THE WIDTH OF GALTON-WATSON TREES CONDITIONED BY THE SIZE

MICHAEL DRMOTA* AND BERNHARD GITTENBERGER*

ABSTRACT. It is proved that the moments of the width of Galton-Watson trees of size n and
with offspring variance o2 are asymptotically given by (o0v/n)Pmy where my are the moments
of the maximum of the local time of a standard scaled Brownian excursion. This is done by
combining a weak limit theorem and a tightness estimate. The method is quite general and we
state some further applications.

1. INTRODUCTION

In this paper we are considering rooted trees which are family trees of a Galton-Watson branch-
ing process conditioned to have total progeny n. These trees are also called simply generated trees
(see [35]). Without loss of generality we may assume that the offspring distribution & is given by

(1)

chpk
(1)’
where (¢g; k > 0) is a sequence of non-negative numbers such that ¢ > 0 and @(t) = >, o, @rt”
has a positive or infinite radius of convergence R and 7 is an arbitrary positive number within the
circle of convergence of p(t). These conditions in particular imply that all moments of ¢ exist and
that 7 < R. Due to conditioning on the total progeny and finiteness of moments it is no restriction
if we confine ourselves to studying only the critical case, that is, E£ = 1 which equivalently means
that 7 satisfies 7¢'(7) = ¢(7). The variance of £ can also be expressed in terms of ¢(t) and is
given by

P{¢=k}=

2.1
0_2 — TP (T) ) (2)
o(7)
Note that the offspring distribution (1) can be interpreted as assigning weights to all trees

defined by
w(T) = H sDZJC(T)
k>0
for a tree T having n nodes, ny of which have out-degree k, k > 0. Denote by |T'| the number of
nodes of such a tree and let a,, be the (weighted) number of all trees with n nodes, i.e.

apn = Z w(T).
T:|T|=n
Then the corresponding generating function a(z) = >, -, an2™ satisfies the functional equation
a(z) = z¢(a(z)). 3)

Denote by (L, (t),t > 0) the sequence of the generation sizes of a Galton-Watson tree the total
progeny of which is n. For non-integer ¢ we define L, (¢) by linear interpolation:

Ln(t) = ([t] + 1 =) Ln([t]) + (¢ = [t)) Ln([t] +1), t=0.
We are interested in the width of such a tree which is defined by

Wy, = max L, (t).
>0
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This quantity attracted the interest of many authors. First, Odlyzko and Wilf [37] became
interested in this tree parameter when studying the bandwidth

8r) =mjn (w170 - £(0))

o \(wv)ek(

of a tree T', where f is an assignment of distinct integers to the vertices of the tree. They showed
for a tree with n vertices and height h(T') and width w(7T) that

n—1
m < B(T) <2w(T) -1

and furthermore they showed that there exist positive constants c¢; and co such that the estimate

c1vn < Ew, < cay/nlogn (4)

holds. The exact order of magnitude was left as an open problem. Aldous conjectured [1, Conj. 4]
that L,, (suitably normalized) converges to Brownian excursion local time. This was first proved
in [15], later by different methods by Kersting [29] and Pitman [38]. More precisely, set

o2 (24

and
1

.1
[(t) = lim z Tt 1) (W(s)) ds,
0
where (W (s),0 < s < 1) is the standard scaled Brownian excursion. [(¢) is the local time (at time
1 and level t) of the normalized Brownian excursion. Then the above described limit theorem reads

as follows:

Theorem 1 ([15]). Let ¢(t) be the GF of a family of random trees. Assume that ¢(t) has a
positive or infinite radius of convergence R. Furthermore suppose that the equation tp'(t) = ¢(t)
has a minimal positive solution T < R. Then we have

(In(t),t > 0) = (I(t),t > 0)
in C[0,0), as n — oo.

Partial results go back to [9, 22, 27, 34, 41]. The density of the finite dimensional distributions
of [ was computed in [25]. A consequence of Theorem 1 is the following result which was proved
directly by Takécs [40].

Corollary 1 ([15]). Under the assumptions of Theorem 1 we have

supl, (1) - supl(t).
>0 >0

Thus this suggests (but does not imply) /n as correct order of magnitude in (4).

B

Note that the maximum of local time is well studied (cf. [28, 8, 18, 3, 34]). We have sup,~ (t)
2supg<;<1 W (t), moreover it is theta-distributed, i.e.,

P{ sup I(t) < m} =1- 2Z(x2k2 - 1)e‘w2k2/2, x>0,
0<t<1 1

and
: P
E | (swi)] | =2"2pp-1r (2) o).
t>0 2
The purpose of this paper is to show that, in addition to the weak limit theorem above, we
have a moment convergence theorem of sup;s ln(t) to sup;sq(t), too. We formulate it in terms
of the width w,, = max;>q Ly (t) = (0/2)y/n sup,>q ln(t).
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Theorem 2. Suppose that there exists a minimal positive solution T < R of t¢'(t) = p(t). Then
the width w, satisfies

E (w}) = 0”27 p(p— T (£) ¢(p) - n/2 - (1 + 0(1))

It should be further mentioned that Chassaing and Marckert [6] used the relation of parking
functions and rooted trees as well as the strong convergence theorem of Komlos, Major and
Tusnady [33] to derive tight bounds for the moments of the width for Cayley trees. They showed
(here and throughout the whole paper, a < b denotes a < C'b for some positive constant C)

Theorem 3 ([6]). If p(t) =€ and p > 1, then

= () = o) |- () -megwor
_ —su = — su
U\/ﬁ 2 tzlg U\/ﬁ tzlg
Remark. In fact, Chassaing and Marckert [6] showed an even stronger result: In some probability
space there exist a sequence of copies of w,, and a sequence of theta-distributed random variables

D,, such that for any p > 1

< n"P*logn.

2wy,
ovn

where the O-constant depends on p.

Dy,

Y Ny

p

Recently, Chassaing, Marckert, and Yor [7] have used Theorems 1 and 3 in conjunction with
results of Aldous [1] to obtain a weak limit theorem (without moments) for the joint law of height
and width of simply generated trees. (For binary trees they present an elementary proof, too.)

2. PLAN OF THE PROOF OF THEOREM 2

In view of Corollary 1 the result of Theorem 2 is not unexpected. Nevertheless, it does not
follow directly from Corollary 1 since convergence of moments is not automatically transfered via
weak convergence (from Theorem 1).

In order to prove Theorem 2 we actually use the result of Theorem 1, that is, the normalized
profile of Galton-Watson trees converges weakly to Brownian excursion local time: (I, (¢),¢t >
0) - (I(t),t > 0). However, we need some additional considerations: In [17] (see also [14])
Drmota and Marckert introduced the notion of so-called polynomial convergence (that is inspired
by the notion of uniform integrability). The key property for our purposes is the following one.
It generalizes the results of [17] (see also [14, Theorem 3.7]) that only apply for processes with
compact support.

Theorem 4. Let x,, be a sequence of stochastic processes in C[0,00) which converges weakly to
x. Assume that for any choice of fixed positive integers p and d there exist positive constants
o, C1,C2,C3 such that

sup E |z, ()P < coe " for all t > 0, (5)
n>0
and
SUp E |2, (t + 5) — 2, (t)[* < coe™ s for all s,t > 0. (6)

n>0
Then x,, is polynomially convergent to x, that is, for every continuous functional F : C[0,00) — R
of polynomial growth (i.e. |F(y)| < (1 + |lylloo)” for some r > 0) we have

lim E F(z,) = EF(x).

We will show that I, satisfies the assumptions (5) and (6) of Theorem 4 and thus taking
F(z) = ||z||%, yields immediately Theorem 2.

The next section is devoted to the proof of Theorem 4. In sections 4 and 5 we prove (5) and
(6). Finally in section 6 we provide some further applications of Theorem 4.
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3. PROOF OF THEOREM 4
Let us start with the following two observations.
Lemma 1. Suppose that x,, satisfies (5). Then for every p > 0 we have
E sup|z,(j)P <1
JeEN
uniformly for all n.
Proof. Since E |z, (t)|PT! < e~!, uniformly in n, we have
P {auplen(i) = 4} <3P {lan()] 2 4)
JEN >0

1
S i Z E |z, ()P by Markov’s inequality

i=0
1 e 1
R J R
Sapi ;6 < 2
J1Z

Thus it follows that

e 1
E (s w(P 1 A1 dA < 1.
(]sglgbc (DI ) < +p/1 1 A<

Lemma 2. Suppose that x,, satisfies (6). Then, for fixred p we have

E ( sup |z, (s) xn(t)|p> < 6P/,
ls—t|<o

uniformly for § with 0 < d <1 and for all n.

Proof. First we prove that for every integer d > 1 there exists a constant K > 0 such that for
e>0and 0<d <1

6d71
P sup |5En(8) - xn(t)‘ Z er < K 2d * (7)
[s—t|<é 2
Arguing as in [5, pp. 95] guarantees that there exists a constant K; > 0 such that for all m >0
5d71
P sup ‘xn(s) - xn(t” >ep < Kiem®s™m od *
[s—t|<8,m<s,t<m+2 €
Thus
> §d—1 5d_1
P n(s) —zn(t)| = < Kiem " —r < K——
=012 < 3 Rt < 2
for some constant K > 0.
Set
Z = sup |xn(s) — xn(t)|
|s—t|<o
Then by applying (7) it follows that (if 2d > p+ 1)
o
E 7P :p/ PTIP[Z > 2] dz
0
(K5)td=1/d 0o
:p/ P7IP[Z > 2] dz +p/ P7IP[Z > 2] dz
0 (K&§)(@-1)/d
<(K5)p(d71)/d+pK5d71 /00 LPp—1=2d g,
o (K&)(d=1)/d

<<5p(d—1)/d S 517/27
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which proves the Lemma. ([l

The proof of Theorem 4 is now an easy task. Note that the results of Lemma 1 and 2 in
conjunction with the triangular inequality imply

supE (sup |xn(t)|T> < oo for all r > 0.
n>0 t>0
Thus, if F' is a continuous functional of polynomial growth we have for any ¢ > 0

‘1+6

supE |F(x,,) < 00.
n>0

By continuity of F' we also obtain F(z,) — F(z) and finally, by Billingsley [4, p. 338] it directly
follows that

lim E F(z,) =EF(z)

n—oo

as desired. O

4. MOMENTS FOR THE PROFILE OF GALTON-WATSON TREES
We start with a lemma on the growth of coeflicients of powers of certain generating functions.

Lemma 3. Let zg # 0 and A = {z : |z| < zo+n, |arg(z—20)| > ¥}, wheren >0 and 0 < ¥ < 7/2.
Suppose that f(z) and g(z) are analytic functions in A which satisfy

), z €A,
g(z)zl—D,/l—i+0<’1—i), 2 e A,
20 20

for some positive constants C, D. Then for any fixed £ there exists a constant C' > 0 such that

20

If(2)| <exp (-C ‘1 _*

o SE (=i
gy =0 )

uniformly for all r,m > 0 (where [2"|F(z) denotes the coefficient of 2™ of the function F(z)).

Proof. The only difference to [23, Lemma 3.5] is the factor 1/(1—g(2))*, but since its behavior in A
is known and [21, Theorem 3] is applicable, the proof is analogous to that of [23, Lemma 3.5]. O

By means of this lemma we can show

Lemma 4. For every fized integer p > 0 there exist positive constants cy and c¢1 such that

supE 1, ()P < cpe™ (8)
n>0

for allt > 0.

Proof. For technical simplicity we assume that g = ged{i > 1 : ¢; > 0} = 1. This assumption
ensures that the tree function a(z) defined by (3) has only one singularity zo = 1/¢'(7) on the
circle of convergence. If g = ged{i > 0 : ¢; > 0} > 1 then we can use the substitution 2 = 2/9
to get a(z) = xb(z) where b(z) is analytic with only one singularity on the circle of convergence.
Thus this case reduces to the case g = 1. The other possibility is to deal with the g singularities
20€*™/9 § =0,1,...,9 — 1, on the circle of convergence and add all contributions.

In particular, it is also well known that (if ¢ = 1) a(z) admits a representation of the following

kind
). o)

that is valid for |z| < zo + 1 and arg(z — z0) # 0, where > 0 is suitably small, compare with [35]
and [13].

a(z) =1 — V2 1—i+0(‘1—i
g

20 20
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In what follows we will need the local expansion of a(z) = z¢’(a(z)). From (9) we immediately

get
) (10)
for |z| < zo +n and arg(z — zo) # 0.
Due to (10) there exists a constant C' > 0 such that |a(z)| < exp (—C’\/|1 - z/zo|) for z € A

(with A from Lemma 3). Furthermore, it follows that

sup [a(2)] = 1, (11)
zEA

20 20

a(z)=1—-0V2 1Z+O(‘1Z

where we have to choose n > 0 and 0 < ¢ < 7/2 in a proper way. First, since the power
series of a(z) has only positive coefficients, we have max.|<., [a(z)] = 1. If we assume that
d=gcd{i >1:¢; >0} =1 it also follows that
max la(z)| < 1
|z[<z0,|z2—20|>¢
for every € > 0. Now, in the vicinity of the singularity zo, that is, for |z — zg| < € we can again use
(10) and get for z = zo(1 + te??)

o (14 te™)| = ‘1 — oVt =012 L 0 1)) (12)

where 6 > /2. Hence we have |a(z)] < 1 for |z — 20| < € and |arg(z — z0)| > 6. Finally, for
|z| < zo +m and |z — 29| > € we obtain the same inequality from (12) by a continuity argument
(for some sufficiently small > 0). This proves (11).

Now observe that by substituting r = [ty/n] in (8) we get

E L,(r)? < coe="/Vinp/2, (13)
Furthermore note that it suffices to show (13) for the pth factorial moment
E [Ly(r)], = ELn(r)(La(r) = 1) (Ln(r) =p+1)

instead of the pth moment, which we can easily express in terms of the proper coefficient of a
generating function. Indeed we have

B (L)), = ") (50 ) wuafe)

?
Qn

u=a(z)

where

yo(z,u) = u
yi+1(27 u) = Z‘P(yi(z7 u)), i > 0. (14)
In order to evaluate this coefficient we use Lemma 3 which translates the local behavior of the

function near its singularity into an asymptotic estimate for the coefficients.
By [24, p. 287, equ. (22)] we have

ON L vas — o atwiaiy [ Loe@ [
(55) wt . 0<<>| Ol ) (15)
From (11) we get
1—a(z)"
| T ag | <" (18)

Moreover a(z)? behaves like a constant near the singularity and «(z)” meets the condition in

Lemma 3. Hence the last factor in (15) is bounded by 7?~! and hence contributes a factor n(P—1)/2
to the order of magnitude of the pth factorial moment E [L,,(r)] - Applying Lemma 3, which yields

exp(—cir/+/n), and normalizing by a,, ~ 7/0z{'V2mn? we get the desired result. O
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5. QUANTITATIVE TIGHTNESS ESTIMATES

With help of Lemma 3 we can prove the following quantitative tightness estimate.

Lemma 5. For every fized positive integer d there exist constants ca, c3 such that for every s,t > 0

E |l (t+5) — L, (t)[* < cge™ s, (17)

Proof(Sketch). Observe that we can rewrite (17) as
E |Ly(r) — Ly (r + B)[*? < cpecm/Vipdnd/? (18)

which is quite similar to [15, Theorem 6.1]. From [15] it follows that

1
E |Ly(r) = La(r + W)™ = —["|Ho(2),
in which

o\ 2
) = (u3) (e a(2)
v u=1
and y(z,u) is given by (14).

Evaluation of this coefficient is again done by Lemma 3. By [15, Proposition 6.1] it is easy to
show that

d .
_ar (1—a()")
Hyp(2) = a(2) 2 GV T o= (19)
where G; ., (2) satisfy
max |Gya(2)| = O (1).
Eventually, an application of (16), with & instead of r, and Lemma 3 to (19) yields
By (d-3)/2
"o (:) = 0 ()
&)
and, thus, by a, ~ 7/02}v2mn3 the proof is complete. a

6. EXTENSIONS

6.1. Nodes of given degree. In [12] the number of nodes with fixed degree d in layers of random
trees was investigated. In this case also limit theorems like Theorem 1 and Corollary 1 hold. In
fact, we have

Theorem 5. Let led)(k:) denote the number of nodes with degree d in layer k in a random tree
of total progeny n. Furthermore, set for any t >0

2 2t
1D () = L@ [ =
n ( ) Ucd\/ﬁ n p \/E s
where cg = pq_ 171 /(7). Then we have

(1)

1D 51 and supl® (1) 5 sup(t)
>0 >0

(2)
E ((wﬁld))p) =E (iglgl(t))p (14 0(1)),

where w® = maxy>o lﬁ,fl)(k).
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Proof(Sketch).
Part 1 was proved in [12]. The proof of part 2 runs similarly to the proof of Theorem 2. The
only crucial point is to get estimates as in Lemma 4 and Lemma 5, namely

E Lﬁf) (r)P < 6167027"/\/577})/2
and o
E (ngﬂ (r) = LO(r + h)‘ < cremeer/Vipdpd/2, (20)

Both inequalities can be proved in a similar manner, so let us look at the second one (the first is
the easier one). The results in [12] imply

2d 9
(d) () — 1,(d) _ _Z @
E ‘Ln (T) Ln (T+h)‘ - can, [Z }H27‘/0',2}L/0'(Z)
with
(d) 9 . -1 d—1
HGDE) = (s ) wne2(u = Dgaayn (20~ = D al=)* +a(2))

yn(z,2(u™ = Dpa-1a(2)""" +a(2)))

u=1
and since the right-hand side of this equation can be expressed in a form similar to (19), we can
easily prove (20). O

6.2. Strata of random mappings. A random mapping of size n is an element of the set Fj, of all
mappings of a set with n elements into itself, where F), is equipped with the uniform distribution.
These mappings can be represented by functional digraphs consisting of components which are
cycles of trees, i.e., each component of this graph contains exactly one cycle and each vertex in
this cycle is the root of a tree in which each edge is directed towards the root.

The set of points in distance r from a cycle is called the rth stratum of a random mapping. This
parameter was previously studied in [2, 11, 16, 36, 39]. For general results on random mappings
and literature see [32, 20]. Let M,,(r) denote the number of nodes in the rth stratum of a random
mapping of size n. Then in [16] we proved

Theorem 6. Let B(t) denote reflecting Brownian bridge, i.e., a process on the interval [0, 1] which
is identical in law to |W(s) —sW (1)| (W (t) is the standard Brownian motion), and 1P (t) its local

time, i.e.,
1

L1
Z(B) (t) = ;]i]’(l) E I[t,t+6] (B(S)) ds.

0
Then we have

2

wmmzm=(ﬁ

in C[0,00), as n — oo. Thus we also have

sup my, (t) — sup 1B (¢). (21)
>0 >0

M, (2ty/n) ,t > 0> = (1B (1), t > 0)

Here again the corresponding moment convergence theorem is not a consequence of (21). How-
ever, as before we can show

Theorem 7. We have
E ((sup mn(t)>p) =E (supl(B)(t))p (1 + o(1)). (22)

t>0 t>0

Proof(Sketch). Again the crucial point is to get proper estimates. From [16] it is an easy exercise
to get

2n!
E My (r) = Mo (r + h)[*" = =2 (=" Hapon (2),
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in which

5\ 2 1
Hyn(2) = (“3_u> 1 —yr(z, uyn(z,u"ta(z)))

u=1
This function can be written in a form similar to (19) and thus we can easily prove

E | M, (r) — M, (r + h)[** < ¢e=c2"/Vipdnd/?

and then (22). The corresponding bound for the moments, obtained in the same way, carries out
even easier. 0

6.3. Height of random trees. The same method can be used to re-derive the analogue for the
height h,, of simply generated trees (see Flajolet and Odlyzko [19]).

Theorem 8. Suppose that there exists a minimal positive solution T < R of to'(t) = ¢(t). Then

E (h) = (@) P =11 (5) <o)t +0(1))

as n — oQ.

h,, is equal to the maximum of the traversal process T, (r), defined to be the distance between
the root and the rth node during preorder traversal of the tree. Obviously, the same holds when

we only traverse leaves (call the corresponding process T, (r)). It is well known (see [1]) that

1 w [ 2
(X,(t),t>0) = <ﬁTn(2tn)t > ()> — (;W(t)t > 0>
The height of leaves was investigated by several authors (see [30, 31, 26, 10, 23]. Here a similar
limit theorem holds: With X,,(¢) = T),(tn)/+/n we have (see [23])

(5 (2)r29) = (Bwen=s).

In addition, in [23] the tightness estimate

N A 1 €
P{|X,(s) — Xp(t)| > e} < Ca4|s =] exp ( Dm>
for some positive constants C' and D was shown. This can be used to derive moment estimates like
in Lemma 5 and then one proceeds as in the previous section to re-derive Flajolet and Odlyzko’s
[19] result on the moments of the height.

Finally, we want to mention that it is also possible to obtain the moments of the height of a
random mapping (this was done by Flajolet and Odlyzko [20]) by our method. One has to use the
weak limit theorem by Aldous and Pitman [2] and derive a tightness estimate in a similar fashion
as has been done in [16].
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