number of points of PG(rR") is

qmn m i+1 _ q(m 1)(n 1)Xn qn i— q(m 1)(n 1) qn

i=1 i=1 q

To count the number of hyperplanes we could

1.
T

either use some duality theory to conclude (hopefully) that

the number of points and hyperplanes is the same,

or prove a general counting formula for the number of

-shaped submodules of a -shaped module and specialize

this to the case at hand.
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The General Counting Formula
ForU gMwehaveU[]\ " U M[]\ ' IM.
) Theshapes , of gM resp. rU satisfy (part-wise).
Theorem
Let kM be a module of shape . For every partition satisfying
the module kM has exactly

\'n 0 0 0 O 0
(@)= gl D
i=1 i i+l g

submodules of shape . In particular, the number of free rank 1
submodules of kM equals

q 1 2
Remark a
One can memorize the 2nd formula as
follows: The top row and rst column of
(consisting of 3 + m 1 squares)
0

account for 4"% points. Each further

square accounts for a factor q.

0
0 1+ 9 1+ + O 1 m
1
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Proof. _
LetVi:= M[ ]\ ' 'M,andforU gM similarly
U:=U[]\ "u@ i m)).
Then U; Vj, dimg=n(Vi) = i, and dimg=n(Ui) = . (?)
There are an: 1 2 21 possible ways to choose the
i i+1 q
Ulm-Kaplansky chain U; U, Un for rU subject to (?).

Abasisyi;::iy o for gU such that ly; = x; for all j can be
chosen in 1:21 M[ i 1] ways. Two such bases (y;), (yjo) yield
the same submodule U iffy; y°2 U[ i '] for all j.

Now M[] =q i * 7 U[] =q * 7 sothere are exactly

v M[ i1 Yrop
=1 ur 1]
q i 1jfi; j i+1gj( ? P) = qP| 1 P+1( ? P)

submodules U with Ulm-Kaplansky chain Uy Unm. O
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Corollary
Let kM be a free module of rank n. The number of submodules of
rM with complementary shapes = ( 1; 2;:::; n)resp.

—=(m nam no1..o,m 1) is the same. In particular,
PG(rM) has the same number of points and hyperplanes.

Proof.

O=(n  %n 0 5;iinin 9.

The number of chains U; U, Uy, of subspaces of a
n-dimensional vector space satisfying dimU; = 0., i equals
the number of chains U; U, Un of subspaces satisfying

dimU; = 9(by duality).
0
Hence the second factor ~[", ", %' s invariant under

complementation. B
Further
X1 X1 X1
i0+ 1(n |0) = (n “m |) moi+1 = ]+ 1(n _jo);
i=1 i=1 =1
so the rst factor q 11" is invariant as well. O
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Fonald The module RR" has conjugate shape °=(n;n;:::;n). Using

the general formula, the number of points (hyperplanes) of
PHG(rR") is equal to

0
o g i vhar Mmoo w0l
Rings 1 1
q q
Zqmooen oy 901
q 1°
Example

Suppose Rx is a point of PHG(rR"). A point Ry is an i-th
neighbour of Rx iff Ry Rx+ 'R".
The module Rx + 'R™ has shape (m;m i;:::;m i) and
conjugate shape (n;:.:; v

oste shepe (g f [

Hence 1
= q(m i)(n 1).
1 g '

q

j[Rx]j = g™ M Y
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Example

The number of s 1-dimensional Hjelmslev subspaces of
PHG(rR") (free rank s submodules of gR") is obtained by

plugging °=(n;n;:::;n)and °=(s;s;:::;s) into the general
formula:
v q P D P o gsn O *s(n s)
. o 9 s
i=1 [ i+1 q q
- qs(n s)(m 1) n
S 4

Now suppose U is a free rank t submodule of gR".

A submodule V U is free of rank s iff V=U (a submodule of
rR"=RU = gR" tisfree ofranks t.

) The number of s 1-dimensional Hjelmslev subspaces of
PHG(rR") of PHG(rR") through a xed t 1-dimensional
Hjelmslev subspace is equal to

(s )(n t (s H)Y(m 1) =g b sm 1y Nt
q =q :
s q s t q
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Remark
The preceding formula is a special case of the following
Proposition
Let ; artitions with ;m:::i:m). Then ever

P (i mys:im) y

n

submodule U  rR" of shape is contained in exactly —( :q)
submodulesV M of shape , where |, denote the
complementary shapes of , (i.e. the shapes of R"=U resp.

R"=V).
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Example

The Z4-module Z3 has the following number of submodules of
Modules over @ach shape:

shape ‘DEDEEDHH]H:DHE'BE‘]

Rings
# submodules ‘ 7 1 28 42 7 28
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Structure of Linear Codes

For linear codes over R (i.e. submodules C  gR") the structure
theorem for R-modules says:
There exists a uniquely determined partition into at most n

parts, all of which are  m, such that gC has a basis cy;:::;ck
(k = 9= rkC) with corresponding periods  ;:::; k.
Since rR" is free, ¢; has height m i ingrR", i.e.

ci=( ™ ‘ciiy ™ cigziiny ™ TCin)

with at least one ¢; not divisible by
The number of codewords of C is

+ k-

iCi=d l=q
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Theorem
Every linear code C rR" is permutation equivalent to a linear
code generated by a matrix of the following form:

¢ Aor Aoz i1 Agm 1 Ao:m
0 Iy, Ap it Aim Aim
G := 0 0 2|k2 L 2A2;m 1 2A2;m
0 O S ¢ B L L W

Here k; 0 are integers satisfying ko + k; + +kn 1 Nl
denote ki ki identity matrices over R, and with

km:=n ™o ki we have A; 2 RN S foralli < j.
Proof.
Suppose rC has shape . Letki:= © . 0 .., denote the

number of parts of equaltom i. Then
k = rk(RC): ko + kg + + Km 1.

(in that order). Then the rst ko rows of G have height 0, the next
k, rows have height 1, etc.

Performing Gaussian elimination and permuting columns, if
necessary, we can transform G into the required form. O
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Remarks

(qm)ko(qm 1)k1 qkm 1= qP moHm i)k -

The submodules C; := C[ ']\ ' 1C of the UIm-Kaplansky
series of C are visible in G as follows: If we de ne

0 1
e Aor Aoz i1 Aogm 1 Ao:m
0 I, A i Atm1  Aim

Go= m 1 0 0 I, 10 Axm 1 Azm 7 (?)
0 0 =@ 0 Ik, Anim

then C, = C[ ]is generated by G°(which has kg +  + ky 1
rows), C, = C[ ]\ Cbythe rst kg+ + ky » rows of G°,
...,and nally C, = C[ ]\ ™ IC bythe rst ko rows of G°

Using the isomorphism ™ 'R = N™ 1= R=N, we can
consider the C;'s as classical linear codes over Fq. (Simply
omit the factor ™ in (?) and read the rest modulo N.) This
viewpoint was adopted in [?, ?].
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Duality

For x;y 2 R"write X y = X1y1 + + XnYn.

ForS R"de ne the left (resp. right) dual code of S as
’s:
S?

fx2R"x y=0forally 2 Sg;
fx2R"y x=0forally 2 Sg:

Remark

We have °S  rR" regardless of whether S is (one-sided) linear
or not, and similarly for S? .

Hence we can expect a suitable duality theory only if we de ne
the double dual of C gR" as (?C)”.
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over Finite LetC grR" be a left linear code over R of shape
Chain Rings
Thomas @ The right linear code C” has complementary shape
Honold (m mm o pogiime ).
In particular we have jCj C? = jRj", and C is free as an
R-module iff C? is free iff rk(C) + rk(C?) = n.
@’(c)=cC
© C 7! C? de nes an antiisomorphism between the lattices of
Linear Codes left resp. right linear codes of length n over R, and hence
Chein Fings (C\ €Y =cC?+C¥ (C+CY =C\ C”.
Remark
Parts (2) and (3) are more generally true for quasi-Frobenius
rings.
Proof.
Since C 7 (C?), Part (2) follows from (1), and clearly implies
(3).

(1) It is possible to derive this result working with standard
generator matrices, but the following is more conceptual and will
be needed later.
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Proof cont'd.

Eachy 2 R"induces alinearmaprC! RrR,Xx 7! x y.

In this way we obtain a homomorphism from Rj to

Cl = Hom(gC;RrR)r with kernel C? .

Any linear map f: RC ! R can be extended to rR" (using, for
example, stacked bases for rC and RkR") and hence has the form
X7 x y.

This proves R}=C” = Cl and that the shapes of C*, Cl are
complementary. The proof of (1) is nished by the following
Lemma. O

Lemma
A module gM and its dual M! have the same shape (and in
particular the same number of elements).

Proof.
Write kM =~ 1_, R=N 1, and let x4;:::; X, be a basis of gM.
Alinearmap f: kM ! rR is determined once f(x1);:::;f(X)

have been speci ed. For f(x;) we can choose any a; 2 R of
period dividing i,i.e.anya 2 N™ .

. 1 L r m L r
Thisleadsto M' =, (N™ )r= _;(R=N )g. O
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Remark

A self-dual linear code over R (i.e. C = C?) necessarily has
self-complementary shape. This gives certain restrictions on the
parameters of C.

Examples
The linear codes Cg and O over Z4 generated by
0 1

2

dooo0or
Oo0o0OoOON R
OCO0OO0OONN R
OOONNOR
OONNOOR
ONNOOOR
NNOOOOR
NOOOOO R
ocor
coor o
or oo
R ooo
[N
WER NP
RPN W R

o

are both selfdual with shapes

|
|
[TTTTL1!  resp 1

The code O is the famous Octacode.
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Weight Spectra of Linear Codes
For linear codes over a proper chain ring R the Hamming
distance dyam is not a good performance parameter. This is due to
the following

Fact
ForC RrR"we have dysm(C) = dyam C[ ] .

So C cannot be better than the (usually much smaller) code C[ ]
(which is a classical linear code over R=N = F).

Proof.

Let ¢ 2 C with Wyam(€) = dham(C). If ¢ has period ', then

Ple=( ' teq;ii; P ley) 2 C[ InfOg.

Obviously Wham( ' *¢)  Wham(C), SO we must have equality and
Oham C[ ] = Wham(C) = dham(C). |
Consequence

To produce good linear codes over chain rings, we should assign
larger weights to those elements of R which generate small
ideals. Hence we must be able to distinguish between elements
of R ,NnN?,...,N™ 1nf0g, and fOg.



Linear Codes Forx =(xz;:::;xp) 2 R"and 0 i mdene

and Geometry

over Finite a(x):= fi;1 j nandx;2 N'nN"ig:
Chain Rings
Thomas i.e. a;(x) counts the entries of x which are “exactly” divisible by .
Honold s
o De nition
(i) The weight composition of x 2 R" is the (m + 1)-tuple of
integers ap(x);ai(x);:::;am(x) .
(i) The weight enumerator of S R" is the polynomial
inear Codes X
ver Finte As(Xo;::1; Xm) = X2 X2 2 CXg; 1t Xen:

Chain Rings
x2S

Example
The Z,-linear code C  Z of shape B:D generated by
1

A

g) o
o =
ON
NN
N QO

has weight enumerator
Ac(Xo; X1; X2) = 8Xg + X + 6X2X2 + XJ.
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De nition
(i) Two linear codes C1;C, rR" are said to be linearly
isomorphic if there exists a monomial matrix A 2 R" " (a
matrix having exactly one nonzero entry a; 2 R in each row
P and column) such that C, = fxA;x 2 C4g.
R, (i) C1 and C, are said to be semilinearly isomorphic if

C,=f (X)A;x2 C,gwithAasin()and 2 AutR.

Remark

The monomial transformations R" ! R", x 7! xA, are exactly
those automorphisms of the module g R" which preserve the
weight composition. A similar remark applies to the
“semimonomial” transformations of (ii).
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Multisets in PG(MR)

Deviating a little from our previous notation, we denote the lattice

of submodules of an arbitrary (not necessarily free) module Mg by
PG(MR) and the set of nonzero cyclic submodules of PG(Mg) by

P. The elements of P are called points. A point xR is degenerate
if XR is not free, i.e. jxRj < jRj.

De nition

A multiset in PG(MR) is a mapping K: P ! Np.

The mapping K is extended to the power set 2P by de ning

X
K(Q) = K(P) forQ P :
P2Q

For P = xR 2 P the integer K(P) 0 is called the multiplicity of P
in K.

P
The integer K(P) =, K(P) is called the cardinality of K.
The support of K is de ned as PP K= P2P;K(P)> 0 ,the
hull of K as the module HKKi := Rx Mg, and the
shape of K as the shape of HKi.

XR2 supp K
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De nition

Two multisets K, K®in PG(MRg) resp. PG(M{) are said to be
L oar Coes equivalent if there exists a semilinear bijection : hKi!h K9
over Finite satisfying K(P) = K® (P) for every pointP = xR h Ki.

Chain Rings
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Thomas Suppose C gR" is any left linear code of length n over R.
Honold Take any generator matrix G 2 Rk " of C (i.e. C = fxG;x 2 R¥g,

but the rows of G need not be independent).
Write G = (g1j:::jgn) and de ne a multiset K in PG(R,'Q) by

setting
K(P):=jfi;1 j n~P=gRg
forP=gR2P.
Linear Codes o
oczer_Figi_te De n|t|on
T we say that the multiset K and the code C are associated.
Remarks

If C has full length (i.e. no universal zero coordinate), then
K(P)= n.

One can restrict the de nition to multisets in PHG (Rg) (i.e.
allow only nondegenerate points) and so-called fat linear
codes.

In general the relation C 7! K is many-to-many.
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The Correspondence Theorem

Theorem

For every multiset K of cardinality n in PG(RK) there exists an
associated linear code C  gR" (which is necessarily of full
length). Two multisets K; in PG(RE') and K in PG(RF)
associated with full-length linear codes C; and C, over R,
respectively, are equivalent if and only if the codes C; and C, are
semilinearly isomorphic.

Proof.

generated by (g1j:::jgn).
The proof of the second part is quite technical and can be found
in [?]. O

Remark
The theorem holds for a more general class of rings (including
nite Frobenius rings).
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How to Compute the Parameters of C

from Properties of K?
Parameters of C: length, shape (cardinality), weight enumerator

The length of C equals K(P)).
For the shape use the following

Proposition

A multiset K in PG(R) and an associated code C have the same
shape. In particular, jhkj = jCj.

Proof.
Let G 2 Rk " be such that

C = fxG;x 2 R¥g (Left row space of G)
Hi = D:=fGy;y 2 R"g (Right column space of G)

Dene f:R"! C,x 7! xG.
C = Imf = R"=Kerf = R"=°D = D/ (as left R-modules)

Hence C, D! and D all have the same shape. O
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Remark
The following example shows that the left row space and the left
column space of a matrix G 2 Rk " usually have different shape.

Example
Let a;b 2 R such that ab 6 ba and
_ 1 a
C= b ab

Left column space of G: R(})+ R(§)= R(})
Left row space of G: R(1;a)+ R(b;ab) ) R(1;a).
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To compute the weight enumerator
X . .
Ac(Xo; i Xm) = AXe X
i=(ip;:r im)21

of C (where | consists of all m + 1-tuples i 2 NI * satisfying
io+  + inm = n), we establish a correspondence between
codewords of C and hyperplanes of PG(RY).

All hyperplanes of PG(RE) (or PHG(RE)) have the form
H = (Rx)? for some x 2 (R¥) .

De nition
The K-type of H is the sequence (ap;:::;am) where
X
a = K(P) forO i m:
P2pP
P H+ 'R
P* H+ i+1Rk
Remark

If K is a multiset in PHG(RE) (i.e. suppK contains only free
points), then a; counts the number of points of K which are
i-neighbours but not i + 1-neighbours to H.
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Proposition

Let K be a multiset in PG(RK) associated with C  grR", and
suppose the correspondence C 7! K is given by G 2 RX ". For
each hyperplane H = (Rx)? of K-type

the cyclic subcode RxG  rC has weight enumerator

X 1

n m s m s 1yy @y a1 A+m 1 sy H+m st Fam
Xn+ (g q XX X' X

s=j

Proof.

Observation (easy to verify)
gj2H+ R¢n(H+ ""1RK)isequivalenttox g;2 N'nN"*1

The rest follows from Rc = NI (as left R-modules) and the fact
that multiplication by shifts the weight composition as follows:
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Remarks

The weight enumerator of C can be computed from the
weight enumerators of the cyclic subcodes of gC using the
principle of inclusion and @(clusion. In the classical case this
is trivial, since C = f0g] ., FqcnfOg .

Sometimes (especially in the case m = 2) it is easier to
compute the weight enumerators of C and CnC
separately.

Ifag 6 0, H givesrisetog™ g™ ! codewordsin C (the
words in R xG). All these have weight composition equal to
the K-type of H.
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Example (Weight enumerator of the Octacode)
The Octacode O is generated by

0 1
1000 2111
01001231§
010112 3
00011312

The associated multiset O is an arc in PHG(3; Z4) (i.e. no 4 points
of O are on the same hyperplane).

Since 20 is the extended [8; 4; 4] Hamming code over f 0; 2g,
Azo(Xo; X1; X2) = X8 + 14X{X3 + X

Let n; be the number of planes of PHG(3; Z4) meeting O in i
points (0 i 3).

N+ N+ no+ nzg= 120

ng+ 2n, + 3n3 = 8 28
n, + 3n3 = 2 6
nz = g
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Example (cont'd)
Solving the system gives ng = 8,n; = h3 = 56, n, = 0.

Since O=20 is the extended Hamming code, there is 1
neighbourhood class of planes of O-type (8;0; 0) (the class
containing Z4(1111)?) and 14 classes of O-type (4; ; ).

O-type | # planes |

(8,0;0) 8 H\ O
(4,1;3) 56 jH\ O
(4;3;1) 56 jH\ O

This gives
Ao (Xo; X1;X2) = 16X8 + 112X X1 X3 + 112X3X3Xy;
Ao (Xo; X1; Xo) = X8+ 112XIX X3 + 14XPX5 + 16X8
+ 112X3X3X, + X8
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MacWilliams Identity

Theorem
The weight enumerators of C  gR" and its dual code C~ RR
are related by

Ac An Xm 1;Am 1 OXm 2;

sAL 9™ X Ao
where Aj = Xp+(q  DXp 1+ +(g™ " g™ ' X isthe
weight enumerator of N'.

Sketch of proof.
(1) Dene 2 AutQ[Xp;:::;Xm] by
( DXosXg;iiXm) = F Am X 15Am 1 OXm 25
AL g PXo Ao

Verify the identity (Ac) = jCjAc» for the m+ 1 codes N
(0 i m)oflength 1, whose weight enumerators A; form a



Linear Codes PrOOf Cont'd.

and Geometry

over Finite (2)IfC=Cy C;,isadecomposable code and (Ac,) = jCij Aci?

Chain Rings ) P Py Py
holds fori = 1;2,thenC” = C; Cj,Ac = Ac,Ac,,
Thomas
Honold Ac? = Acz Ac; and hence
(Ac)= (Ac,Ac,) = (Ac) (Ac,) = JCajjCojAcz Acz = JCjAcr:
It follows that (Ac) = jCjAc- also holds for the ™™
completely decomposable codes
Linear Codes
over Finite C= f 0 f 0 y
ChainFRings —{Z—% I\I—{Z—N | g {Z ?
Ny ng Nm

If is a generating character of R, then the Fourier transform

X
(Ff)(y) = f(x) (x y) forf2 QR" (n 0):

X2 R"

has this property. O
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Axiomatic De nition

Following HIELMSLEV, KLINGENBERG, and
KREUZER

Let =( P;L;l),I P L ,bean arbitrary (point-line) incidence
structure.

De nition (Neighbour relation)

Points x;y 2 P are said to be neighbours (notation: x y) if
there exist distinct lines S; T incident with both x and y.

Lines S;T 2 L are said to be neighbours (notation: S T) if
there exist distinct points x;y incident with both S and T. (If lines
are identi ed with subsets of P, this means justjS\ Tj 2))

Further notation
For x;y 2 P with x 6 y the symbol X7y denotes the unique line
S 2L throughx andy.

Forx 2P,S 2L thesymbolx S denotes “there existsy 2 S

withx y”.
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De nition (Projective Hjelmslev Space)

An incidence structure = ( P;L;I) with neighbour relation is
said to be a projective Hjelmslev space if it satis es the following
axioms:

(H1) For any two points x;y 2 P there exists a line S with
(x;8)21,(y;S) 2 1.

(H2) Everyline S 2 L contains at least three points which are
pairwise non-neighbours.

(H3) Foranyx;y;z2P,x yandy zimplyx z.

(H4) For any two lines S; T and any three points x;y; z with
(X;8)21,(y;9)21,(x;T)21,(z;T)21,x6 y,x6 z,
y z,wehaveS T.

(H5) For a point x not incident with S 2 L with x S, there
always existy;z 2 P withy 6 S, (z;S) 2 1 and (x;y;z) 2 I.

(H6) Letx2P,S 2L withx 6 Sandlety;z 2 S. For every
(y%X7y) 2 | and every (z%X;Z) 2 | there exists a line T with
(yeT)21,(z%T)2landS\ T 6 ;.
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Assume that is a projective Hjelmslev space.
Remarks

Axiom (H2) allows us to identify lines with subsets of P.

induces an incidence structure = ( P;L;I), where
P= [x];x2P ,L= [S];S2L denote the
corresponding partitions into equivalence classes and
[X]I[S]: 0 x S. The structure forms a classical
projective space.

Hjelmslev subspaces

Asubset T P is called a Hjelmslev subspace of if for every
two distinct points x;y 2 T there existsalineL2L withL T
and x;y 2 L.

Hjelmslev subspaces form projective Hjelmslev spaces of their
own in a natural way.

Subspaces
For X P denethe hull hXi as the intersection of all Hjelmslev

subspaces containing X. The set X is said to be a subspace if
X = hXi.
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Independence
X P s said to be independent if for any x 2 X we have
X 6 hX nfxgi
Basis
B P issaidto be a basis of if hBi= P and B is independent.
Projective and Dimension .
Afne dim := jBj 1 forany basis B of

Hjelmslev

Spaces The equality dim = dim™ holds.
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Coordinate Hjelmslev

Geometries
Suppose R is a nite chain ring and Mg is a free right module
over R of rankk 3 (i.e. Mg = R).

Notation
PHG(MR) :=(P;L; ),where P and L denote the sets of all free
rank 1, respectively free rank 2, submodules of Mg

The incidence structure PHG(MRg) forms a projective Hjelmslev
space (i.e., it satis es Axioms (H1)—(H7))

Mg = MS as R-modules implies PHG(Mg) = PHG(MQ) as
incidence structures.

Asubset T P forms a Hjelmslev subspace of PHG(MR) iff T
consists of all free rank 1 submodules of a free submodule U of
Mg. In this case we have dimT = rk(U) 1.

De nition

= PHG(R'F‘{) (which has geometric dimensiondim = k 1)is
called the (right) (k  1)-dimensional projective Hjelmslev
geometry over R.
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Coordinatization Theorem

Theorem

For every projective Hjelmslev space of dimensions 3,
having on each line at least 5 points no two of which are
neighbours, there exists a chain ring R such that
PHG(R3"!) is isomorphic to



Linear Codes
and Geometry
over Finite
Chain Rings

Thomas
Honold

Projective and
Af ne
Hjelmslev
Spaces

Duality

S(Mg) denotes the set of submodules of the R-module Mg (which
in case of M = RK can be identi ed with the set of subspaces of
PHG(RK)).

Consider the map : S(rR¥)!'S (RK),
u7u? = fyZRk;x1y1+ + XYk = Oforall x 2 Ug:

Since U rRXis free of rank s iff U? R is free of rank k s,
the map induces a correlation between the geometries
PHG(rR¥) and PHG(RY).

In particular we can view hyperplanes (i.e. k 2-dimensional
Hjelmslev subspaces) of the right coordinate geometry PHG(R'F‘Q)
as points of the left coordinate geometry PHG(gR¥) (and vice
versa).

In the planar case (k = 3) we have PHG(grR?®) = PHG(R3) (dual
incidence structure).
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Af ne Hjelmslev coordinate
geometries

AHG(RE) = (P;L;2), where P = R¥ and
L=fa+uR;a2RK;u2 (R g

In the planar case (k = 2) lines have equations
y=mx+t (mt2R) resp. x=my+t (m2N;t2R)

There are g points and g3 D 91 jines

q 1
The incidence structure obtained by removing from PHG(RL;+ Ha
neighbour class [H] of hyperplanes is isomorphic to AHG(RE).
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Simplex Codes

De nition

The linear code C associated with the multiset K in PG(RK),
dened by K(P)= 1ifP 2P is afree pointand K(P)= 0
otherwise, is called the k-dimensional simplex code over R and is
denoted by Sim(k; R).

The code Sim(k; R) has length gk D(m 1) X o Shape ([n' {Zn}])

and cardinality jSim(k; R)j = g*™.

All hyperplanes H of PG(R¥) have the same K-type
(ap;ay;:::;am) given by

k k 1
ap = gk Dm D . . = gtk Dm.
q q

k 1 ' ; .

a = qt Am D 1 gnt g™t o j=100m 4
q

k 1

ap = qk 2(m D

1
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P
To prove this, observe that ¢ ; as is the number of free rank 1
submodules contained in H + IR¥, a module of shape

( .
X q(k H(m 1) |; q ifj =0;

as = K . .
. gtk D(m 1 11q qti i1 m:

Solving for a; gives the stated formulas.
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Hamming Codes

De nition

The dual code Sim(k;R)? is called the k-th order Hamming code
over R and is denoted by Ham(k; R).

Ham(k; R) is free of rank gk D(m 1 & . Kk

In particular jHam(k; R)j = qmq(k . 1)(5)01 me

The weight distribution of Ham(k; R) can be computed using the
MacWilliams identity.
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Example
C := Sim(2;Z,) and C? = Ham(2;Z,) are generated by
0 1
331000
10112 1 320100§
0112 13" 30010
310001

and have weight distributions
Ac(Xo; X1; X2) = X$ + 3XPXZ + 12X X1 X2;

1
Ac» (Xo; X1;X2) = EAC(XZ X X+ Xz 2Xo; Xy + X + 2Xo)
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Today's Lecture: Projective Hjelmslev planes
over chain rings of length two
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Let =( P;L;l)= PHG(RK) be a coordinate Hjelmslev geometry
over a nite chain ring R of length m with R=N = F.

De nition (Re ned neighbourhood relations)

Two points x = XR andy = yR are called i-neighbours

(0O i m,notation: x ;y)ifjxR\ yRj ¢’

Two lines S and T are called i-neighbours (notation: S T) if for
every point x on S there exists a pointy on T withx ;.

Remarks

o is the universal relationon P and L, ;= isthe ordinary
neighbour relation, and r, is just equality.

i can be described as equality modulo N'.

i de nes equivalence relations on P and L. The
corresponding classes are denoted by [x];, [S];-.

i is extended to Hjelmslev subspaces (of possibly different
dimension)by 1 ; »iff O( ;)  O( ;) forthe
corresponding images modulo N'.
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The Structure Theorems

Indispensable for doing Finite Geometry
LetP®M = [x];x2P ,L® = [S];S2L

Theorem o

The incidence structure (P™;L{"; ;) is isomorphic to the
projective Hjelmslev geometry PHG((R:N')'Q:N,). In particular,
(PO; LM; 3Dy is isomorphic to PG(k  1;Fy).

There are further theorems pertaining to the incidence structures
induced on [x]; resp. [S]i (and, more generally, L-shaped
submodules of RK). For simplicity these will be stated only for the
special case m= 2,k = 3.

De nition

Nonempty intersections S\ [x] (wherex 2 P,S 2 L) are called
line segments of PHG(R3).

The neighbourclass T 2L;T\ [x]= S\ [x] =[S]is called the
direction of the line segment S\ [x].
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Theorem

Let x be a point of PHG(R%). The incidence structure induced on
[x] (with the line segments contained in [x] as lines) is isomorphic
to the af ne plane AG(2;Fq).

Theorem

Let S be a line of PHG(R3). The incidence structure induced on
[S] (with the line segments having direction S as lines) is
isomorphic to the dual af ne plane (or punctured projective plane)
AG(2;Fq) = PG(2;Fq) np: .

Example
Draw a picture for PHG(2; Z,).
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Singer's Classical Theorem

Theorem (Singer 1938)

PG(2; Fq) admits a cyclic collineation group G acting
regularly (i.e. sharply transitive) on the points (and lines) of
PG(2;Fq).
This leads to a simpli ed representation
PG(2;Fq) = Dev(D) := (P%L%2) with

P%=G=Zgsqer LO= D+ 0112 Zg, 410
where D := fg 2 G;g(pg) 2 Log for some xed point-line
pair (po;Lg) 2P L
Proof.
Represent the ambient space Fg as Fgs (the cubic extension

eld of Fq). Choose a primitive element  of Fys and
consider the collineation induced by Fys ! Fgs, x 71 X

(which has the same order g% + g + 1 as the quotient group
Fq3=Fq). LetG=hi. O
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Singer's Theorem for Projective
Hjelmslev Planes
Theorem (Hale-Jungnickel 1978)

The projective Hjlemslev plane PHG(R%), where R is either
Gq or &, admits a regular collineation group
G= Zq2+q+l (Fg;+)  (Fg:¥).

Proof.
R has a cubic Galois extension S (S = Ggs if R = Gg, resp.
S = S ifR = ). Thering S satises Sg = R3.
Hence we can view PHG(R3) as PHG(SR).
XR2P iffx2Sn S=S
XR = yRiffy 2 xR
This implies that

G=S =R = Zq2+q+1 (Fq;+) (Fq;+)

acts reqularly on P. O
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Example
LetG=2; Z, 2Z,= hai h bi h ci.

@ Ifwe setD = f1;b;a;ac;a%b;ascg, then
Dev(D) = PHG(2;Z,4) and hai forms a hyperoval in Dev(D).

® IfD = f1;b;a;ac;a®; a%bcg, then Dev(D) = PHG(2; S;) and
hai is a Baer subplane in Dev(D).



Linear Codes
and Geometry

e Collineations
Toma Every semilinear automorphism : R3! R3 induces a
Honold collineation (i.e. an isomorphism) of PHG(Rg) via (xR)= (x)R
forxR2P.
Fundamental Theorem of Projective Hjelmslev
Geometry

Every collineation of PHG(R3) arises in this way, i.e.
AutPHG(RZ) = P L(3;R).
Projectivities of PHG(2; Gg)
PGL(3;R) = GL(3;R)=Z(R)
Notes
A corresponding theorem also holds for PHG(RE), k > 3.

Collineations preserve the partitions P, L of P resp. L into
e neighbour classes, as well as the sets of line segments resp.
Theorem dual line segments.

PGL(3; R) acts regularly on ordered quadrangles of
PHG(R ), i.e. sets of 4 points which form a quadrangle in
the quotient plane PG(2; Fq)
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chanings - De nition De nition
Thomas A multiset Kin (P;L;1) iscalled A multiset Kin (P;L;I) is called
a (k;n)-arc (or simply an n-arc)  a (k;n)-blocking multiset (or an

if n-blocking multiset) if
(i) K(P) = k; (i) K(P) = k;
(i) K(L) n foreveryline (i) K(L) nforeveryline
L2L; L2L;

Further notes

If Kis a set, then Kiis an n-arc iff P nK is a
(g2+ g n)-blocking set. Hence projective arcs and blocking
sets are equivalent concepts.

We are interested in maximal arcs (i.e. (k; n)-arcs with the
largest possible k) or, more generally, complete arcs (i.e.
(k; n)-arcs which cannot be extended to a (k + 1;n)-arc (and

Arcs and . . . . ,
Blocking Sets dually in minimal resp. irreducible blocking multisets).
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The Maximal Arc Problem

The maximal arc problem (for coordinate Hjelmslev planes) asks
for the determination of the integers

mn(R3) = max k; there exists a (k;n)-arc in PHG(R3)

forn 2 N (or, less ambitious, only forl1 n g2+ q).
Remarks

The maximal arc problem is inherently dif cult and has been
completely solved so far only for jRj = 4. (The completion of
the case jRj = 9 is to be expected soon.)

The corresponding problem in classical nite geometry is
well-studied. Many results are available and can be used
along with the structure theorems for , [x], and [S].



Linear Codes
and Geometry
over Finite
Chain Rings

Thomas
Honold

Arcs and
Blocking Sets

The General Upper Bound

Theorem

Let K be a (k;n)-arcin PHG(Rg). Suppose there exists a
neighbour class of points [x] with K([x]) = u and let u;,

1 i g+ 1, bethe maximum number of points on a line from
the i-th parallel class in the af ne plane de ned on [x]. Then

9(4-1
k g(@+1n q u+u

i=1

Proof.

Forl i g+ 1let’;be acorresponding line segment in [x] of
multiplicity u;. Count the sum of the multiplicities of the q(q + 1)
lines through the segments °; in two different ways, using the fact
that these lines partition P n [x]. O
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Example

We show that a 5-arc in PHG(2; Zg) or PHG(2; S3) can have at
most 40 points.

Case 1: K has a 2-point, say X.

Each of the 12 lines through x can contain at most 3 further
pointsof K. =) k 2+ 12 3= 38

Case2:7 u 9

K\ [x] must contain line segments in every direction. Each line
through such a line segment can contain at most 2 further points
fromKoutside[x]. =) k u+6+6+6+ 6= 33
Case3:5 u 6

K\ [x] must contain at least one line segment ".

=) K u+6+9+9+9 39

Case4:u=4

If the 4 points in K\ [x] form an oval (quadrangle), we get

k 4+ 4 9= 40, otherwise Case 3 applies and gives k  37.

Case5:u 3
Herek 3 13 = 39.
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Remark

Recently we have proved that ms(Z3) = 39 and ms(S5) = 38. The
corresponding maximal arcs have completely different structure.
(The rst arc consists of 13 properly arranged triangles, on e in
each point class. The second arc has triangles in 9 point classes,
which form an af ne subplane of = PG(2;F3). The remaining
point classes contain 3, 2, 2 and 1 points.
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Tables

Online tables of lower bounds (arising from constructions) are
maintained by the group in Bayreuth (KIERMAIER, KOHNERT):

http://www.algorithm.uni-bayreuth.de/
en/research/Coding_Theory/PHG_arc_table/index.html

Table: Values of mn(Rg) for Hjelmslev planes of order g = 4 and
9°=9

n=R | Z, | F[X]=(X?) Zgy Fs[X]=(X?)
2 7 6 9 9
3 10 10 19 18
4 30 30
5 39 38
6 48 - 51|48 - 51
7 60 - 62|60 - 62
8 69 69
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TheCaseg? n g2+

This case has been solved completely.
It is more convenient to consider (k; n)-blocking multisets with
0O n q.

In perfect analogy with the classical case we have
Theorem
The minimum size of a 1-blocking multiset in PHG(R%) is

k = g%+ qg. A (g% + qg;1)-blocking multiset is necessarily (the
characteristic function of) a line.

The existence part can be generalized to
Theorem

The minimum size of an n-blocking multiset, 1 n g, in
PHG(R?) is k = n(g? + q).

Examples are provided by sums of n lines (which are not
projective if n  2). There exist projective examples as well.
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The Classical Case

In PG(2; Fy) the maximum size of a 2-arc (a set of points no three
of which are collinear) is given by

g+2 ifg=2"

F3) =
M(Fa) = 441 ifqis odd:

Examples of (q + 1;2)-arcs (ovals) are provided by conics:
K= Fo(yiz)y? x2=0 = (Ly;y?iy2Fq [ (0;0;1)

In the case g = 2" the tangents to an oval K are concurrent in the
nucleus p (p = F4(0; 1;0) in the above example), so that K[f pg
isa(q+ 2;2)-arc (hyperoval).

In the case g odd every oval is a conic (B. SEGRE'S THEOREM)
The tangents to an oval K form a dual (q + 1; 2)-arc. (Each point
outside K is on either O or 2 tangents.)
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2-Arcs in Hjelmslev planes

We keep the assumption = PHG(R3), where R has length

m = 2.

Theorem

mx(R3) = g?+ g+ 1if R = Gy (a Galois ring of characteristic 4).
The corresponding (g2 + q + 1;2)-arcs have exactly one point in

each neighbour class and meet every line in 0 or 2 points
(hyperovals).

Theorem
g+ 2 my(R3) g?+ qif R has characteristic 2.

Theorem

mz(R3) = g2 if R has characteristic p > 2.

The corresponding (g?; 2)-arcs have g neighbour classes
containing 1 point and q + 1 empty neighbour classes which form
a line of the quotient plane PG(2; Fy).

In the remaining case R = Gq, g odd, we have only the upper
bound my(R3) g2
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The Upper Bounds

Let us show that

g>+q+ 1 ifqgiseven;

R3
Mz(R) 2 if q is odd:

Proof.
If there exists a point class [x] with K([x]) 2, we get the stronger
bound

my(RR) 2+ 1 0+q q=q°+2:

Otherwise of course my(R3) g%+ g+ 1.

Now assume q is odd and consider the induced arc in a line
neighbour class [L] = PG(2;Fg) nfp1 g.

Since g is odd, at least one point class [x] on [L] must be empty.
=) The set of empty point neighbour classes forms a blocking
set in the quotient plane PG(2; Fy). Hence there must be at least
g + 1 empty classes (and if there are exactly q + 1, they must
form a line of the quotient plane). O
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The Existence of Hyperovals in

Idea of the proof PHG(2; G2)

Represent PHG(R3) as PHG(Sg) where S = Gg; is the cubic
Galois extension of R = Ggq. Since

a° q®

o 9?(a®+ g+ 1);

G.=Cy =

there is a (unique) candidate set T of g2 + g + 1 points which
forms a subgroup of GqS:Gq .

The set T is invariant under a lifted Singer cycle
=) it suf ces to test the points in one line class [L] for the 2-arc

property.

De nition
T is called Teichmdller set of PHG(R3)
This is due to the factthat T = fGq ;0 i g2+ qg, where

has orderg® 1in Gqs (Teichmdaller or Hensel lift of a primitive
element  of Ggs=pGgys = Fga).
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For the actual computation one uses the following (with g = p")

Fact
Gy is isomorphic to the ring W,(Fq) of (truncated) Witt vectors of
length 2 over Fq, which has underlying set Fg and operations

1X*t p i P
(a0;a1) + (bo;b1) =(aog+ bo;as + by — j ahy )
=1
(ag;a1) (bo;bz) = (@obo;afb; + bfay):

This reduces the arithmetic of G4 to that of Fq (in a way that only
depends on the characteristic p). For example, all Galois rings
G, have the “same” operations

(ag;a1) + (bo; b1) = (ap + bp; a1 + by + aghp);
(a0;a1) (bo;b1) = (‘aoho; agby + biay):

With this isomorphism we have = ( ; 0) and, using fag:=(a;0)
(Witt's notation), p(ag; a;) = ( 0; ag), and thus

(a0;a1) = (ap;0) +(0;a1) = fapg+ pfaiPg:
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The existence of ovals in
PHG(R?), charR = p

Idea of proof
Work in the af ne Hjelmslev plane AHG (R,%), representing the
point set R§ as a quadratic extension ring S of R.

It is rather obvious how to do this. If R = Fg[X; ]=(X?2) with
(a) = a”, take S = Fq[X; ]=(X?) with the “same”

Points of AHG(SR)

p=ap+ aiX 2 S,ie. ap;a1 2 Fgp (q* points)

Lines of AHG(SR)
L=a+uR= ag+ ayX+(Uup+ uX)( o+ 1X); o 12Fq,
where up 6 0 (sinceu?2 S )

Point sets in AHG(Sgr) with exactly 1 point in each neighbour
class correspond with functions f: Fp. ! Fg. via

pt = t+ f(t)X

Choose f as a -quadratic map.
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Quadratic maps of F:

De nition

f:Fp! Fqissaidtobe -quadraticiff( a)= ( )2f(a) for
az2 qu, 2 Fq, and if qu qu ! qu,

(a;u) 7' f(a+ u) f(a) f(u)isa (symmetric) bilinear map.

Theorem
If (a)= aP,the -quadratic maps of Fy. are exactly the maps of
the form

f(x) = Ax? + Bx2P'd+ Cx2P@* D with A;B;C 2 Fqz;

i.e. those represented by a quadratic g-polynomial in xP'.
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Honold The point set K in AHG(Sg) corresponding to f: Fg2 ! Fq2 forms
an oval iff forany a 2 F2, u 2 qu, 2 Fq nf0; 1g the equation

Pat u= Pat(Paru Pa)( + X)

has no solution 2 Fg.

For the X-component (only the X-component matters!) this
translates into

fa+ u) f(a) f(a+u) f(a) _
()u u ()

Z Fy:

Consequence

K forms in oval in AHG(SR), provided that f is -quadratic and
satis es the condition

f(u) .
o 2Fq forallu2Fg:

Hyperovals
and Ovals
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Theorem The Final Step
There exist -quadratic maps satisfying this condition.

Proof.
f can be considered as a map of PG (Fg2)r, = PG(1;Fq). Fora

xed point Fqu the complementary condition @ 2 Fqis linearin f
and de nes a hyperplane H, of the projective space over Fq
formed by all -quadratic maps of Fg.. This space is a PG(5; Fq).
It can be shown that the g + 1 hyperplanes H, do not cover all the

points of this space. Equivalently they do not contain a common
solid (3-dimensional space). O

Remarks
(9; 2)-arcs exist in the planes over both Zg and S;.

The existence of (g2; 2)-arcs was proved soon after a
computer search done earlier this year revealed the rst
(25; 2)-arc in the plane over Zs.

There is much evidence that my(Z3;) = 21. If true we would
have the rst example of chain rings R; S of the same order
with char(R) < char(S) but my(R3) > m,(S2) for some n.
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