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—— Abstract

We present a new exact-size sampler for increasing trees that outputs a tree of size n uniformly at
random while avoiding the global coefficient pre-computation required by the classical recursive
method of Flajolet et al. [17]. The key idea is a hybrid oracle-driven rejection scheme in which
local sampling decisions are made using interval bounds on the coefficients, with a fallback to exact
recurrence computation only on rare ambiguous events. In the bit-complexity model this yields
an expected running time of O(nlogn) and it consumes a number of random bits within O(n)
of the Shannon entropy, which is information-theoretically optimal up to lower-order terms. The
sampler proceeds in two phases. We first generate the unlabeled rooted ordered shape by recursively
sampling node arities and subtree sizes and then draw a uniform permutation of {1,...,n} and
apply a deterministic increasing-labeling procedure.
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1 Introduction

This paper introduces a new algorithm for the exact size uniform random generation of
increasingly labeled trees. More precisely, given a combinatorial class of increasing trees, the
algorithm samples an increasing tree of size n uniformly at random from all trees of size
n. The algorithm avoids the global precomputation of counting sequences required by the
classical recursive method [17], while preserving uniformity.

For the analysis of the algorithm, we use the bit-complexity model, which provides a
realistic framework for evaluating its efficiency. This model accounts for the cost of random
bit generation and arithmetic operations on large integers. We show that the sampler runs
in expected time O(nlogn). This matches the information-theoretic lower bound imposed
by the entropy of the output distribution, demonstrating that the algorithm is efficient in
a strong and practically meaningful sense. This answers a question raised by Luc Devroye
(private communication).

We consider a variety T of increasingly labeled trees specified by a polynomial degree
function ¢. The size of a tree is its number of vertices and the number of trees with n
vertices is denoted by ¢,,. From the seminal paper [3] on increasing trees we know that the
? Nadja Azzouz, Oliyier Bodini, Fra.ncis Durand, and Bernhard Gittenberger;
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Efficient sampling of increasing trees

exponential generating function Tp(z) satisfies the differential equation
Ti(z) = ¢(To(2)),  To(0) =0, (1)

where ¢(z) = EZ:O $12* is a polynomial with nonnegative coefficients and nonzero constant
term and of degree d > 2.

The classical recursive method of Flajolet, Zimmermann and Van Cutsem [17] provides
an exact-size uniform sampler for many labeled classes, including increasing trees. It samples
recursively by means of exact counting sequences. However, a direct implementation typically
requires precomputing all relevant coefficients up to size n, which is costly for large n (both
in arithmetic and memory), and becomes the main bottleneck. Approximate-size approaches
like Boltzmann sampling [13, 14, 6] do not directly address the requirement of exact size
and uniformity. A related but more specialized result was obtained by Bodini, Durand and
Marchal [5], who resolved the exact uniform random generation problem for strict binary
increasing trees! in O(nlog(n)). Their approach relies on a natural bijection between strict
binary increasing trees and alternating permutations, which allows for bypassing recursive
counting altogether and to design an optimal sampler directly at the permutation level.
While extremely efficient in this specific setting, this method is intrinsically tied to the binary
case and to the existence of such a bijection. Another specialized approach was presented by
Devroye [12] for binary search trees, but under the assumption that basic operations with
numbers cost constant time, regardless of the size of the numbers. Moreover, the algorithms
were designed for a different purpose and did not output the tree shape.

In this paper, we introduce a hybrid exact sampler that preserves the uniform distribution
while avoiding global precomputation in the typical case. At a high level, the sampler
proceeds in two phases:

(1) Shape sampling. We sample an unlabeled rooted ordered tree shape of size n with the
distribution induced by the increasing-tree class, by recursively sampling node arities and
subtree sizes.

(2) Label filling. We draw a uniform random permutation 7 of {1,...,n} and give a
deterministic labelling procedure, which turns the sampled shape into an increasingly
labelled tree and yields a labelling that is uniform among all valid increasing labellings of
that shape.

The new ingredient lies in the shape phase: instead of using exact coefficients everywhere, we
rely on an oracle giving certified bounds for the coefficients and an oracle-driven acceptance
rule. When the available precision is insufficient, we fall back to exact coefficient computation
via the classical recursive method. We prove that fallbacks are rare enough to preserve
optimal expected complexity.

To construct the oracle, we exploit the Puiseux expansion of the solution Ty(z) of (1)
around the dominant singularity z = p. The Puiseux coefficients turn out to be algorithmically
computable to any prescribed order and the polynomial order needed for a desired accuracy
can be effectively computed up to an exponentially decaying error term.

Outline of the paper. In Section 2 we present the hybrid sampling algorithm for
increasing trees, i.e., the algorithms for root-arity sampling, subtree size sampling via a
continuous envelope (beta kernel) with acceptance-rejection with oracle-driven Bernoulli
sampling, and finally the label-filling step. The subsequent section is devoted to the proof of

1 Erroneously called strictly increasing binary trees in (5]
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correctness and the complexity analysis under the bit complexity model. In Section 4 we
briefly introduce theoretical framework for the oracle.

2  The hybrid sampling algorithm

We establish an exact size sampler; i.e. a function I'7-(n) which returns a random uniform
increasing tree of size n.

The sampler T'; retains the general structure of the pure recursive method sampler '
[17] but is hybrid in the following sense: in the classical recursive method, every decision
(root degree and subtree sizes) is made from exact coefficients, which requires precomputing
large tables. Here we instead use an oracle that provides guaranteed bounds on the required
coefficients and run an acceptance-rejection scheme that remains exact despite using only
bounds. Only when the bounds are too coarse to decide an acceptance step we fall back to
the classical recursive computation for that specific coefficient. Thus, the algorithm behaves
like an oracle-driven sampler in the typical case, and like the classical recursive sampler
only in rare fallback events. Remarkably, I'; uses the exact recursive sampler I'; in only
a negligible number of cases, achieving an O(nlog(n)) running time while guaranteeing an
exactly uniform distribution.

In what follows, we will use the following notations: The coefficients of the generating
function Ty(z) given by (1) are t, = [2"]To(z). Similarly, we set @ = [2"]Th(2)* for any
positive integer a. The positive integer m denotes the oracle precision exponent, i.e., the
relative error of the output of the oracle is assumed to be of order O (n™™) with explicit
O-constant. Finally, we frequently use the set {1,2,...,d} which we denote by [d].

Algorithm 1 T': the hybrid random tree sampler

Input: Size n, an oracle for the coefficients ti{”

Output: I'(n) the shape of a tree of size n sampled uniformly

1 if n =1 then

2 return single node tree

3 end

4 remaining_size <—n —1

5 a < SAMPLEARITY (remaining_ size)

6 C« 0

7 for i <~ 1 to a do

8 if i < a then

9 ki <~ NEXTCHILDSIZE(a — i + 1, remaining__size)
10 C.append(T'(k;)) // Recursive call

11 remaining__size <— remaining_ size — k;
12 else

13 C.append(T'(remaining_size)) // Recursive call
14 end
15 end

fury
(=)

return tree with root of arity a and children C

Algorithm 1 delegates all random choices to two subroutines: sampling the node degree
via SAMPLEARITY and sampling the next child size via NEXTCHILDSIZE. In SAMPLEARITY,
the candidate is the proposed arity a, and in NEXTCHILDSIZE the candidate is the proposed
subtree size k. In both cases, the acceptance probabilities of a candidate have the generic
form w/D where w is not computed exactly but only enclosed by certified bounds w € [w, W],

8:3
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while the denominator D is a known dominating quantity (with D > w). Algorithm 2
implements this acceptance step by sampling B ~ Bernoulli(w/D) exactly from the bounds,
and only in the rare ambiguous case it falls back to an exact computation of w.

W A

Figure 1 Decision flow for sampling a Bernoulli variable. The red segment indicates immediate
acceptance (return 1), the blue one indicates rejection (return 0), and the gray regions represent
cases requiring higher precision

Algorithm 2 INTERVALBERNOULLI: exact Bernoulli sampling from certified bounds

Input: a dominating value D > 0, bounds w,w with 0 <w <w <w < D
Output: B ~ Bernoulli(w/D)
1 Draw B; ~ Bernoulli(%)

2 if By =1 then

3 return 1

4 else

5 Draw B> ~ Bernoulli (D — w)

D—-w

6 if By =1 then

7 ‘ return 0

8 else

9 (fallback) Compute the exact value w
10 Draw Bs ~ Bernoulli <w — w)

w—w

11 if B3 =1 then

12 ‘ return 1
13 else

14 ‘ return 0
15 end
16 end

17 end

We implement all Bernoulli draws by precision-adjusted generation from dyadic interval
bounds, see [4, Sec. 4.2].

2.1 Sampling of the node degree

As in the classic recursive method for trees, the arity of each node needs to be determ-
ined. From (1) we can extract the recurrence equation t,41 = >, @q ) That means
that the distribution of a — the arity of the root vertex for a tree of size n + 1 — is propor-
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Algorithm 3 SAMPLEARITY: sampling the root degree

Input: target size n > 1, degree bound d, interval oracle O
Output: sample a € {1,...,d} x bat'®
1 for a€{l,...,d} do

uery the oracle or dyadic bounds ¢, ,J such that tn“ S t,f,?
Q he oracle O for dyadic bounds t4”, ¢5” such that ) € [ £,

2
4(a)
3 Draw A on [d] with P[A = a] = —%efo__,
Za’ (z)a’tg:l )
4 B < INTERVALBERNOULLI (D = téA), w = &, w = tnA)) ;
5 if B =1 then
6 ‘ return A
7 else
8 L Reject A and resample

Algorithm 3 is an exact accept-reject procedure: A is proposed with weights ¢, 5;‘) and

accepted with probability t;a) / 5{1), hence the returned arity has distribution o ¢at£{1). This

coincides with the root—degree distribution of the original recursive method. Moreover, by
the oracle precision guarantee, the probability of triggering the exact fallback is at most
1— ﬁ /t%A) = O(n~"™). Since d is constant and the proposal weights are dyadic, drawing A
on [d] from these weights is implemented by prefix sums and one uniform draw.

2.2 Sampling child subtree sizes

After sampling the root arity a, the next task is to split the remaining size n — 1 among
the children. This results in the vector of subtree sizes (k1, ..., k,) with the conditional law
induced by the combinatorial specification. We sample the child sizes sequentially. Given b
children still to be generated and remaining size s, the size K of the next child has a discrete
distribution proportional to

tktib—_kl)
f(k) = k(s — k)’
and f(k) = 0 outside the admissible range {1,...,s — b+ 1}. Since computing all f is too
costly, we instead perform an accept-reject step using a continuous dominating envelope
derived from coefficient asymptotics. The envelope has the shape of the density of a beta
distribution. In particular, for bounded degree b < d and for all admissible sizes, coefficient
asymptotics imply an upper bound of the form

fk) < Cyp® (%)‘H(l_ ﬁ)aﬂmﬂ

S

, 1<k<s—-b+1,

where 5 =1/(d — 1) and for a constant C}, > 0 depending only on (¢, d). This suggests the
continuous envelope

o) = (37D veo),

S

whose normalized density corresponds to X/s ~ Beta(8, (b — 1)3). Let n € [0, s] be the
turning point of g, given by

_ G Pl
n = Sbﬁ—?’

8:5
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X

Figure 2 Illustration of the hybrid MC: a point, whose abscissa is X, is drawn uniformly under
the graph of g, if it is in a rectangle, that index [X] is returned, otherwise the point is rejected.

and set 1 := s/2 in the degenerate case b = 2. Since = ﬁ < 1 and b < d, the beta
kernel is monotone on each side of 1, nonincreasing on (0,7n] and nondecreasing on [, s),
where one side may be empty when n € {0, s}. In the degenerate case, the beta kernel is
constant. We then propose an index k from the continuous draw by setting k = [ X | when X
lies to the left of n (and symmetrically k = | X | when it lies to the right). By monotonicity
of the beta envelope on each side of 1, g dominates the histogram cell associated with the
proposed index k. This gives an acceptance probability of the proposed k of

alk,X) = Jk) <1.

9(X)
The resulting procedure avoids evaluating the full discrete distribution: it only requires the
single value f(k) at the proposed index and the envelope value g(X), together with Bernoulli
sampling from the ratio a(k, X).

» Assumption 1. We assume access to an exact sampler for X ~ Beta(s,(b— 1)8) that
supports precision-adjusted generation in the following sense. For any target precision
p = O(logn), it returns in time O(logn) a dyadic window I = [X, X] containing X whose
endpoints are adjacent p-bit dyadic floating-point numbers. Moreover, the window is distributed
according to the target density q(x) < g(x), namely

R wds
N j;)s g(z)dx

Such samplers can be obtained by combining arbitrary-precision sampling principles with
classical beta variate generation; see [11, 10].

To implement the acceptance step with dyadic arithmetic, we work with the window
I = [X, X] returned by the precision-adjusted beta sampler and reject windows that cross
7. Since the endpoints are adjacent dyadic floats, I contains no integer and therefore the
proposed index k defined by [X] (or | X|) is constant on I.

For the remaining events, the domination property holds pointwise on I, so g(x) > f(k)
for all x € I. Define

1 Y
D = = / g(z) dz.
X-XJx
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Then D > f(k), and therefore the call INTERVALBERNOULLI(D, f(k), f(k)) is well-defined,

as we have the oracle bounds f(k) < f(k) < f(k).

Algorithm 4 NEXTCHILDSIZE

Input: remaining children b, remaining size s > b, degree d, interval oracle O
Output: integer size k of the next child

1 Draw U ~ Beta(8, (b —1)0)
X + sU and obtain a dyadic window [X, X] containing X
// Split at 7, where g switches monotonicity
if X < |n| then

|k [X]
else if X > [n] then

|k |X]
else

N

i I = S| N

// window straddles 7
8 Reject X and resample

f;{ g(z) dz
— =
X-X
10 Query O for dyadic bounds f(k), f(

k)
11 B+ INTERVALBERNOULLI(D, w= f(k), w= (k))
12 if B =1 then

9 D

13 ‘ return k
14 else
15 ‘ Reject X and resample

Let 7 be the rooted ordered tree shape produced by Algorithm 1 on input n. We
construct a labelling ¢ on the vertex set, that is uniform among all increasing labellings of 7,
as follows. First compute all subtree sizes |7,| by one postorder traversal. Finally, we draw a
uniform random permutation 7 of [n], view it as an ordered list of distinct labels, and call
Label(root, 7), where Label(v, L) is defined recursively by:

(i) set £(v) + min(L),

(ii) let L' be L with this minimum removed,

(iii) if vy, . . ., vg, are the children of v in the given order and s; := |7, |, split L’ into consecutive
blocks (L1, ..., L) with |L;| = s; and recurse with Label(v;, L;) for all 4.

Since 7 is uniform on S,, and this procedure maps exactly the same number of permutations
7 to each increasing labelling of 7 (namely [[, |7,|), the resulting labelling is uniform over
all increasing labellings of 7.

3 Complexity analysis (bit—complexity model)

We analyze Algorithm 1 in the (randomized) bit—complexity model [2, 7]. We report in this
section the expected number of elementary bit operations as well as the expected number of
unbiased random bits consumed. Consuming one unbiased random bit requires reading one
bit from the random source, hence

#random bits consumed < #bit operations. (2)

Throughout this section, the degree bound d and the oracle precision exponent m > 5 are
fixed constants. All hidden constants may depend on (¢, d, m) but not on n. Furthermore,
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log denotes the base-2 logarithm.

» Theorem 1. Algorithm 1 returns an increasing tree of size n with the uniform distribution
on T, using

O(nlogn) bit operations and nlogn + O(n) random bits

in expectation. Thus the random bit complexity of the sampler matches the information-
theoretic lower bound up to an additive O(n) term, and its expected bit-operation cost is
optimal up to a constant factor.

Proof. Let t,, be the number of increasing trees of size n. By the known coefficient asymptotics
for increasing trees [3] and Stirling’s formula,

logt,, = log(n!)+nlog(1/p)+(8—1)logn+0O(1) = nlogn+n(log(1/p) —loge) + O(logn).

Any exact uniform sampler must use at least the Shannon entropy logt, random bits in
expectation. In particular, logt, = nlogn+O(n). So, once we have shown for our Algorithm
to perform within this consumption, we have justified the optimality claim.

Dyadic floating-point numbers and adaptive precision. All inexact quantities manipulated
by the sampler (oracle bounds, acceptance thresholds, proposal windows, etc.) are
represented as signed dyadic floating-point numbers. Crucially, the sampler only compares
ratios of coeflicients at a fixed size, so any common factor such as p~"™ cancels and is never
explicitly formed. In addition, the working precision is chosen locally with the current
subproblem size: when the sampler is called on a subtree of size s, all oracle queries and
interval computations in that call are performed with mantissa length

p(s) := [em log s] = O(log s),

where ¢, > 0 is chosen so that certified relative widths of order O(s~™) are maintained
under a constant number of arithmetic operations using directed rounding.

Bernoulli sampling from bounds. Algorithm 2 samples B ~ Bernoulli(p*) from dyadic
bounds p< p* < p and triggers the exact fallback only when the uniform draw falls in
the residual region of mass at most p — p. In our setting, directed interval arithmetic
yields p — p = O(s™™) at size s, so the fallback probability is O(s™™); see [4, Sec. 4.2]
and [11, 10].

Bit complexity of arithmetic. Let My (p) denote the bit complexity of multiplying two
p-bit integers. (Addition/subtraction costs O(p).) A constant number of floating-point
operations on p-bit mantissas (add, multiply, divide, comparison, normalization, and
directed rounding) costs

O(Mx«(p)) bit operations.
With schoolbook multiplication My (p) = O(p?), hence
My (p(s)) = O(log” s).

Oracle queries. By construction of the oracle in Section 4, one query at size s returns
dyadic bounds with relative width O(s~™) using O(Mx (p(s))) bit operations.

Fallbacks. Each invocation of Algorithm 2 triggers the exact fallback with probability
O(s™™) at subproblem size s. If fallback occurs, the exact values needed for that decision
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can be computed in O(s* log? s) bit operations by the analysis of the classical recursive
method in [9]. Hence the expected fallback overhead of one invocation is

O(s™™) - O(s*1log® 5) = O(s* ™ log? s).

For m > 5, this is O (%) and therefore gets absorbed by the O(log2 s) bit cost of the
interval arithmetic performed in the call.

Toll per call. Let toll(s) denote the expected work performed at the root of a call on
size s (i.e., sampling the arity and sampling the child sizes, excluding recursive calls
to smaller subtrees). Since d is constant, SAMPLEARITY performs O(1) oracle queries
and O(1) interval operations at precision p(s). Similarly, each call to NEXTCHILDSIZE
performs O(1) oracle queries and O(1) interval operations at precision p(s), and it calls
INTERVALBERNOULLI a constant number of times with p(s)-bit dyadic parameters; the
expected number of proposals is O(1) (by the constant acceptance probability established
in the analysis of the envelope). Therefore,

toll(s) = O(Mx(p(s))) = O(log? s).

Label filling cost. Generating a uniform random permutation of {1,...,n} can be done

with nlogn + O(n) random bits and O(nlogn) bit operations (e.g. MergeShuffle [1]).
Given the sampled shape, we first compute all subtree sizes by one postorder traversal.

The permutation-driven recursive split then assigns labels using O(1) work per vertex on
O(logn)-bit indices, hence it costs O(nlogn) bit operations overall.

Let F,, denote the expected number of bit operations needed to sample the shape of a uniform
increasing tree of size n (Algorithm 1 without the final permutation/label-filling step). Then
F, satisfies a recurrence of the form

s—1
Fy = toll(s) + Y wak Fr, 3)
k=1

where w; j; is the expected number of recursive calls on size k issued by a call on size s. Let
A be the arity of the root and K the size of a (distinguished) child subtree,

ws = E[#{children of size k}] = Z P(A=a)aP(K =k | A=a).
a€ld]

Using the standard recursive decomposition for increasing trees, this yields

a (a—1)
¢a ti—)l s— 1Y\ tk ts—l—k: s—1 tr (a—1)
Ws,k = E a ‘. k tT = k E E apaty 1y (4)
a€ld] s—1 a€ld]

In our setting, (wsy ) admits a shape function w(x), in the sense of Roura’s continuous
recursive definitions [20, Def. 3.1.], given by
d 1,

w(z) = dilxﬁf , xz € (0,1),

and the recurrence (3) falls under the scope of Roura’s Continuous Master Theorem |20,
Thm. 3.3, case (3)]. With toll(s) = O(log? s) (a = 0, ¢ = 2 in Roura’s notation) and

! d
@(z):/o w(z) z dz:m,

8:9
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we have 1 — ¢(0) =1 —d < 0, and the unique solution of p(«) =1 is @ = 1. Hence,
F, = 0(n). ()

By (2), the number of random bits used to sample the shape is also O(n) in expectation.
Combining F;,, = O(n) for the shape phase with the label-filling cost yields O(nlogn) bit

operations in expectation. The random bits are O(n) for shape sampling plus nlogn + O(n)

for the permutation, hence nlogn + O(n) in expectation. |

4 The oracle for coefficient estimates

4.1 Definition and theoretical framework

In this section we will present the oracle that is used in the sampling algorithms in Section 2.
We start with the definition.

» Definition 2 (Coefficient approximation oracle). As in Section 2, let @ = [2"]To(2)%, where
To(z) is given by (1). A coefficient approximation oracle is a procedure O that takes as
input integers n,m > 1 and an integer a € {1,...,d} anchturns two nonnegative rational

numbers (technically these are dyadic numbers) t%a) and tS;’) such that

t) <t <)

7

and the relative length of the bounding interval is polynomially small, i.e., there exists an
effectively computable constant C > 0, which is independent of n and a, such that

() __(a)
™o~ O (6)

7_7(ZLL) nm
Equivalently, we may define O to output bounds for the counting numbers t%a) = n!ﬂ(la); the
relative precision is unchanged.

We will construct the oracle upon the Puiseux expansion of T'(z) at its dominant singularity
p. But we have to require a certain condition to make it work. Before we start, we recall the
singular behaviour of Ty(z). The first part of the following theorem is a well-known result
from [3].

» Theorem 3. Assume that ¢(z) is a polynomial of degree d > 2 with ¢4 > 0 and ¢o > 0.
Let To(z) denote the solution of (1) defined locally near 0 and p > 0 its dominant singularity,
then

To(2) ~ ((d = 1)ga(p — 2)) "4V

In particular, p is a pole if d = 2 and an algebraic branch point of order d — 1 otherwise.
If T(2) is an analytic continuation of Ty(z) and zo € C one of its singular points, then
the analogous formula holds (with p replaced by z).

Proof. As ¢(z) is Lipschitz continuous near every z € C, the existence and uniqueness theorem
of Picard-Lindelof implies that T'(z) can only be singular at some zq if lim,_,,, T'(z) = cc.
But then we have

1 [ T() 20 B
ar = Tt [ et = et

which implies the assertion. <
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Under a convergence condition on the Puiseux series of Ty(z) around p, we can exploit
the coefficients of the Puiseux expansion for our oracle, as the next two Propositions show.

» Proposition 4. Let
z

c;i|(1——
o (1-2

be the Puiseur expansion of To(z) around its dominant singularity p. Moreover, assume that
the function

G(u) = chuj (7)

Jj=0

>(j1)/(d1)

is analytic at 0 and the series has radius of convergence Rg > 1. Then, for every n > 0 we
have

M To(2) = p" ch (ff) (—1)". where (Z) _ ala—1)(a—n+ 1)'

n!
j=0

Proof. We are here in the setting of Weierstral’s double-series theorem, see [18, p. 83,
Theorem 3]. Indeed, we have a series

- 2\ V@D u) — ¢
T =T - (1-2) = CZ0 S

J=1

. \G=D/(d-1)
with f;(2) = ¢; (1 - ;)

(uniformly and absolutely) for |z| < p. If the series T(z) converges uniformly in a domain of

. The functions f;(z) are binomial series and thus converge

the form |z| < p1 < p, then Weierstraf’s double-series theorem implies the claim.
As fj(z) = cju/ ™! and Rg > 1, the series T'(z) converges uniformly for

1/(d—-1)

z
|u|‘1 <1+ece,
p

provided that ¢ is sufficiently small. So, we indeed have uniform convergence of T(z) for
|z| <ep < p. <

This fact shows that we can express the coefficient [2"]Ty(z) as a sum using only the
Puiseux coefficients of the expansion at p. This insinuates that we can use the truncated
sum to approximate [2"|Tp(z) to arbitrary presision. The next proposition shows that we
can indeed do that effectively.

» Proposition 5. Let G(u) be the function given in (7) and assume it has radius of convergence
Rg > 1. Fiz an integer K > 0 and let J be the smallest integer such that

J > {K;l—‘ and % ¢ N.

Set
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Then, there exist constants C' and Dy such that for sufficiently small n > 0 the inequality
["To(2) = Sy ()| < Cxp™"n™ "1 + D (L+9)""p™"

holds for all n > 15. The inequality is true with
2M

P(LH)
_ 24gL  _\d7!
CK—TJ_H 1+297a-1 -

where M := sup,,|—, |G(u)| and some 0 <1 < Rg.

Under the assumption Rg > 24~V the assertion is true for Cx as given above with
r =2, Dg = 2Mr=7=1(2+n)7/4=Y and any n satisfying 0 < n < Rg — 21/4=1),

Proof. First, note that u = (1 — z/p)*/(@~1). By our assumption that G(u) is analytic in
|u| < Rg and Rg > 1, the Puiseux series of Ty(z) converges in the domain

D:={zeC|[1-2z/p|<(Rg—e)"'and z—p¢R}

for some sufficiently small ¢ > 0. In this domain we apparently have |u| < Rg — €.
This implies Ty(2) = (1 — z/p)"/@=DVG (1 - 2/p) for 2 € D. Now, let r := Rg — ¢ and
M := supy,|_, |G(u)|. Then, by Cauchy’s estimate, we get |¢;| < Mr~7. Next, consider
D' :={zeD| |ul <r/2}. For z € D' (resp. u in the disk with radius r/2) we obtain for
any L > 0 the bound

> ! | <D MroIuff < aMy Dl L (8)
j>L j>L

Consider the function

J 2\ U—D/(d-1) 2\ (GD/(d=1)

j=0 Jj>J
which is well-defined if z is sufficiently close to p, and apply (8) to it. This yields

p J/(d—1)
1-= ) for z € D'. 9)

|R(z)| < oM~ I+
p

Next, we follow the proof of the big-O transfer theorem (see [15]). Henceforth, choose the
classical contour (keyhole contour complemented by a circular arc, see [16, p. 390]) such that
the boundary points of the major circular arc still lie in D’. The contour consists of the inner
arc 1 of radius 1/n and centered at p, the rectilinear parts, 72 and its complex conjugate,
and the outer arc 73 of radius p(1 + n), with 7 sufficiently small, and centered at 0. We use

2mi pntl 2mi /., pntl

[w%@—vmww-l/uummm+l Tow) = P() 4, (10)

As both the inner arc and the rectilinear parts lie entirely in D', the bound (9) is applicable.
For the inner arc ~; this gives

oMp—J1 . .
dv‘ < ( Tl)n+1n_f1—]1_1 < 2M7‘7J71n_d%1_1p7”
1

n

1
21

R(v)
Y1 anrl
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where the last inequality holds for n > 15. For the rectilinear parts, we have v = 1 + te'? /n,
with the chosen 0 < ¢ < 7/2 of the keyhole contour, and where the integration goes from
t =1 tot = En such that 1 + tF is a boundary point of the outer arc.

R(’U) 2M 7 & J
do| < n-d-1 wa-1
2UT3 vn+1 — 7.‘-,ru]qtlpn 1

2U72
2M __J__q © J _w
< —55n 77 wa-Te 2 dw
mrdtpn 0

J/(d—1)+2 J
) 9J/(d=1)+2 gy (ﬁ"_l) e
— 7T7=J+1pn n

1 weid |7

2

dw

1+
n

Altogether, we obtain herewith the desired bound with

= +2 J
_em (o 2T (d—l + 1)
oAl + T

Ck

as claimed.

Let us turn to the outer arc v3. Here |z| = p(1 + n) and arg(z) > ¢ for some fixed ¢ > 0.
R(z) does not converge for all z € 3 except if the circle |z| = p lies entirely inside the
convergence domain of G(u). This is equivalent to Rg > 21/~ In this case we can rely
on (9) for the outer arc as well and get the claimed upper bound.

In the general case we must use a generic bound for the analytic continuation T'(z) of
To(z) instead of (9). As -3 is compact and lies in the analyticity domain of T'(z), there is a
constant C' such that |T'(z)| < C for z € v3. Moreover, the length of the integration contour
is 27, which cancels out with the prefactor of the Cauchy integral. Thus, we obtain

T(v) ‘ C
dv| < ——m——.
/73 vn+1 (]_ +77)npn

1
2

A similar computation for P(z) yields

1

2w

T

1T EEey A

Finally, the missing coefficient in (10) can be evaluated exactly as [z"|P(z) = Sj(n). As
we know the behaviour of Ty(z) near p, we infer that ¥ satisfies an asymptotic relation
of the form 7\ = [2"](To(2))® < p~"n®/@=D=1  Choosing K large enough and then M

accordingly, we can achieve a relative error of desired order by a similar computation. <

P@) ‘ (2Tt

n+1
3 v

We close this section with a few remarks: Proposition 5 is the base of the oracle. The
constant K governs the desired accuracy and from this we derive the explicitly computable
constants Cx and Dy that bound the error term of the coefficient approximation. It only

depends on the chosen accuracy parameter J and the numerically approximable constant M.

The drawback of this proposition is that so far we have no control on the constants Dg and
n except under the condition Rg > p + p?. The reason is that n depends on the location of
the subordinate singularities of T'(z) and C on a general bound for T'(z). It is reasonable to
believe that this bound is closely related to the local bound of the analytic continuation T'(z2)
near p that is given in Theorem 3 and which would give ((d — 1)¢4n)~*/(@=1D. Moreover,
the unknown term decays exponentially such that we can expect that for practical purposes
doubling C'x will do the job, even if Rg < p + p?.
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4.2 Applying the oracle — an example

Consider the class of increasing trees with degree polynomial ¢(t) = (t 4 1)%(¢* 4 2). We can
compute p via the functional inverse

|
F(w) = /0 o) dv
of To(z) by

11 ™2
= lim F =—-+4+-log2— ——.
p=Jim F(w)=3+glog2— =5
Moreover, after the variable transformation from z to u, the Puiseux expansion at p becomes

G(u) = uT(p(1 — u?)) and the differential equation (1) translates to

G
D(G(u), ) = uG(w) — G(w) — (d — Dpulg (“‘)) 0,
u
where in our case d = 4.
We are first interested in the coefficients of the Puiseux expansion of Ty(z) at p. To get
them, note that by Theorem 3 we must have ¢o = ((d — 1)ppq) /(4= = (3p)~1/3. Next,
consider the function

n—1
Gn(u) = chuj + zu”.
j=0
An easy calculation shows

[u™Gp(u) = <n+ % - 1) T+ =Mn+3)r+n,
where 7,, depends only on ¢y, ...,c,—1. This gives the recursion ¢, = —n,,/(n + 3) for the
desired coefficients.

Note that F'(w) can be analytically continued to complex w and has singularities exactly
at the zeros ai,...,aq of ¢(t). These singularities are either logarithmic or a sum of a
logarithmic and polar singularity. In particular, this means that F(w) is multivalued, like
T(z). Hence, the actual value of F(T'(z)) depends on the chosen branches and equals z + A,
where A\ € A = {aw; + bwa + cws | a,b,c € Z} with w;/(27i) being the residues of 1/¢(t)
at the double pole at a; = —1 and the simple poles at as = iv/2 and a3 = —iv/2. An easy
calculation yields

473 ™2  2m ™2  2mi
W] = — Wy = ——— — — Wy = —— —.
1 ) 2 ) 3 18 9
As the only possible singularities of T'(z) can be at p + A with A € A, there is no singularity
closer to p than p + \* where A* is the element of minimal modulus in A, which is A\* =

V2/9 = w3 — wy. Thus

1/3 A\ /3
= () ~ 1.19824503.
p

p

R(;Z’1

As Rg > 1 Proposition 5 is applicable. However, we have R < 2'/3 &~ 1.25992 and so we
do not have explicit multiplicative constants for the exponentially decaying error term.
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5 Conclusion

In this work, we presented an efficient sampling algorithm that is of hybrid nature, defaulting
to the exact computation of the coefficients only in rare cases, and otherwise queries an
oracle for coefficient estimates of adjustable precision. The use of the oracle avoids expensive
pre-computations. In the bit-complexity model, the sampler runs in expected O(nlogn)
bit operations. And its expected random-bit consumption is nlogn + O(n), matching the
Shannon-entropy lower bound up to lower order terms.

The oracle uses the singular structure of the generating function Ty(z) of the model. In
Theorem 3, we may take T'(z) to be the complete analytic continuation of Ty(z) (in the
usual sense of analytic continuation along paths, see [8, Ch. IX, Def. 2.7]), which is defined
on the maximal Riemann surface S such that (i) T'(z) is analytic on S and (ii) for all z
in the analyticity domain of the power series Ty(z) we have Tp(z) = T(2). In view of this,
Theorem 3 has some implications on the geometry of T'(z) near p and the distribution of
singularities: At p the Riemann surface branches into d — 1 sheets and the Puiseux expansion
can be seen on a power series in u = (1 — z/p)*/(4=1 where the transformation from z to u
maps the d — 1 sheets into a single one. It can be shown that the singularities of 7'(z) on
the principal sheet form a lattice and so, the d — 1 sheets altogether yield a discrete set of
singularities. The one closest to p determines the domain of convergence of the Puiseux series
and it can be shown that there is only a finite number of points to check in order to find out
whether this domain is large enough for the oracle to work in the sense that the constants
involved in the error terms are effectively computable. So far, we have no characterization of
the polynomials ¢(t) for which the domain of convergence of the Puiseux series is sufficiently
large to guarantee effectively computable estimates for the exponential error term. But if
the domain is too small, it affects only the exponentially small error term such that we can
expect the output to still be useful in practice.

We expect that the algorithms are of much wider applicability. An extension to more
general varieties of increasing trees, where ¢(t) an entire function should be rather straight-
forward. This would at least cover classical varieties like recursive trees. In a similar way,
we expect that the sampling algorithm (and to some extent the oracle) can be adapted to
other frameworks, like certain classes of simply generated trees, or even classes with analytic
perturbations, like Otter trees [19]. All this is ongoing research.
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