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Vorwort

Im Mai 2008 veranstaltete die Forschungsgruppe Differentialgeometrie und
Geometrische Strukturen des Institutes fiir Diskrete Mathematik und Geo-
metrie das 33. Siiddeutsche Differentialgeometriekolloquium. Diese Veran-
staltungsreihe, die geographisch nicht auf Stiddeutschland beschrankt ist,
soll vor allem auch jungen Kollegen die Moglichkeit zur Présentation ihrer
Forschungsergebnisse und zum Meinungsaustausch geben.

Die gehaltenene Vortrdge widmeten sich nebst numerischen Methoden zur
Minimalflichenberechnung, der Chern-Vermutung, speziellen Minimalflichen
und deren Konstruktion auch Fragestellungen aus dem Bereich der Parame-
trisierungen rationaler Drehflachen und den verallgemeinerten LN-Fléichen.
Auch der Starrheit gewisser nichtkonvexer Polyeder und dem Begriff der
konstanten Breite in der Mobius-Geometrie sowie Verallgemeinerungen der
Radon-Kurven und den Anwendungen lokaler geodétischer Abbildungen aus
Drehflichen konstanter Kriimmung zur Ubertragung und Visualisierung inzi-
denzgeometrischer Begriffe in nichteuklidischen Geometrien waren Vortrége
gewidmet. Die Frage nach architektonisch singuléren Plattformen mit zylin-
drischer Singularitdtenfliche wurde ebenso beantwortet.

Die Vielfalt der Themen ist ein Beleg dafiir, wie weit der Begriff Differenti-
algeometrie gefafit werden kann.

Am 21. November 2008 jéahrt sich zum 80. Mal der Geburtstag von Hein-
rich Brauner. Aus diesem Anlaf§ hat Hans Havlicek im Rahmen dieses Kol-
loquiums einen Vortrag mit sehr personlichen Erinnerungen gehalten. Das
wissenschaftliche Werk wie auch die hervorragenden Vortriage und Vorlesun-
gen Heinrich Brauners haben eine Vielzahl von Geometern, darunter viele
Teilnehmer des Kolloquiums nachhaltig gepréigt.

Fiir das 34. Siiddeutsche Differentialgeometriekolloquium im Jahr 2009 ist
Miinchen als Veranstaltungsort vorgesehen.

Hans Havlicek, Friedrich Manhart, Boris Odehnal






Proc. 33. Siiddeutsches Differentialgeometriekolloquium
Wien, 23. Mai 2008

pp. 1 —-13

ISBN 978-3-902233-04-2

Towards a Proof of the Chern
Conjecture for Isoparametric
Hypersurfaces in Spheres

MIKE SCHERFNER & SIMON WEISS

Abstract: We present the framework and a short history of the Chern con-
jecture for isoparametric hypersurfaces in spheres and its generalizations.
Main results will be presented and we summarize the progress for this topic.

1 Introduction

The Chern conjecture for isoparametric hypersurfaces in spheres can be
stated as follows:

Let M be a closed, minimally immersed hypersurface of the (n + 1)-
dimensional sphere S with constant scalar curvature. Then M is isopa-
rametric.

It was originally proposed in a less strong version by Chern in [11] and Chern,
do Carmo and Kobayashi in [12], in 1968 and 1970 respectively. So far, no
proof for the conjecture has been found, although partial results exist in
particular for low dimensions and with additional conditions for the curvature
functions of M. We will give an overview of these results and discuss several
possible generalizations of the Chern conjecture.

Its original version relates to the following theorem, first proved by Simons
[21]):
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Theorem 1.1. Let M C S be a closed, minimally immersed hypersurface
and S the squared norm of its second fundamental form. Then

/M(s _)S >0,

In particular, for S < n one has either S =0 or S = n identically on M.

Note that since M is minimally immersed S is constant if and only if the
scalar curvature k is constant. In this case it follows that S = 0 or S > n,
which led Chern to propose the following

Conjecture 1.2. Consider closed minimal hypersurfaces M C S™1 with
constant scalar curvature k. Then for each n the set of all possible values for
Kk (or equivalently S) is discrete.

The only known examples for minimal hypersurfaces with constant scalar
curvature in S"*! are isoparametric, i.e. all of their principal curvature func-
tions are constant. From the classification of isoparametric hypersurfaces in
spheres, given by Miinzner in [17], one obtains that S equals (¢ — 1)n, where
g is the number of pairwise distinct principal curvatures and can only take
the values 1, 2, 3, 4 or 6, which establishes the conjecture in this case. Based
on this, Verstraelen, Montiel, Ros and Urbano first formulated the stronger
version of the conjecture given initially (see [22]). Most of the later results
refer to this version.

2 Preliminaries

In the following we present the natural framework in order to attack the pro-
blem for the case n = 4, since the recent results are given for this dimension
and it is obvious how to generalize (or restrict) the equations given below.

Let M* be a 4-dimensional hypersurface in a unit sphere S°(1). We choose a
local orthonormal frame field {e;,...,e5} in S°(1), so that restricted to M?,
el,...,eq are tangent to M*. Let wy,...,ws denote the dual co-frame field
in S°(1). We use the following convention for the indices: A, B, C, D range
from 1 to 5 and 4, j, k from 1 to 4. The structure equations of S°(1) as a
hypersurface of the Euclidean space R® are given by



M. SCHERFNER & S. WEIss: Chern Conjecture 3

dwy = _ZWAB/\WBa wap +wpa =0,
B
1 _
dwap = —;WAC/\WCB+§§RABCDWC/\WD,

where R is the Riemannian curvature tensor
Rapep = 0acdpp — 0apdpe.

The contractions Rac = Y. Rapeop and R = 5. Rapap are the Ricci curva-
B AB

ture tensor and the scalar curvature of S°(1), respectively. Next, we restrict
all the tensors to M?. First of all, since ws = 0 on M*, >~ ws; Aw; = dws = 0.
i

By Cartan’s lemma we can write
Wsi = Z hijwi, hij = hy;. (1)
J

Here h = ) hjjw;w; denotes the second fundamental form of M 4 and the
1,J
principal curvatures \; are the eigenvalues of the matrix (h;;). Furthermore

the mean curvature is given by H = 23" h; = 23" \; and K = det(hy;) =

[T is the GauB-Kronecker curvature. On M* we have

dw; = — Zwij NWwj, Wi +wj; = 0,
J
1
du)ij = — ; Wik N\ Wij + 5 ; Rijklwk N wy,

where R is the Riemannian curvature tensor on M* with components satis-
fying

0 = Rim+ Riji-

These structure equations imply the following integrability condition (Gaufl
equation):
Rijii = (01050 — 0udjx) + (highji — hihjk).
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For the scalar curvature we have
k=124 16H*— S,

where S = >~ hZ; is the squared norm of h.
.3

If we consider minimal hypersurfaces, the Ricci curvature and scalar curva-
ture are given by, respectively,

Rij = 30i; — > haxhyr, (2)
k
k=12—-5. (3)

It follows from (3) that « is constant if and only if S is constant. The covariant
derivative Vi with components h;;;, is given by

Z hijrwy, = dhgj + Z hjrwir + Z hipwig. (4)
k k k

Then the exterior derivative of (2) together with the structure equations
yields the following Codazzi equation

hiji = hik; = Rjig. (5)

For any fixed point on M*, we can choose a local orthonormal frame
{e1,...,e4}, such that
hij — )\152]

We define the symmetric functions f3 and f; on M* as follows:

f3 1= Z hijhjehg; = Z XS, fai= Z hihiihiahi = Z AL (6)
ik i 1,5,k g
3 Results

The trivial case is given for n = 2. Here (under the premises of the conjecture)

A+ X =0, (7)
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AT+ A3 = const (8)

and we have \; = —\y = const.

The first partial result was achieved by Peng and Terng, who gave further
constraints for the possible values of S:

Theorem 3.1 (PENG, TERNG 1983 [18]). For every n > 3 there exists a
mazimal C(n) with the following property: Let M C S™ be a closed minimal
hypersurface with constant S > n. Then it follows that S > n + C(n) and
one has C(3) =3, C(n) > -

12n"

Since for isoparametric hypersurfaces the next highest possible value for S is
2n, they in particular proposed the following

Conjecture 3.2. C'(n) > n.

The originally shown inequality has since been improved considerably by
Yang and Cheng ([23],[24],[25]) to C(n) > 2n — 2 > in and, under the
additional assumption that the sum of cubes of the principal curvatures f3

. 13 4~ 2
is constant, C(n) > 3tn — 3 > 0.

The lowest dimension for which the Chern conjecture is non-trivial is n = 3.
In this case, a more general theorem has been proven:

Theorem 3.3 (ALMEIDA, BriTO 1990 [3]; CHANG 1993 [7]). Let M C S*
be a closed hypersurface with constant mean curvature H and constant scalar
curvature k. Then M s isoparametric.

Almeida and Brito initially showed this in [3] under the additional assumption
that k is non-negative. The approach of this proof has since been used to show
a number of other results (see below), and can be sketched as follows: Let YV
be the set of points where all principal curvatures are distinct. It is easy to
see that it is sufficient to proof that the principal curvatures are constant on
Y. One defines a three-form v on Y depending on the principal curvature
directions, which satisfies diy = F'vol for a non-negative function F'. Using
Stokes’ theorem and an estimate on the boundary of Y, one obtains F' = 0
from which the claim follows directly.
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Chang then completed the proof in [7] by showing that s is non-negative
under these assumptions. He proved this separately for manifolds with three
everywhere distinct principal curvatures and those where two principal cur-
vatures coincide in a point, in the former case generalizing a proof earlier
given by Peng and Terng in [19] for minimal hypersurfaces.

Instead of manifolds in low dimensions, one can also consider those with a
certain number g of pairwise different principal curvatures. Again, g = 3 is
the first non-trivial case, and one has the following result:

Theorem 3.4 (CHANG 1994 [9]). Let M C S™* be a closed hypersurface
with constant mean and scalar curvatures which has exactly three pairwise
distinct principal curvatures in every point. Then M is isoparametric.

For the case n = 4 a partial result has recently been proven under the
additional assumption that M is a Willmore hypersurface, i.e. a critical point
of the Willmore functional W (M) := [,, p" with p*> = S — nH?. For minimal
hypersurfaces with constant scalar curvature in spheres this has been shown
by Li in [14] to be equivalent to f3 = 0. This is the case for most minimal
isoparametric hypersurfaces of S°, which motivates the assumption. One has:

Theorem 3.5 (LUSALA, SCHERFNER, SOUSA JR. 2005 [16]). Let M C S°
be a closed minimal Willmore hypersurface with constant non-negative scalar
curvature. Then M is isoparametric.

The proof follows essentially the same approach as that of [3].

In fact, [16] claims that this is true even in the case of negative scalar curva-
ture. However, the proof as given there contains an incorrect step; namely,
an integral estimate is made to show that on the set Y of points with four di-
stinct principal curvatures one has x = 0. For this it is claimed that a certain
integral term goes to zero in the limit, which is not generally the case.

4 Generalizations

One obvious generalization is that on non-closed manifolds, i.e. a local version
of the conjecture. This has in particular been proposed by Bryant for the case
n=3:
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Conjecture 4.1. Let M C S* be a minimal hypersurface with constant scalar
curvature. Then M is isoparametric.

The following is a result of the proof of the (global) Chern conjecture in this
case:

Theorem 4.2 (CHANG 1993 [8]). Let M C S* be a minimal Hypersurface
with constant scalar curvature such that there is a point p € M in which two
principal curvatures coincide. Then M is isoparametric.

Another possible generalization is that on hypersurfaces of constant mean
curvature. It has already been mentioned that the proofs for the cases n = 3
and g = 3 remain valid under this more general assumption. One also has
the following inequalities in analogy to Theorem 1.1:

Theorem 4.3 (ALENCAR, DO CARMO 1994 [1]). There exist continous po-
sitive functions B, with B,(0) = n and the following property:

Let M C S™! be a closed hypersurface with constant mean curvature H. If
S=> "(\—H)* < B,(H),
then it follows that S = 0 or S = B,(H) identically on M.

Theorem 4.4 (Hou 1997 [13]). Let M C S™*! be a closed hypersurface with
constant mean curvature. If S < 2v/n — 1, then M 1is a hypersphere.

Note that in both cases there exist isoparametric hypersurfaces for which the
upper bounds are assumed, such that the inequalities are sharp.

A number of the results mentioned in section 3 can also be generalized to
hypersurfaces in Riemannian manifolds R"*! of constant curvature ¢ < 0; for
details see the second table in section 5 (note that it is sufficient to consider

ce{-1,0}).

One can also more generally ask what can be said about manifolds with other
combinations of constant curvature functions. For this one defines the r-th
mean curvature (or mean curvature of order r) o, as

1
n
o (T) S A

11<...<lp
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that is up to a factor as the r-th elementary symmetric polynomial of the
principal curvatures. Note that oy equals the mean curvature H, o, equals
the scalar curvature x up to additive and multiplicative constants (k = n(n—
1)(1 4 02)) and o,, equals the Gau-Kronecker curvature K.

The Chern conjecture can now be stated as follows: If 0; = 0 and oy are
constant, then so are all other o,.. This suggests the question for which other
combinations of indices such a statement is true. For hypersurfaces immersed
in certain manifolds there exists the following remarkable result:

Theorem 4.5 (BIVENS 1983 [6]). Let M be a compact hypersurface in R™
the hyperbolic space H"*' or the open half-sphere ST, If for some 1 <r <n
the two mean curvature functions o, and o..1 are constant, then M 1is a
geodesic hypersphere (and thus isoparametric).

For hypersurfaces in S*, Almeida and Brito proved the following using a
similar approach to that in [3]:

Theorem 4.6 (ALMEIDA, BRITO 1997 [4]). Let M C S* be a closed hyper-
surface with mean curvature H = oy, scalar curvature k = 12(1 + 09) and
Gauf-Kronecker curvature K = o3.

If k and K (or equivalently oo and o3) are constant with k > 0 (09 > —1),
then M s isoparametric.

If H und K # 0 (or equivalently o1 and o3 # 0) are constant with
HK 1> -1 (0103_1 > —1), then M is also isoparametric.

In [5] Almeida, Brito and Sousa recently claimed that this is the case even
without assuming the inequalities. However, the proof given there uses the
same incorrect argument as [16] (see above).

Lusala and Oliveira showed in [15] that if H and K = 0 are constant, H is
also zero. In this case there exist non-isoparametric examples ([2], see also

[20])-
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5 Summary

The table given below recapitulates the dimensions and additional conditions
for which the Chern conjecture and its generalizations for hypersurfaces of
constant mean curvature and non-closed hypersurfaces have been proven.

In the following, let S and B, be defined as in theorem 4.3 and let g be the
number of pairwise distinct principal curvatures as a function on M.

n Chern Conjecture Chern Conjecture | Chern Conjecture
(H #0) (locally)
2 | Yes Yes Yes
3 | Yes, [19], [§] Yes, [3], [7] If S <3, [12]
or g=2in p, [§]
4 |If f3=0,5<12,[16] |IfS < By(H), [1] If § <4, [12]
or f3 const., S < 2, [25] | or S < 2V/3, [13]
or S < 32 [25] or g =3, [9]
or g =3, (9] or M C S%, [6]
>4 | If fy const., If S < B,(H), [1] If S <n, [12]
S < 2n— 1 [25]
or S < 9n — 18 [25] or S <2vyn—1,[13]
or g = 3,[9] or g =3, [9]

or M C STt [6]
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For closed hypersurfaces in a Riemannian manifold R"*! of constant curva-
ture ¢ which have constant mean and scalar curvature, the equivalent of the
Chern conjecture can be proved in the following cases:

(analogous to [9])

([61)

(analogous to [9])

n c=0 Rl = Rt c=—1 R = H !
2 Yes* Yes* Yes* Yes*
3 Yes** Yes** If S<9H?—6 Yes
(analogous to [10]) | ([6],[10]) (13]) ([6])
>3 Ifg=3 Yes Ifg=3 Yes

([6])

x: Also true locally *x: Also true for complete hypersurfaces.

Finally, the following table gives the results that are known for closed hyper-
surfaces in S* with two constant mean curvature functions.

Constant o, Result
o1 o) isoparametric ([3],[7])
o1 o3 # 0 isoparametric if ojo5 ' > —1 ([4])
o1#0 | 03=0 does not occur ([15])
01 =0 | 03 = 0 | non-isoparametric examples ([2], [20])
o9 o3 isoparametric if oo > —1 ([4])




M. SCHERFNER & S. WEIss: Chern Conjecture 11

References

1]

H. ALENCAR, M. DO CARMO, Hypersurfaces with Constant Mean Curvature
in Spheres, Proc. Amer. Math. Soc., 120 (1994), 1223-1229.

S. ALMEIDA, F. BrITO, Minimal hypersurfaces of S* with constant Gauss-
Kronecker curvature, Math. Z., 195 (1987), 99-107.

S. ALMEIDA, F. BRrITO, Closed 3-dimensional hypersurfaces with constant
mean curvature and constant scalar curvature, Duke Math. J., 61 (1990),
195-206.

S. ALMEIDA, F. Brito, Closed hypersurfaces of S* with two constant sym-

metric curvatures, Annales de la Faculté des Sciences de Toulouse, 6 (1997),
187-202.

S. ALMEIDA, F. Brito, L.A.M. SousaA, JR., Closed Hypersurfaces of S*
with Two Constant Curvature Functions, Results in Math., 50 (2007), 17-26.

I. BIVENS, Integral formulas and hyperspheres in a simply connected space
form, Proc. Amer. Math. Soc., 88 (1983), 113-118.

S. CHANG, A closed hypersurface with constant scalar curvature and constant
mean curvature in S* is isoparametric, Comm. Anal. Geom., 1 (1993), 71-100.

S. CHANG, On minimal hypersurfaces with constant scalar curvature in S* |
J. Differential Geom., 37 (1993), 523-534.

S. CHANG, On closed hypersurfaces of constant scalar curvatures and mean
curvatures in S"T!, Pacific J. Math., 165 (1994), 67-76.

Q.-M. CHENG, Q.-R. WaN, Complete Hypersurfaces of R* with Constant
Mean Curvature, Monatshefte f. Math., 118 (1994), 171-204.

S.-S. CHERN, Minimal submanifolds in a Riemannian manifold, Mimeogra-
phed Lecture Note, Univ. of Kansas (1968).



12

Proc. 33. Siiddeutsches Differentialgeometriekolloquium

[12]

[13]

[17]

[18]

S.-S. CHERN, M. DO CARMO, S. KOBAYASHI, Minimal submanifolds in a

sphere with second fundamental form of constant length, Functional Analysis
and Related Fields (ed. F. Browder), Springer-Verlag, Berlin (1970).

7Z.H. Hou, Hypersurfaces in a Sphere with Constant Mean Curvature, Proc.
Amer. Math. Soc., 125 (1997), 1193-1196.

H. L1, Willmore hypersurfaces in a sphere, Asian J. Math., 5 (2001), 365-378.

T. LusaLa, A.G. OLIVEIRA, Closed hypersurfaces of S* with constant mean

curvature and zero Gauss-Kronecker curvature, C.R. Acad. Sci. Paris, Ser. I,
340 (2005), 437-440.

T. LusaLA, M. SCHERFNER, LL.A.M. SoUsA, JR., Closed minimal Willmo-

re hypersurfaces of S°(1) with constant scalar curvature, Asian J. Math., 9
(2005), 65-78.

H.F. MUNZNER, Isoparametrische Hyperflichen in Sphdren, Math. Ann., 251
(1980), 57-71.

C.-K. PeENG, C.-L. TERNG, Minimal hypersurfaces of spheres with constant
scalar curvature, Seminar on Minimal Submanifolds (ed. E. Bombieri), Ann.
of Math. Studies, 103 (1983), Princeton, NY, 179-198.

C.-K. PENG, C.-L. TERNG, The scalar curvature of minimal hypersurfaces
in spheres, Math. Ann., 266 (1983), 105-113.

J. RAMANATHAN, Minimal hypersurfaces of S* with wvanishing Gauss-
Kronecker curvature, Math. Z., 205 (1990), 645-658.

J. SIMON, Minimal varieties in Riemannian manifolds, Ann. of Math., 88
(1968), 65—-105.

L. VERSTRAELEN, Sectional curvature of minimal submanifolds, Procee-
dings Workshop on Differential Geometry (ed. S. Robertson et al.), Univ.
Southampton (1986), 48-62.

H. Yanag, Q.-M. CHENG, A note on the pinching constant of minimal hy-
persurfaces with constant scalar curvature in the unit sphere, Chinese Science

Bull., 36 (1991), 1-6.

H. YanG, Q.-M. CHENG, An estimate of the pinching constant of minimal
hypersurfaces with constant scalar curvature in the unit sphere, Manuscripta

Math., 84 (1994), pp. 89-100.



M. SCHERFNER & S. WEIss: Chern Conjecture 13

[25] H. YANG, Q.-M. CHENG, Chern’s conjecture on minimal hypersurfaces,
Math. Z., 227 (1998), 377-390.

Mike Scherfner, Simon WeiB

Faculty Il - Mathematics and Natural Science, Institute of Mathematics
Technische Universitat Berlin

StraBe des 17. Juni 136

10623 Berlin, Germany

{scherfner,weifl}@math.tu-berlin.de



Proc. 33. Stiddeutsches Differentialgeometriekolloquium
Wien, 23. Mai 2008

pp. 14 — 34

ISBN 978-3-902233-04-2

Erinnerungen an
Heinrich Brauner (1928-1990)

HANS HAVLICEK

Kurzfassung: Zur 80. Wiederkehr des Geburtstages von Heinrich
Brauner sollen FEigenschaften, Wesensmerkmale und Leistungen dieses
osterreichischen Geometers aufgezeigt werden. Dabei mochte ich zumindest
ein wenig von dem vermitteln, was aus meiner Sicht das Besondere dieses
auBergewohnlichen Wissenschaftlers und Menschen ausmachte. Mathematics
Subject Classification (2000): 01A70

1 Einleitung

In meinem Vortrag mochte ich einige Worte der personlichen Erinnerung an
meinen Lehrer,

Herrn O.Univ.Prof. Mag.rer.nat. Dr.phil. Dr.techn. Heinrich Brauner,

sprechen, dessen Geburtstag sich im Jahr 2008 zum achtzigsten Male jéhrt.
Zunéchst sei sein Lebensweg ganz kurz skizziert, wobei ich mich auf die
Angaben in [1] stiitze.

Heinrich Brauner wurde am 21. November 1928 in Wien geboren, wo er auch
das Realgymnasium besuchte. Von 1946 bis 1952 studierte er an der Univer-
sitdt Wien und der Technischen Hochschule Wien. Brauner legte die Lehr-
amtspriifungen fiir die Facher Mathematik, Physik und Darstellende Geo-
metrie und die erste Staatspriifung aus Technischer Physik ab. Er verfasste
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Abbildung 1: Festkolloquium 1988

zwei Dissertationen: Uber n+ 1 fache Orthogonalsysteme von Riemannschen
Hyperflichen der Klasse 1 im euklidischen Raum R™' bei Johann Radon
sowie Kongruente Verlagerung kollinearer Rdume in axiale Lage bei Walter
Wunderlich. Brauner wurde an der Universitdt Wien zum Doktor der Philo-
sophie und an der Technischen Hochschule Wien zum Doktor der Technischen
Wissenschaften promoviert.

Ab 1950 war Brauner im Schuldienst téitig und daneben ab 1951 teil-
beschéftigte wissenschaftliche Hilfskraft am 1. Institut fiir Geometrie der
Technischen Hochschule Wien. Erst 1954 konnte er ebendort eine Stelle als
vollbeschéftigter Hochschulassistent antreten.

Schon 1956 habilitierte sich Brauner an der Technischen Hochschule Wien
fiir das Fach Geometrie, insbesondere Darstellende Geometrie und im Jahr
darauf, in einem davon unabhéngigen Verfahren, an der Universitdt Wien fiir
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Abbildung 2: Festkolloquium 1988

das Fach Mathematik.

Im Jahre 1960 nahm er einen Ruf auf ein Ordinariat an der Technischen Hoch-
schule Stuttgart an. Ab 1969 war Brauner Ordentlicher Universitétsprofessor
fiir Geometrie an der Technischen Hochschule (Technischen Universitét) Wi-
en.

Brauner wurde im Jahr 1970 zum Honorarprofessor der Universitdt Wi-
en ernannt. Ferner war er ab 1972 korrespondierendes Mitglied der
Osterreichischen Akademie der Wissenschaften und in weiterer Folge Triger
des Ehrenkreuzes fiir Wissenschaft und Kunst I. Klasse.

Die Abbildungen 1 und 2 zeigen Brauner beim Festkolloquium, das aus An-
lass seines 60. Geburtstages am 21. Oktober 1988 am Institut fiir Geometrie
der Technischen Universitdt Wien stattfand. Er litt zu diesem Zeitpunkt be-
reits an Osteoporose. Brauner kiimpfte gegen diese sehr schmerzhafte Krank-
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heit mit unendlicher Geduld an und nahm seine Aufgaben am Institut bis
wenige Wochen vor seinem Ableben wahr. Heinrich Brauner erlag seinem
schweren Leiden am 1. Juni 1990.

2 Der Lehrer Heinrich Brauner: Es begann
mit einem Punktsack

Meine erste Begegnung mit Heinrich Brauner war im Wintersemester 1972 /73
in seiner Vorlesung Projektive Geometrie I fiir die erstjahrigen Lehramtskan-
didaten. Ich hatte keine Ahnung, was mich erwarten wiirde — weder inhaltlich
noch den Vortragenden betreffend. Brauner begann die erste Vorlesung und
brachte sogleich mein in der Schule erworbenes Bild der Geometrie kréftig ins
Wanken. Da kamen nédmlich ein Punktsack B und ein Geradensack & zum
Vorschein, gemeinsam mit einer Inzidenz genannten Teilmenge von P x &.
Dann wurden drei Axiome prisentiert, und fertig war die Definition einer
projektiven Ebene! Zur Abrundung gab es noch drei Modelle: Die projektiv
abgeschlossene Anschauungsebene, die Sieben-Punkte-Ebene von Fano und
das Biindelmodell der gewohnlichen projektiven Ebene, in dem zur allgemei-
nen Verwirrung iibliche Geraden als ,,Punkte und iibliche Ebenen als ,Ge-
raden zu bezeichnen waren. Kurz gesagt: Es versprach spannend zu werden.
Und es wurde spannend!

In den folgenden Jahren horte ich bei Brauner Vorlesungen iiber Differenti-
algeometrie, Hohere Differentialgeometrie, Liniengeometrie und Abbildungs-
verfahren der konstruktiven Geometrie. Als junger Assistent begleitete ich
ihn auch in die Vorlesungen iiber Darstellende Geometrie fiir Studierende
der Architektur, des Bauingenieurwesens und der Geodisie.

Leider gibt es nur ganz wenige Bilder aus Brauners Lehrveranstaltungen.
Das Foto in Abbildung 3 habe ich im Sommersemester 1982 in einer Vorle-
sung iiber Differentialgeometrie aufgenommen, die an der Technischen Uni-
versitit Wien stattfand. Zu sehen ist Brauner, wie er gerade den Hauptsatz
der Hyperflachentheorie beweist: Zwei Immersionen mit derselben ersten und
zweiten Fundamentalform sind bewegungsgleich. Im Wintersemester 1983 ent-
standen ebenfalls an der Technischen Universitidt Wien in einer der ersten
Vorlesungen iiber Differentialgeometrie jene beiden Aufnahmen, die in den
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Abbildung 3: Vorlesung iiber Differentialgeometrie 1982

Abbildungen 4 und 5 zu sehen sind: Brauner erklért hier, den Blick ins Un-
endliche gerichtet, was unter einer geometrischen Aussage tiber eine Kurve
zu verstehen sei.

Brauners Vorlesungen iiber Differentialgeometrie sind mir in bester Erin-
nerung. Sie fanden wéahrend meiner Studienzeit nicht an der Technischen
Hochschule Wien, sondern an der Universitdt Wien in den Rdumen des Prie-
sterseminars statt. Brauner setzte von Anfang an voraus, dass man Analysis
und Lineare Algebra schon gelernt hatte. Das fiihrte dazu, dass bereits in der
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Abbildung 4: Vorlesung iiber Differentialgeometrie 1983

zweiten Vorlesung deutlich weniger Horerinnen und Hoérer waren, als in der
ersten. So fand wenigstens ab diesem Zeitpunkt jeder einen Sitzplatz. Das war
auch gut so. Da es ndmlich kein Skriptum gab, mussten wir auf den kleinen,
an den Horsaalstiihlen angebrachten Klapptischchen all das mitschreiben,
was Brauner rasant auf der Tafel notierte.

Die Zielsetzung fiir diese Vorlesungen kann auch heute noch in der Einlei-
tung seines Lehrbuches der Differentialgeometrie nachgelesen werden. Dort
schreibt Brauner:

, Differentialgeometrie ist meines Erachtens ein Gebiet, das sich wegen
zahlreicher Querverbindungen zu anderen mathematischen Diszipli-
nen und seiner Bedeutung etwa fiir die theoretische Physik besonders
gut als Vorlesung fiir den zweiten Studienabschnitt einer Mathema-
tikerausbildung eignet.*

Wie ich zuvor schon andeutete, war Brauner in seinen Vorlesungen sehr ziigig
unterwegs. Langatmige Motivationen oder ausgedehnte Wiederholungen des
Stoffes waren ihm fremd. Dennoch war es einfach faszinierend und vor al-
lem lohnend, seine Vorlesungen zu besuchen. Mathematisch prézise Formu-
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Abbildung 5: Vorlesung iiber Differentialgeometrie 1983

lierungen und glasklare Definitionen, gepaart mit anschaulich-geometrischen
Erkldarungen und zahlreichen Handskizzen, bildeten die Basis seiner Vorlesun-
gen. Wer regelméflig seine Veranstaltungen besuchte, wusste immer, worum
es gerade ging.

Eine seiner besonderen Eigenarten war es, beim Fenster hinaus blickend zu
unterrichten. In solchen Augenblicken wussten wir Studenten: Jetzt ist er
voll bei der Sache; nichts und niemand kann ihn aufhalten. Aber gelegentlich
hielt Brauner von sich aus plotzlich inne, dachte wortlos nach, schiittelte
manchmal auch den Kopf, schwieg nochmals fiir einige Sekunden, um dann
im gewohnten Tempo weiterzumachen.

In seinen Lehrveranstaltungen konnte Brauner begeistern und mitreiflen.
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Einer meiner Studienkollegen wollte im Anschluss an ein Seminar im Stu-
dienjahr 1975/76 zum Thema Nichtdesarguessche Projektive Ebenen in sei-
ner Hausarbeit unbedingt das Problem der Existenz oder Nichtexistenz ei-
ner projektiven Ebene der Ordnung 10 16sen. Brauner, der um die extreme
Schwierigkeit der Fragestellung wusste, hat ihm mit Recht ein anderes Thema
vorgeschlagen. Das genannte Problem wurde iibrigens von Lam, Thiel und
Swiercz erst 1989 unter Einsatz des Computers gelost. Wir wissen seither,
dass es keine solche Ebene gibt.

Brauners Vortragsstil war in jeder Hinsicht brillant. Mit wenigen, treffen-
den Worten das Richtige zu sagen, das war eine seiner Stérken. Er sprach
laut, deutlich und in ganzen Sdtzen, die in vielen Fallen druckreif waren. Ich
erinnere mich an einen Artikel in einer Studentenzeitung aus den 1980er Jah-
ren. Dort wurde Brauner als der ,ungekréonte Meister des Schachtelsatzes*
bezeichnet. Dem habe ich nichts hinzuzufiigen.

Gelegentlich streute Brauner in seinen Unterricht aber auch launische Be-
merkungen ein. So erklérte er in einer Vorlesung iiber Differentialgeometrie
die kovariante Ableitung auf einer Fldche mit Hilfe von ,auf einer Fliche
lebenden Kiéfern®“ und bemerkte dabei verschmitzt:

,Nur differenzieren sollten die Kéfer schon kénnen.*
In einer Vorlesung direkt vor den Osterferien schrieb er zum Abschluss

Frohe O*

auf die Tafel, um dann wortlos schmunzelnd den Raum zu verlassen. In
seinen Vorlesungen fiir Ingenieurstudenten betonte er zur Illustration eines
rdumlichen Rechtssystems immer wieder nachdriicklich:

,Die z-Achse weist nach oben, die y-Achse nach weist nach rechts,
und die z-Achse sticht Sie in den Bauch.

Brauner iibersetzte in einer Vorlesung aus projektiver Geometrie das Wort
oskulieren korrekt als ktissen und meinte danach nur trocken:

» Was hyperoskulieren bedeutet, miissen Sie selbst herausfinden.*
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Viele Inhalte der Vorlesungen von Heinrich Brauner kénnen auch heute noch
in den sechs von ihm verfassten Biichern nachgelesen werden. Sie behan-
deln die Themen Geometrie Projektiver Riume (2 Bénde), Baugeometrie (2
Bénde, gemeinsam mit Walter Kickinger), Differentialgeometrie und Kon-
struktive Geometrie. Seinen auflergewohnlichen Vortragsstil kénnen sie aus
meiner Sicht leider nicht vermitteln.

3 Der Forscher Heinrich Brauner

Brauner arbeitete an seinen Artikeln und Biichern weitgehend alleine und
vorzugsweise daheim. Er gab aber die von seiner Sekretédrin mit der Schreib-
maschine ausgearbeiteten Manuskripte immer uns Assistenten zum Durchle-
sen, Kommentieren und Korrigieren. Aus diesem Grund sind nur sehr wenige
handgeschriebene Aufzeichnungen von Brauner vorhanden. Abbildung 6 zeigt
ein Manuskript aus dem Jahre 1986, in dem er sich mit den Derivationen des
komplexen Zahlkorpers beschéftigte. Er hat dariiber aber nichts publiziert.

Umgekehrt nahm sich aber Brauner auch immer sehr viel Zeit, um die Artikel
seiner Mitarbeiter gewissenhaft zu studieren und zu verbessern. So manches
meiner Manuskripte war kaum mehr zu erkennen, nachdem es Brauner ge-
lesen und — wie immer mit Bleistift — seine Anmerkungen angebracht hatte.
Seine Kritik bezog sich dabei primér auf den mathematischen Inhalt, wo
er bei anderen dieselben strengen Maflstibe ansetzte wie bei sich selbst.
Er markierte aber prinzipiell alles, was ihm falsch erschien. Oft formulier-
te er seine Bemerkungen zusétzlich sehr pointiert, aber niemals unhoflich,
im personlichen Gesprich. So war etwa sein trockener Kommentar, nachdem
er das erste Kapitel meiner Dissertation gelesen hatte: Herr Havlicek, ihre
Beistrichsetzung mochte ich nicht haben!®

Brauner legte immer allergrofiten Wert auf wissenschaftliche Gesprache mit
seinen Mitarbeitern. So knapp konnte seine Zeit gar nicht bemessen sein,
dass er dafiir nicht ein paar Minuten eriibrigen konnte. Und so manche Un-
terredung hat dann deutlich langer gedauert, als urspriinglich geplant war.
So sprachen wir einmal sicher fiir mehr als eine halbe Stunde — auch wenn es
unglaubwiirdig klingen mag — iiber die leere Menge.

Selbstverstéindlich hat Brauner seine Forschungsergebnisse auf Tagungen pré-
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Abbildung 6: Ein von Brauner verfasstes Manuskript
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Abbildung 7: Vortrag im Stift Rein 1983

sentiert. Alles das, was ich zuvor iiber seine Vorlesungen angemerkt habe,
trifft auch auf den Stil seiner Vortrige zu. Die Abbildungen 7 und 8 zeigen
ihn beim Zweiten Osterreichischen Geometrie-Kolloguium, welches im Mai
1983 im Stift Rein stattfand. Er sprach damals iiber den Satz von Pohlke im
n-dimensionalen euklidischen Raum.

Brauners sehr breit gestreutes wissenschaftliches Werk hat Walter Wunder-
lich in seinem Nachruf [3] ausfiihrlich gewiirdigt. Im Anhang 1 zu diesem
Artikel ist ein Schriftenverzeichnis so wiedergegeben, wie es Brauner selbst
gefiihrt hat. Es umfasst einundneunzig Arbeiten.
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Abbildung 8: Vortrag im Stift Rein 1983

4 Schlussbemerkungen

Es gédbe noch viel zu berichten, etwa iiber die zwanzig von Brauner betreuten
Dissertationen (vgl. dazu den Anhang 2) und die wohl mehr als einhundert
von ihm vergebenen Haus- und Diplomarbeiten, {iber welche es allerdings
keine vollstandigen schriftlichen Aufzeichnungen geben diirfte.

Neben seinen Aktivitdten in der universitdren Lehre und Forschung galt sein
grofles Engagement insbesondere dem Unterrichtsfach Darstellende Geome-
trie, und zwar in inhaltlicher, didaktischer und fachpolitischer Hinsicht. Auch
dieser Aspekt muss hier leider ausgeklammert bleiben.

Hingegen mochte ich zum Abschluss die grofie Hilfsbereitschaft Brauners in
groflen wie in kleinen Dingen erwidhnen. Dazu sei eine der Situationen ge-
schildert, in denen mir Brauner entscheidend geholfen hat:

Zum Ende meines Studiums hatte ich Brauner als Priifer fiir die miindliche
Lehramtspriifung aus Darstellender Geometrie gewahlt. Aber genau eine Wo-
che vor dieser Priifung hétte ich eine Truppeniibung beim Gsterreichischen
Bundesheer absolvieren miissen. Ich stellte einen Antrag auf Aufschub der
Einberufung und gab als Begriindung an, dass ich mich in Ruhe auf mei-
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ne Abschlusspriifung vorbereiten miisste. Mein Antrag wurde abgelehnt, da
keine Terminkollision vorlag. Einer meiner Studienkollegen, dem Brauner in
anderem Zusammenhang erfolgreich geholfen hatte, empfahl mir, in Brau-
ners Sprechstunde zu gehen. Ich folgte seinem Rat und schilderte Brauner
mein Problem. Dieser setzte einfach eine ,,Vorpriifung® mitten im Zeitraum
der Truppeniibung an und verfasste eine Bestatigung dariiber. Mit diesem
Schreiben legte ich erfolgreich Berufung gegen die Entscheidung der ersten
Instanz ein.

Damit bin ich am Ende meiner Ausfithrungen angelangt. Im Mittelpunkt
standen meine ganz personlichen Erinnerungen an den Menschen Heinrich
Brauner, seine Eigenschaften, Wesensmerkmale und Leistungen. Wer mehr
erfahren mochte, dem seien neben seinem wissenschaftlichen Werk (vgl. das
Schriftenverzeichnis im Anhang 1) auch der Artikel [1], die Ausarbeitung sei-
ner Wiener Antrittsvorlesung vom 28. Jénner 1970 [2] und der schon erwéhnte
Nachruf [3] wérmstens ans Herz gelegt.

Anhang 1: Publikationen von H. Brauner

1. Orthogonalsysteme von Riemannschen Hyperflichen der Klasse 1. Anz. Oster.
Akad. Wiss. Math.-Nat. K. 88 (1951). 29-36.

2. Kongruente Verlagerung kollinearer Réume in axiale Lage. Monatsh. Math. 57
(1953). 75-87.

3. Kongruente Verlagerung kollinearer Rdume in halbxiale Lage. Monatsh. Math.
58 (1954). 13-26.

4. Quadriken als Bewegflichen. Monatsh. Math. 59 (1955). 45-63.

5. Erzeugung eines gleichseitigen hyperbolischen Paraboloides durch Bewegung
einer gleichseitigen Hyperbel. Arch. Math. (Basel) 6 (1955). 330-334.

6. Geoditische Fallinien einer Gelindefliche. Anz. Oster. Akad. Wiss. Math.-
Nat. KI. 92 (1955). 171-175.

7. Uber die Projektion mittels der Sehnen einer Raumkurve 3. Ordnung. Mo-
natsh. Math. 59 (1955), 258-273.

8. Uber die dhnlichen und sich #hnlich projizierenden Kegelschnitte auf Quadri-
ken. Arch. Math. (Basel) 7 (1956), 78-86.

9. Konstruktive Durchfiihrung der durch die Sehnen einer Raumkurve 3. Ord-
nung vermittelten Abbildung des Raumes auf eine Ebene. Monatsh. Math.60
(1956), 231-248.
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16.
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19.
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22.

23.

24.
25.

26.
27.

28.

29.

Die automorphen involutorischen Korrelationen koaxialer projektiver Schrau-
bungen (mit Rudolf Bereis). Osterreich. Akad. Wiss. Math.-Nat. KI. S.-B. II.
165 (1956), 327-355.

Uber Mannigfaltigkeiten von Strahlen mit kongruenten Netzrissen. Arch.
Math. (Basel) 7 (1957), 406-416.

Uber koaxiale euklidische Schraubungen (mit Rudolf Bereis). Monatsh. Math.
61 (1957), 225-245.

Schraubung und Netzprojektion. Elem. Math. 12 (1957). 33-41.

Eine Verallgemeinerung der Zyklographie. Arch. Math. (Basel) 9 (1958), 470—
480.

Uber die durch einen quadratischen Komplex der Charakteristik (11)(112)
vermittelte Projektion I. Monatsh. Math. 62 (1958), 119-131.

Uber die durch einen quadratischen Komplex der Charakteristik (11)(112)
vermittelte Projektion II. Monatsh. Math. 62 (1958), 132-145.

Bestimmung einer Strahlfliche aus ihren sphirischen Bildern. Anz. Oster.
Akad. Wiss. Math.-Nat. Kl. 95 (1958). 103-107.

Uber Strahlfliichen von konstantem Drall. Monatsh. Math. 63 (1959), 101-111.

Die dualen Gegenstiicke zu flichentheoretischen Sédtzen von O. Bonnet und
E. Beltrami. Anz. Oster. Akad. Wiss. Math.-Nat. Kl. 96 (1959), 194-200.

Eine Verallgemeinerung des Problems der Cesarokurven. Math. Ann. 138
(1959), 27-41.

Beitréige zur Theorie des mit einer euklidischen Schraubung verkniipften ku-
bischen Nullsystems (mit Rudolf Bereis). Math. Nachr. 20 (1959), 239-258.

Die Strahlfléiche 3. Grades mit konstantem Drall. Monatsh. Math. 64 (1960),
101-109.

Erweiterung des Begriffes Drall auf Mongesche Flichen. Anz. Oster. Akad.
Wiss. Math.-Nat. KI. 97 (1960). 139-144.

Die konstant gedrallte Netzfliche 4. Grades. Monatsh. Math. 65 (1961), 53-73.

Eine einheitliche Erzeugung konstant gedrallter Strahlflichen. Monatsh. Math.
65 (1961), 301-314.

Die verallgemeinerten Boschungsflichen. Math. Ann. 143 (1961), 431-439.
Die Affinnormalen der Tangentialschnitte einer Fliche. Anz. Oster. Akad.
Wiss. Math.-Nat. KI. 99 (1962). 9-14.

Eine Scherungsinvariante der Strahlflichen. Monatsh. Math. 66 (1962), 105—
109.

Die konstant gedrallten windschiefen Flachen 4. Grades mit reduzibler Fern-
kurve. Math. Z. 82 (1963), 420-433.
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31.

32.
33.
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40.

41.
42.

43.
44.

45.

46.

47.
48.

49.
50.

Die windschiefen Fliachen konstanter konischer Kriimmung. Math. Ann. 152
(1963), 257-270.

Geometrie auf der Cayleyschen Fliche. Osterreich. Akad. Wiss. Math.-Natur.
Ki. S.-B. IT 173 (1964), 93-128.

Kreisgeometrie in der isotropen Ebene. Monatsh. Math. 69 (1965), 105-128.

Die quadratischen Strahlkomplexe der Charakteristik (321). Math. Z. 88
(1965), 320-357.

Geometrie des zweifach isotropen Raumes. I. Bewegungen und kugeltreue
Transformationen. J. Reine Angew. Math. 224 (1966), 118-146.

Die Fldchen mit einem kinematischen Netz aus Schmieglinien (mit Hermann

Schaal). Arch. Math. (Basel) 18 (1967), 91-99.

Geometrie des zweifach isotropen Raumes II. Differentialgeometrie der Kurven
und windschiefen Fléchen. J. Reine Angew. Math. 226 (1967), 132-158.

Die algebraischen windschiefen Gesimsflichen. Monatsh. Math. 71 (1967),
300-318.

Geometrie des zweifach isotropen Raumes I11. Flachentheorie. J. Reine Angew.
Math. 228 (1967), 38-70.

Differentialgeometrie. Universitat Stuttgart, Stuttgart 1967. vi+127 Seiten.

Neuere Untersuchungen iiber windschiefe Fliachen: Ein Bericht. Jber. Deutsch.
Math.-Verein. 70 (1967) Heft 2, Abt. 1, 61-85.

Analytische Geometrie I. Universitit Stuttgart, Stuttgart 1967. vi+114 Seiten.

Die algebraischen windschiefen Flachen mit einer stetigen Schar ebener Schat-
tengrenzen. Math. Ann. 176 (1968), 1-14.

Analytische Geometrie I1. Universitit Stuttgart, Stuttgart 1968. iv+90 Seiten.

Analytische Geometrie II1. Universitdt Stuttgart, Stuttgart 1968. ii4+223 Sei-
ten.

Die Fldchen mit Boschungslinien als Fallinien. Monatsh. Math.72 (1968), 385—
411.

Die Flichen mit zwei Scharen konstant geboschter Schmieglinien (mit Her-
mann Schaal). Arch. Math. (Basel) 20 (1969), 81-87.

Die windschiefen Kegelschnittflichen. Math. Ann. 183 (1969), 33-44.

Die Fliachen, welche stetige Scharen ebener geoditischer Linien tragen. Jber.
Deutsch. Math.-Verein. 71 (1969), Heft 3, Abt. 1, 160-166.

Differentialgeometrie. Universitdat Stuttgart, Stuttgart 1969. ii+336 Seiten.
Riemannsche Geometrie. Universitdt Stuttgart, Stuttgart 1969. 136 Seiten.
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Gedanken iiber Geometrie. Antrittsvorlesungen der Technischen Hochschule
Wien 12. Verlag der Technischen Hochschule Wien, Wien 1970. 11 Seiten.

Differentialgeometrie ebener Kurven. Wiss. Nachrichten 26 (1971), 21-24.

Eine geometrische Kennzeichnung linearer Abbildungen. Monatsh. Math. 77
(1973), 10-20.

Abbildungsmethoden der konstruktiven Geometrie. 7. Steiermérkisches Ma-
thematisches Symposium (Graz, 1975), Ber. Math.-Statist. Sektion, For-
schungszentrum Graz Nr. 38 (1975). 11 Seiten.

Geometrie projektiver Rdume I. Bibliographisches Institut, Mannheim-Wien-
Ziirich 1976. x+225 Seiten. (ISBN 10: 3-411-01512-8).

Geometrie projektiver Rdume I1. Bibliographisches Institut, Mannheim-Wien-
Ziirich 1976. viii+250 Seiten. (ISBN 10: 3-411-01513-6).

Baugeometrie I (mit Walter Kickinger). 1. Auflage. Wiesbaden-Berlin, Bau-
verlag 1977. 88 Seiten. (ISBN 10: 3-762-50825-9).

Uber schmieglinientreue Isometrien. Osterreich. Akad. Wiss. Math.-Natur. K.
Sitzungsber. II 188 (1979), no. 1-3, 15-21.

Die erzeugendentreuen konformen Abbildungen aus Regelflichen. Arch. Math.
(Basel) 33 (1979/80), no. 5, 470-477.

Geometrija u Graditeljstvu (mit Walter Kickinger), Skolska knjiga, Zagreb
1980. 156 Seiten. (Ubersetzung von Baugeometrie I, in kroatischer Sprache).

Abbildungen aus Regelflichen. 12. Steiermérkisches Mathematisches Sympo-
sium (Graz, 1980), Ber. Math.-Statist. Sektion, Forschungszentrum Graz Nr.
140 (1980). 14 Seiten.

Differentialgeometrie. Friedr. Vieweg & Sohn, Braunschweig 1981.
xvii+424 Seiten. (ISBN 10: 3-528-03809-8).

Gedanken zum Unterricht in Darstellender Geometrie. OMG Didaktik-Reihe
6 (1981). 76 Seiten.

Darstellende Geometrie im Schulunterricht. Mathematikunterr. 27 (3), (1981),
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Main Theorem on
Planar Parallel Manipulators

with Cylindrical Singularity
Surface

GEORG NAWRATIL

Abstract: In this article we prove that there do not exist non-architecturally
singular Stewart Gough Platforms with planar base and platform and no
four anchor points collinear, whose singularity set for any orientation of the
platform is a cylindrical surface with rulings parallel to a given fixed direction
p in the space of translations.

Key Words: Stewart Gough Platform, planar parallel manipulator, cylin-
drical singularity surface, architecture singular manipulators

1 Introduction

The geometry of the parallel manipulator is given by the six base anchor
points M; := (A;, B;, C;)T in the fixed space and by the six platform anchor
points m; := (a;,b;, ;)7 in the moving space. By using Euler Parameters
(o, €1, €9, €3) for the parametrization of the spherical motion group the coor-
dinates m; of the platform anchor points with respect to the fixed space can
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be written as m; = K~ 'R-m; + t with

et +e?—es—el  2(eien + eges) 2(e1e3 — eges)
R:=(rij) = | 2(e1ea —ege3) €3 —e?+e2—e3  2(eres+eper) |,
2(6163 + 6062) 2(6263 — 6061) 6(2) — 6% — 6% + 6%

(1)
the translation vector t := (t1,t,t3)7 and K := €3 + €2 + €3 + 3. Moreover
it should be noted that K is used as homogenizing factor whenever it is
suitable.

It is well known (see e.g. [4]) that the set of singular configurations is given
by Q := det(Q) = 0, where the i"® row of the 6 x 6 matrix Q equals the
Pliicker coordinates (li,TZ-) = (R'm; +t — KM,;, M; x 1;) of the carrier line
of the i'" leg.

As we consider only manipulators with planar platform we may suppose
C; =c¢ =0 fori=1,...,6. Moreover it was proven by Karger in [2] that
for planar parallel manipulators with no four points on a line we can assume
Al = Bl = B2 = ay = bl = bg =0 and AngB4B5a2(a4 — &3)00”(3,4, 5) 7é 0
with

coll(i, 7, k) == a;(b; — by,) + a;(by — b;) + ar(b; — b;). (2)

coll(i, j, k) = 0 characterizes collinear platform anchor points m;, m; and
my.

2 Preliminary Considerations

The set of Stewart Gough Platforms whose singularity set for any orienta-
tion is a cylindrical surface with rulings parallel to a given direction p also
contains the set of architecturally singular manipulators. This is due to the
fact that the singularity surface of these manipulators equals the whole space
of translations for any orientation.

It can easily be seen from the following example that the above two sets are
distinct:

The non-planar manipulator determined by m; = m,, ms = my, m5 = mg
and MM, || MMy || MsMs || p has for any orientation of the platform
a cylindrical surface with rulings parallel to the direction p without being
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M;

M,

Mg

Figure 1: Non-planar manipulator with cylindrical singularity surface: (a)
Axonometric view. (b) Projection in direction p: The singularity surface (with
respect to the barycenter of the platform) is displayed as conic.

architecturally singular (see Fig. 1). This manipulator is in a singular con-
figuration if and only if the three planes [M;, My, m;], [Ms3, My, m3| and
[M5, Mg, mjs] have a common intersection line.

As the direct kinematics of this manipulator can be put down to that of a
3-dof RPR parallel manipulator, a rational parametrization of its singularity
surface according to [1] can be given. The singularity surface is a quadratic
cylinder due to the singular affine correspondence between the base and the
platform (cf. [3]).

Moreover, if My, ..., Mg are coplanar we get an example for a planar parallel
manipulator with this property. Now the question arises, whether there exist
non-architecturally singular planar manipulators with no four anchor points
on a line possessing such a singularity surface. In the following section we
prove that such manipulators do not exist.

3 The Main Theorem and its Proof

Theorem The set of planar parallel manipulators with no four anchor points
on a line which posses a cylindrical singularity surface with rulings parallel
to a given fixed direction p for any orientation of the platform equals the set
of planar architecture singular manipulators (with no four anchor points on
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a line).

The analytical proof of this theorem is based on the following idea: We choose
a Cartesian frame in the base such that one axis ¢; is parallel to the given
direction p. Then ) = 0 must be independent of ¢; for all eq, .. ., €3, ¢;, ), with
j # k # 1 # 7. Our proof is based on the resulting equations and Theorem 1
of [2].

We have to distinguish between two cases, depending on whether the base of
the manipulator is parallel to p or not.

Base is not parallel to p:

The proof of the case where the base is orthogonal to p is hidden in the proof
of Theorem 1 of [2]. For all other cases the proof was given by the author in

[5].
Base is parallel to p:

In this case we take as translation vector t := (cos¢t; — sin ¢ty, sin ¢ty +
cos ¢ty, t3)T. After performing the same elementary operations with the ma-
trix Q as described on page 1154 of [2], we can replace the sixth row of Q
by

(r1n Ky + 112 A0 Ko, 191 Ky 4 192 Ao Ko, 131 Ky 4 132 Ao K, (3)

0,731 A2 K3 + 132 Ag Ky, —191 Ao K3 — 7‘22142K4)D_1
with D := AsB3B;Bscoll(3,4,5). K1 = Ky = K3 = K4 = 0 are the four
conditions given in [2] which are satisfied iff a planar manipulator (with no
four points on a line) is architecturally singular. We distinguish between the
following two cases:

e MM, is parallel to p. The proof of this part can be done by considering
only the four equations (12-15) given in [5].

e M; M, is not parallel to p. This part of the proof is the primary concern
of this paper, because it was to long to be given in [5]. In the cited paper
only the two solutions were given which fulfill all equations resulting from
the coefficients of ¢; of ) without contradicting

A2B334B5CL2(CL4 - ag)COll(?), 4, 5)K2 sin ¢ §£ 0. (4)
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These two solutions S; and S, are

Syt A;=Bjcotp, Aj = Bjcot ¢, Ay = Ay + By, cot &, (5)
b =0, as = ai, a; = K1b;/(K2As), a; = K1b;/(K2Ay),  (6)
K3;=0 and K,=0 (7)
Sy Ay =Ay+ Bicot ¢, A; = Ay + Bjcot ¢, Ay, = Bicotp, (8)
a; =as + b, K3/ Ky, a; = as+ b; K3/ Ky, ar, = by =0, 9)
AKo + Ky =0 and K1+ K53=0 (10)

for 4,5,k € {3,4,5} and i # j # k # i. In the following we proof that
for Ky # 0 all coefficients of ¢; can only vanish for the above two given
solutions. Moreover we prove that for Ky = 0 all coefficients of t; only
vanish for architecturally singular manipulators, i.e., K1 = K3 = K, = 0.
The proof is split into the following two cases given in subsection 3.1 and
3.2, respectively.

1 M;M, is orthogonal to p

We denote the coefficients of ¢: )tk from Q by Q*/*. From all Q" with i > 0
we can factor out K. From Q%? we can even factor out K?2.

For this case we set ¢ = 7/2 and eliminate ¢; from (). Now we can additionally

factor out (ege; — eses) of Q?4F. We denote the coefficient of eebesed of QHF

by P;g’j 4 and compute the following 15 polynomials:

1,1,1 5201 5110
Py[18] := P2,2,0,0 Py[42] = P1,0,1,0 Py[12] = P3,3,0,0 (11)
2,0,0 . 2,0,0

Pyf42] := P2,0,2,0 Ps[72] = P2,1,1,0 (12)
1,0,0 1,0,0 1,0,0 1,0,0

Ps[36] := P35 0 — Py3o1 — Pipsa+ Folas (13)
1,0,1 1,0,1 1,0,1 1,0,1

Pr[42] = 41,10 — P1,4,0,1 - P1,0,4,1 + P0,1,1,4 (14)
1,0,1 1,0,1 1,0,1 1,0,1

Fy[30] := Pyo0+ Pouoo + Popan + Fodsa (15)
1,0,1 1,0,1 1,0,1 1,0,1

Py[30] := P4,2,0,0 + P2,4,0,0 - P0,0,4,2 - P0,0,2,4 (16)
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1,1 0,1 1,0,1
1,1 L T Pisi (17)
1,1,0 1,1,0 _ pl,10 1,1,0
P1o[36] := P35’ 0 — Pasoa Pi3[24] := Py’ 50 — Pajsa (18)
0,0 0,0 1,0,0
3,0 120 — P12 (19)
It should be noted that the number in the square brackets denotes the number

of terms in the expression. In the first step we compute the resultant of P
and Pp4 with respect to Az which yields

&gbgb4b5BgB4B5KQCOH(3, 4, 5)[K2(A4B5 — A5B4) + K4(B5 — B4)] (20)

Therefore we have to distinguish between the following three cases:

Casel) K, =0

We set K3 equal to zero and compute Py and Py which factor into K F}[6]

and K Fy[6], respectively.

Part [A] K, # 0: The resultant of F} and Fj, with respect to By yields
bgB4B5COll(3, 4, 5)(b4B5 — b5B4). (21)

(i) b3 = 0 implies bybs # 0. From P; = 0 we get By, = Bs. Substituting this
into Pjg yields K B3 Bscoll(3,4,5) and therefore a contradiction.

(ii) So we set by = byBs/ B, and plug this into P; and Pjy which yields:
KlB5b4 (B4 — B5) (B4b3 — ng4) and KlB5 (0,4 — a5) (B4b3 — ng4) .

(22)
If we set ay = a5 and By = Bjs we get by = bs and thus coll(3,4,5) =
0, a contradiction. For by = Bybs/Bs the polynomial Py, factors into

asbs ByBsKycoll(3,4,5) which implies Ky = 0. Now P, which splits into
b3 B4BsKicoll(3,4,5), yields a contradiction.

Part [B] K; = 0: We compute
Py = ay Ky Fy, Py =asK Fyy, Pi=aK3F, Pis=aKs3F, (23)

which implies that K3 = K4y = 0 or F} = Fjp = 0 must hold. We assume
K3 # 0 and K; # 0 and consider again the resultant of F} and Fj, with
respect to Bs given in Eq. (21).
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(i) For b3 = 0 we get By = B; from P; = 0. Substituting this into Ps and
P13 y1€ldS CLQBgB5K4COll(3, 4, 5) and CLQBgB5K3€Oll(3, 4, 5)

(ii) If we plug bs = byBs/By into P3 = 0, Ps = 0, P;; = 0 and P35 = 0
we see that these equations can only vanish for by = Bybs/Bs or ay = as
and By = Bs. The later contradicts again coll(3,4,5) # 0. Therefore
we set by = Bybs/Bs and substitute this into P4 and P;5 which yields
CLngBgB5K4CO”(3, 4, 5) and CLngBng)KgCO”(?), 4, 5), respectively.

Case II) b; =0, Ky # 0

Without loss of generality we can say b3 = 0, which implies bybs # 0. Now Pj
factors into ag B3bybs|Ko(AyBs — AsBy) + K4(Bs — By)]. From the last factor
we compute As. Now the resultant of Py and P; with respect to As yields
KQCLQBgB4B5CO”(3, 4, 5)R1 with

Rl = K2A2(a4b5B5 — CL5b4B4) + Klb4b5(B4 - B5) + K4a2(bSB5 - b4B4)' (24)
From R; = 0 we compute as. Then P; simplifies to
B5 (b4 — b5) [KQB4(CL2A3 — agAg) — CLQBg(K4 + K2A4)] . (25)

If by = b5 the equation Py = 0 can only vanish (w.c.) for Ay = —K,/Ks.
Now Pg = 0 implies a3 = ayA3/As and Pjg = 0 yields a contradiction.
Therefore we set a3 = a2[K2(A334 —A4Bg) —K4Bg]/(K2AQB4). Now P10 =0
can only vanish (w.c.) for KyAsay — K1by + K4as = 0. From this equation we
compute ay. Py = 0 implies Ay = —K,/Ks. Then P; factors into as Bs( Ko A3+
K,)F7[8]/(K3Ay). As KyAz + Ky = 0 yield coll(3,4,5) = 0 we set Fy equal
to zero:

Part [A] K1 Ky — K3K3As # 0: Under this assumption we can compute by
from F; = 0. P;5 = 0 splits into several factor, where only one does not lead
to a direct contradiction. From this factor we compute

b5 = CLQ[KQZAng,(AQ—Ag)+K4Bg(K2A2+K4)]/[Bg(K1K4—KgKgAQ)]. (26)
Finally FPs = 0 yields a contradiction.
Part [B] K1K4 - K2K3A2 =0:

(i) Assuming K3 # 0 we can compute Ay. Now F; factors into ay K3 (Bs —
By)(Kq + K3)/Ks.
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e Firstly we consider the case K1 = —Kj3. Now Pj5 = 0 implies A3 = 0 and
we get solution Sy for cos¢ = 0 and k = 3.

e By = Bs, Ki + K3 # 0: From Pj5 = 0 we compute Bs as
Bs = KyA3By(KoK3As — K1 Ky) /(K3 (K + K3)). (27)
Plugging this into Py = 0 yields the contradiction.
(ii) Assuming K3 = 0 yields K; K4 = 0.
e We start with Ky = 0. Pj5 = 0 can only vanish (w.c.) for Ay = A3 which
yields solution S} for cos¢ = 0 and k = 3.
o K1 =0,K,+# 0: We compute P;3 which factors into
agK4Bg(K2A2 + K4)(K2A3 + K4)(B4 — B5)/(K22A§) (28)

KyAs + K4 = 0 contradicts coll(3,4,5) # 0.

() For Ay = — K,/ K5 we get from Pjy = 0 the condition Az = 0. We get
solution Sy for cos ¢ = 0 and k = 3 with the additional condition K; = 0.

(6) By = Bs, Ky + K3Ay # 0: Now Ps = 0 can only vanish (w.c.) for
Az = (K3Ay(Bs — B3) — K4Bs)/(BsK>) or A3 = 0. For both cases we get
a contradiction from Py = 0.

Case III) KQ(A4B5 - A5B4) + K4(B5 - B4) = 0, b3b4b5K2 §£ 0

From the above condition and P; = 0 we compute A3 and Ay as
Ai = [KQBZA5 + K4(BZ - B5)]/(K2B5) for i= 3, 4. (29)

In the next step we calculate the resultant of P, and P;q with respect to as
which ylelds BgB4B5COll(3, 4, 5)K4R2[12]

Part [A] Ky = 0: Now Py equals KyAsBsByAscoll(3,4,5) which implies
As = 0. Then P, simplifies to A; K3F5 with

F2 = Bg(a5b4 — 0,4b5) + B4(a3b5 — &5()3) + B5(a4b3 — agb4). (30)

(l) F2 =0:
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e If we assume byBs — bsB; # 0 we can compute ag from F,. Now the
polynomials P, and Ps factors into

KgAg(a4b5 — CL5b4)F4[8] and K3A2(a4b5 - CL5b4>F5 [6]7 (31)

respectively. The factor aybs — asby = 0 implies coll(3,4,5) = 0.

() Therefore we assume K3 # 0 and compute the resultant of F; and Fj
with respect to Bz, which yields

bgB4B5(B4 — B5)(b3 — b4)(b4B5 — b5B4)(b5 — bg)(a4b5 — a5b4). (32)
For the cases By = Bs or by = b; for i« = 4,5 equation F5 = 0 yields a
contradiction. The last factor of Eq. (32) implies coll(3,4,5) = 0.

() K3 =0: Now the P, and Py factors into F5C and F;C with

C = KQAQ(CI,4B5 — &534) — Kl(b4B5 — b5B4). (33)

For C' = 0 we compute a4 from this equation and plug the obtained
expression into Py = 0, which already yields a contradiction. Therefore
we consider again the resultant of Fj, and Fj with respect to Bs given
in Eq. (32). For all possible cases (B; = Bs or by = b; for i = 4,5) the
equation P; = 0 can only vanish (w.c.) for C' = 0.

e We proceed with by = Bybs/Bs. Now the polynomial F; equals

(CL4B5 — CL5B4)(b3.B5 — b5Bg)/B5. (34)

() ay = Byas/Bs: P; = 0 can only vanish (w.c.) for K3 = 0. Then Py =0
implies a5 = K1b5/(K3A3). P, = 0 yields a contradiction.

(B) by = bsB3/Bs: Now we consider Py = Ay KsbsF1[6]/Bs and Py =
K3A5F10[6]. The resultant of F} and Fj, with respect to as yields

Bg(Bg — B4)(Bg — B5)(CL4B5 — CL5B4). (35)

For B; = B; for i = 4,5 the equation P, = 0 yields the contradiction. If
we set ay = Byas/Bs the equation Ps = 0 implies K3 = 0. Now Py equals
B3 Bycoll(3,4,5)(K1bs — a5 K2 As). From the last factor we compute a; and
plug this into P, = 0 which yields the contradiction.
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(ii) K3 =0, F, # 0 : Computing the resultant of P; and Pjy with respect to
A2 y1€ldS KlKngB4B5COll(3, 4, 5)F2 This 1mphes K1 = 0.

e Assuming by # bs we can compute az from P, = 0. Now Pjq splits into
KgAng(a4B5 — a5B4)coll(3,4, 5)/(b4 — b5) Plugglng ay = B4a5/B5 into
Ps = 0 yields a contradiction.

o b4 = b52 Now Pl factors into KQAQBg(bg — b5)(a4B5 — a5B4). As bg = b5
contradicts coll(3,4,5) # 0 we set ay = Byas/Bs. Pig = 0 can only vanish
(w.c.) for a3 = Bsas/Bs. Again Py = 0 yields a contradiction.

Part [B] Ry =0, K4 # 0:

(i) If we assume B, # B; we can compute az from Ry = 0. Now P; splits up
into the two factors C' and F; with

C = K4CL2(B4 — B5) + Kl(b4BS - bSB4) + K2A2(a5B4 - a4B5) (36>
Fl = bng(B4 — B5) —|— b4B4(B5 — Bg) —|— b5B5(Bg — B4) (37)

If we compute a, from C' = 0, the resulting equation Py = 0 cannot vanish
without contradiction. If we compute b3 from F; = 0 the polynomial P
splits into 4 factors. Three of them yield coll(3,4,5) = 0. The fourth factor
equals C.

(ii) We get Ry = (Bs—Bs)[K3As(as—a4)+ K7 (by—bs)] for the remaining case
By = Bs. If B3 = Bs the equation Py = 0 yields a contradiction. Therefore we
compute ay from the second factor. Now Py5 factors into ag Bscoll(3,4,5)(Bs—
Bs)(K1bs—KyAsas). This implies a; = K1b5/(K2As) and finally Py = 0 yields
the contradiction. 0J

2 M;M, is not orthogonal to p

Due to the above studied cases we can assume cos ¢ # 0 and sin ¢ # 0 when
eliminating t; from @. For the proof of this part we need the following 20
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polynomials:

Pi[12] := (P30 + Popas)/(azsin o) Py[78] := Pyioz — Papao (38)
P[36] := (P?,loo??o Pol??o )/(az cos ¢) P4[66] := lel,bo,él,o P21,b0,21,0 (39)
Py30] = (PLSE, + PLCL,) s Pof30] == PLSE, — PACE, (40
Fs[66] := (P41020+Polfo )/ cos ¢ Pl42] = Polbo,hl,z Pol,’(?214 (41)
Py[18] := (P30 + Piano)/ sing Pu[108] := Pyyh, — Pisaa (42)
Pro[18] := (P21,00,121 P1110220)/005¢ Pp2[102] := P3110,’11,0 - Pllz?oll (43)
Pis[24) == (P30 — Poias — Pasos + Plosa)/(azsing)  (44)
Pu[42] = (Pspto + Poias + Pason + Pipse) /A2 (45)

Py5[48] = P3120100+P01,10,20,3_P21??001_P11003?2 (46)

Pig[36] := P3110200 P()1720’103_P21(§)??1+P11??(?2 (47)

P7[66] := P4110110+P11401‘|‘P11041+P0110114 (48)

Pig[54] := P4110110 PllfollePll(?z;ll Po110114 (49)
Pro[48] := P?,l20011 P21,??,110 Poll 32T Pll,(?,21,3 (50)
P20[150] P312 0,1 + le,éo,ﬁl,o - Pol,lo,?,l,2 - Pll,bo,él,g (51)

Firstly we compute the resultant of Py and Py with respect to As, which
yields the expression asBsB,BsKycoll(3,4,5) Ry with

Rl = K2Bg(A2a4 — A4a2) + KQB4(A3(12 — Azag) + Kl (b3B4 - b4B3)‘ (52)

In the following section we show that for Ky = 0 the equations P; = 0 for
1 =1,...,20 can only be fulfilled for K1 = K3 = K, = 0.

K2:0

Now the polynomials Py and Py factors into K7 Fy and K;Fjg with

Fg = BgB4b5(CL4 — a3) -+ B4B5b3(a5 — CL4) + BgB5b4(CL3 — a5), (53)
F10 = BgB4b5(b4 — bg) + B4B5b3(b5 — b4) + BgB5b4(b3 — b5) (54)

(i) K1 # 0: We compute the resultant of Fy and Fjq with respect to Bj
which y1€ldS bgB4B5(b4B5 — b5B4)COll(3,4, 5) We start with bg = 0. Now
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Fio = 0 implies By = Bs and Fy equals K B3Bscoll(3,4,5). Therefore we
set b4 = B4b5/B5. Now Fg SphtS up into B4(CL4 — CL5)(b3.B5 — b5B3). If we
set by = Bsbs/Bs the equation P; = 0 yields the contradiction. For ay = as
the equation Fjy = 0 implies b3 = Bsbs/Bs, which yields via P; = 0 the
contradiction.

(ii) K1 = 0,K4 # 0: Now P5 equals KjasFy. Moreover from P; also Ky
factors out. We compute the resultant of Fy and Fy := P;/K, with respect
to Bs which yields

bgB4B5COll(3, 4, 5)(&46534 — a5b4B5). (55)

e For b3 =0 we get P1 = K4a3b4b5(B4 — B5)

() For az = 0 the equation Ps = 0 implies b5 = byasBs/(ayB,). Now
Py =0 and Py =0 yield A3 = B3 = 0, a contradiction.

(B) For By = Bs we get the contradiction from Ps = 0.

e Now we set a4b5B4 — a5b4B5 =0.

(o) We assume b; = 0 which yields a; = 0 for i,j € {4,5} and i # j.
Then equation Ps = 0 can only vanish (w.c.) for ag = a;b3B4/(b; B3). The
equations P4, = 0 and Py = 0 yield A; = B; = 0, a contradiction.

(B) For bybs # 0 we can compute ay. Now the polynomial P, factorize into
K4b4(B4 — B5)(agb5Bg — &5()335). For as = bg&5B5/(ng5) we get P15 =
asBs K, F15/(bsBsBy) (a5 = 0 implies a3 = a4 = 0 a contradiction) and
Py = K,Fg/(B3B,). Computing Fg — 2F)5 = 0 yields the contradiction.
For By = Bj the condition Ps = 0 also implies a3 = bsasBs/(Bsbs) and
we can construct the same contradiction as before.

(iii) K1 = 0,K4, = 0,K3 # 0 : Now the polynomials P;g and P;5 split
into Ksassin ¢pFy and K3Assin oF;. We consider again the resultant which
is given in Eq. (55).

e For b3 = 0 the polynomial F splits into azbsbs(By — Bs). As for By = Bs
the equation Fy = 0 yields a contradiction, we set a3 = 0. Now Fy = 0
implies b5 = byasBs/(asBy). From Ps = 0 we get Ay = As. Pz = 0 yields
the contradiction.
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o Now we set asbsB4 — asbsBs = 0:

(o) We assume b; = 0 which yields a; = 0 for i, 7 € {4,5} and i # j. Now
Pig = 0 implies a3 = ajb3By/(bjB;). Then FPs = 0 can only vanish (w.c.)
for A3 = A;. Finally Pi7; = 0 yields the contradiction.

() bybs # 0: We compute a4 and factorize P, and F; which yield
K3b4(A4—A5)(agb5Bg—&5bgB5) and b4(B4—B5)(agb5Bg—&5bgB5). (56)

For Ay = As and By = Bj the equation Ps = 0 can only vanish (w.c.) for
Az = As. Now Py = 0 implies B3 = Bs, a contradiction. Therefore we set
az = bsasBs/(Bsbs). Ps factors into KsasFg with

F6 = b3b4B5(A3 — A4) + bgb5B4(A5 — Ag) + b4b5Bg(A4 — A5) (57)

Assuming Bybs — byBs # 0 we can compute As from Fg = 0. Inserting
this into Py; = 0 yields the contradiction. For b3 = by B3/ B, the equation
Ps = 0 implies A3 = A4. Again Py; = 0 yields the contradiction. Hence,
we can assume Ky # 0 for the rest of the proof.

R1:0,K2¢0

We proceed by setting R; of Eq. (52) equal to zero. We compute Az from
Ry = 0 and plug this into Py which splits into Bs(as — a4)Fy with

Fg = KQB4(A5a2 — A26L5) + KQB5(A2a4 - A4CL2) + Kl(b5B4 - b4B5)' (58)
From Fy = 0 we can compute As. Now the resultant of P; and P5 with respect

to As simplifies to Ky B3ByBscoll(3,4,5)Ra[12]/as.

Case I) a3b4b5 [K4a2(a4 - CL5) + K1 (b4CL5 - b5a4)] % 0

Under this assumption we can compute B3 from Ry = 0.

Part [A] Assuming agas(byBs — b5B,) # 0 we can compute Ay from the
common factor of P; and P5;. Now

Pg = 333500”(3, 4, 5)F8[8] and P7 = BgB5COll(3, 4, 5)F7[27]
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F7 =0 and Fy = 0 are homogeneous linear equations in the unknowns sin ¢
and cos ¢. So we compute the determinant of then coefficient-matrix which
yields Ky(byBs — bsBy) Byasas; D[21]. From D[21] = 0 we can compute A,.
Now we get F; = Fy = aqas(byBs — b5 B4)C[8]. From C' = 0 we compute By
and plug the expression into P;1, which splits into coll(3, 4, 5) F;1. The factor
I is quadratic in the unknown Bs. Therefore we obtain two solutions for

Kl (aib5 — biag,) + K4CL2(CL5 — ai)]K1b5 SiIlgb

B, -2
T (Kyas — K1b;) Kyasas cos ¢

(59)

with ¢ = 3,4. If we plug Bj into B; we get B; = 0, a contradiction.

Part [B] a; =0 for i,j € {4,5} and i # j. We compute Ps which splits into
B;bsF5[8]. As by = 0 yields B3 = 0 we can assume bz # 0.

(i) Assuming d := K4(as — a;)(b;B; — b;B;) # 0 we can compute
a9 = K1 [Bibj(ajbg - agbj) + b?Bj(ag - CLj)]/d (60)

from F5 = 0. Inserting this into P, = 0 yields the contradiction.

(ii) K4 = 0: Now Pl equals bgbiBjKl(agbj — ajbg)(biBj — b]Bz)/(aQbQ) For
both possible cases (i.e. ag = bsa;/b; and b; = b; B;/B;) the equation P; =0
yields the contradiction.

(iii) B; = b;B;/b;, Ky # 0: Now P; = 0 implies K; = 0 and P, = 0 yields
the contradiction.

(iv) as = a;: Again P; = 0 yields K7 = 0 and P, = 0 the contradiction.

Part [C] by = b5B4/Bs, asas # 0: Ps = 0 implies K7 = 0 and P; = 0 yields
the contradiction.

Case II) K4a2(a4 — CL5) + K1 (b4CL5 — b5a4) =0
We do this case without the assumption az — a4 # 0, such that a later
reindexing can be done without loss of generality.

Part [A] Assuming Ky(as — as) # 0 we can compute ay. Now the factor Ry
simpliﬁes to K1a4a5b3(b4B5 — b5B4)COll(3, 4, 5)
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(i) For b3 = 0 we compute Ay from P; = 0 which yields Ay = K;(by —
bs)/[K2(as — as)]. Now P; = 0 can only vanish (w.c.) for

By = (K4 + AyK>) sin ¢/ (K5 cos ¢). (61)

We compute P; which splits up into coll(3,4,5) K, B3 F5[18].

o Assuming K;(bsas — bsay) + Ksby(as — ay) + Kyas(ay — as) # 0 we can
compute Bj from F3 = 0. Now P, = 0 can only vanish (w.c.) for ag = 0
and a factor Fy[14] = 0. As for a3 = 0 the equation Py = 0 yields
a contradiction, we compute Bz from F, = 0. Again P,y = 0 yields a
contradiction.

® Kl(b4a5 — b5&4) + K3b4(a5 — a4) + K4a4(a4 — a5) =0:

(ar) We can compute bs from this equation for ay # 0. Now F3 = 0 can
only vanish (w.c.) for K1 = —Kj3. Then P, = 0 implies a3 = 0. This yields
solution Sy for k = 3.

(6) For ay = 0 we get byas(K;+ K3) = 0 which implies K; = —K3. P3 =0
can only vanish (w.c.) for by = (K1b5 + Kyas)/K1. Pig = 0 implies az = 0.
We get solution S5 for £ = 3 with the additional condition a4 = 0.

(ii) a; = 0,b3 # 0 fori,j € {4,5} and i # j. As Ps = 0 yields a contradiction
if we set a3 = 0 or by = b;B3/B;, we can assume az(b; Bs — b3B;) # 0. Now
we can compute Ay from P; = 0. Py = 0 can only vanish (w.c.) for b; = 0
and a second factor Fyz = 0.

e For b; = 0 we compute B, from the only factor of P = 0 which does not
yield a contradiction.

(o) Assuming K; + K3 # 0 we can compute Bz from the only factor of
P3; = 0 which does not yield a contradiction. From the factor of Pj3 =0
which does not yield a contradiction we compute Bs. Then Py = 0 yields
the contradiction.

(B) For K1 = — K3 we compute bs from F3 = 0. Plugging this into Pj3 = 0
yields the contradiction.

o Iy =0,b; # 0: We compute A4 from Fy = 0. Then P;; = 0 yields the
contradiction.
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(iii) by = b;B4/Bs, asasb3 # 0: As P; = 0 yields a contradiction if we set
az = 0 or bs = b3Bs/Bs, we can assume az(bsBs — b3B;) # 0. Now we can
compute Ay from P5; = 0. We compute A, from the only non-contradicting
factor of Py = 0. Finally P;; = 0 yields a contradiction.

Part [B1] K, =0 and K; = 0:

(1) Assuming Bjasbs(asbs — asby) + Bsasby(asbs — asbs) # 0 we can compute
Bs from P; = 0. Now P5; = 0 can only vanish (w.c.) for (B4bs — Bsby) = 0 or
a; = 0 with ¢ =4, 5.

e For a; = 0 (i,7 € {4,5}, i # j) we compute Pjg = 0, which can only
vanish (w.c.) for K3 = 0 or Fig = 0. As Ps = 0 yields a contradiction
if we compute By from Fijg = 0, we set K3 = 0. Now P9 = 0 implies
as = [az(b; — bs) + a;bs]/bj. Piy = 0 can only vanish (w.c.) for Fig = 0.

e by = Byb;/Bs: P; =0 can only vanish (w.c.) for
Ay = (sin pAsay + cos ¢Byas)/(as sin ¢).

Ps = 0 yields the contradiction.
(li) B4CL5b5<CL4b3 — a3b4> + 35a4b4(a3b5 - a5b3) =0:

o Assuming bybs(ayBs — asBy) # 0 we can compute az. Now P; = 0 vanish
(W.C.) for bg = 0, b5B4 — B5b4 =0 or a; = 0 with 7 = 4, 5.

(o) a; = 0: From P; =0 we get By. Ps = 0 yields a contradiction.

(B) by = 0, aga; # 0: We get ay = as(sinpAy — cos pBy)/(Assin @)
from Pj5; = 0. Now P; = 0 can vanish (w.c.) for By = sin A,/ cos ¢ or
by = bs B,/ Bs. For both cases Py = 0 yields the contradiction.

(7) by = bsB4/Bs, bsagas # 0: Now P; = 0 implies a4 of (). Plugging
this into Ps = 0 yields the contradiction.

e b, =0 (i =4,5): Eq. (ii) can only vanish (w.c.) for ay = 0 or a; = 0.

(o) For a; = 0 we compute By from P53 = 0. Now P5 = 0 only vanish
(w.c.) for a3 = 0, a; = 0 or by = b;B3/B;. For all three cases equation
Py = 0 yields the contradiction.
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(8) a; =0, a; # 0: P; =0 can only vanish (w.c.) for a3 = 0. From the only
non-contradicting factor of P; = 0 we compute By. Now Pj5 = 0 can only
vanish (w.c.) for K3 = 0 or By = B;. For K3 = 0 the equation Ps = 0
implies as = a;. This yields solution S; for £ = ¢ with the additional
condition Ky = 0. For Bs = B; and K3 # 0 the equation P, = 0 yields
the contradiction.

® (4 — 0,5B4/B5, b4b5 7é 0:
() Assuming bs By — by By # 0 we can compute as from Ps = 0. Now P, =
0 implies by = [Bsbs+bs(By— Bs)|/Bs. P; = 0 implies By = sin ¢ A4/ cos ¢
and Py = 0 yields the contradiction.
(8) by = bsB,/Bs: Now P5 = 0 can only vanish for a3 = 0 or b3 = Bsbs/Bs.
In both cases we compute Ay from the only non-contradicting factor of
P; = 0. Ps =0 yields the contradiction.

Part [B2] K4 =0 and b4a5 - b5CL4 = 0, K1 §£ 0:

(i) With a5 # 0 we can set by = bsas/as. Now P, = 0 vanishes without
contradiction for ay = 0, ayBs — Byas = 0 or K1b5 — KyAsas = 0.

e as = 0: As P; = 0 yields a contradiction if we set ag = 0 or by = b5 B3/ Bs,
we can assume ag (b3 Bs —bs Bs) # 0. Now we can compute Ay from Ps = 0.
P; = 0 implies A4. P4 = 0 yields a contradiction.

e B, = ayBs/as,ay # 0: For the same reason as above we can again assume
as(bsBs — bsB3) # 0 and compute Ay from P; = 0. From the only non-
contradicting factor of Pj5 = 0 we compute

Bs = (KyAsazas — Kzayubs) sin ¢/ (Kzagay cos ¢).

Py = 0 can only vanish without contradiction for b5 = 0 or F3[8] = 0.

(o) P; = 0 implies K3 = 0 for by = 0. Then Ps; = 0 implies as = ag which
corresponds with solution S; for £ = 3 with the additional condition
B4 = a4B5/a5.

() Now we can assume by # 0 for the case Fg = 0. We can compute Bs
from Fg = 0. Plugging this into P, = 0 yields the contradiction.
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Klb5 — K2A2&5 = 0, a4(a4B5 — B4a5) 7é 0: We set A2 = K1b5/(K20,5)
and compute P; = 0 which yields b3 = 0. From P; = 0 we get B, =
sin A/ cos ¢ and plug this into P, = 0, which can only vanish (w.c.) for
K3 =0 or Bs = Aysin ¢/ cos ¢, respectively.

(o) For K3 = 0 we obtain from P; = 0 the condition ay = a3, which
corresponds with solution S; for k = 3.

(8) Now we can assume K3 # 0 and set Bs = Aysin ¢/ cos ¢. Again Py = 0
implies as = a3, but now Py = 0 yields a contradiction.

(ii) Assuming as = 0 yields b5 = 0 or a4 = 0.

bs = 0: We obtain By = [Ka(asAy — agAz) + K1by] sin ¢/ (as K5 cos ¢) from
Pi5 = 0. Now P; = 0 can only vanish for Kb; — Ky Asa; = 0 with 1 = 3,4
or F;[4] = 0. If we set a; = K;b;/(K2As) the equation Py = 0 yields
the contradiction. Therefore we compute Bs from F; = 0 which yields
B3 = b3[Ky(Asas — Agay) + K1by)] sin ¢/ (azbs Ko cos ¢). Plugging this into
P5; = 0 yields the contradiction.

ag = 0,b5 # 0: Now P; = 0 can only vanish (w.c.) for by = 0 or b5 =
byBs/By. For both cases Ps = 0 yields the contradiction.

Part [C] ay = Qas, K4 % 0

Now the condition of case II can only vanish (w.c.) for K1 = 0 and a4 = 0.

(i) K1 = 0: Ps = 0 can only vanish (w.c.) for ay = —agK4/(A3K>) or
b4 = B4b5/B5.

ay = —asKy/(AsKy): We get By = (KoAy + Ky)sin g/ (K5 cos ¢) from
P; = 0. Now Py =0 can only vanish (w.c.) for b3 = 0.

(o) K3 # 0: We can compute by from the only non-contradicting factor
Fy9] = 0 of P, = 0. Moreover if we assume as(as — az) # 0 we can
compute Bs from Fg[5] = 0, which is the only factor of P; = 0, which
does not yield a direct contradiction. Plugging this into P = 0 yields the
contradiction. For both remaining cases (a3 = 0 and ay = a3) the equation
Fs = 0 already yields the contradiction.
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(8) K3 = 0: Now Fy = 0 can only vanish (w.c.) for Ay = —K,;/K,
or By = sin (KA, + Ky)/(Kycos¢). For Ay = —K4/ K, the equation
FPs = 0 implies a3 = 0, which yields solution S5 for £ = 3 with the
additional condition K; = K3 = 0. Now we can assume Ay # —K4/K>
and set Bs = sin ¢(KyA4 + K4) /(K3 cos ¢). From Py = 0 we can compute
Bj. Plugging this into P, = 0 yields the contradiction.

[ b4 = B4b5/B5,a4 §£ —CL2K4/(A2K2)I We get B4 = (a2A4 —
asAs)sing/(az cos @) from P; = 0. Now Py = 0 can only vanish (w.c.)
for ay = 0 or ay = as. For both cases we compute Bz from the non-
contradicting factor of Pig = 0 and plug the obtained expression into
P, = 0 which yields the contradiction.

(ii) ay = 0, K; # 0: As P5 = 0 yields the contradiction if we set by =
bs B,/ Bs, we can assume byBs — bsB; # 0. Now we can compute as from
Ps = 0. P, = 0 can only vanish (w.c.) for b; =0 (i,5 € {4,5}, i # j). Then
Py = 0 can only vanish (w.c.) forK;(b; — b3) + AsasKy = 0 and a second
factor Fi4 = 0.

e If we solve Fi4 = 0 for By we get from P, = 0 the condition K; = —K3.
From P3; = 0 we compute b3 and plug the obtained expression into P;7 = 0,
which can only vanish (w.c.) for Ay = —K,/K5. This corresponds with
solution Sy for k£ = ¢ with the additional condition a; = 0.

® Ag = Kl(bg - bj)/(KgCLg), F14 % 0: From P18 =0 we get K1 = —Kg.
Pr; = 0 yields the contradiction.

Case III) b; =0 for i =4,5

For b; = 0 the factor Ry simplifies to
R2 = bgbjaiBi[K4CL2(a3 — Clj) + K1 (bgaj - bjag)] (62)

with 4,7 € {4,5} and i # j. Therefore the two possibilities are a; = 0 or
Kyas(as — a;) + Kq(bsa; — bjas) = 0. The latter was already done in case II
just for another indexing. Therefore we obtain the same solutions as in case
IT just for another index k.
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The remaining discussion of a; = 0 can be done under the assumption
Kjas(ay—as) + Ky (bsas — bsay) # 0 due to case I1. If we consider Pj5 = 0 and
Pig = 0 we see that these equations can only vanish (w.c.) for K; = —Kj3

and A; = —K4/ K5 or for the common factor G = 0.
Part [A] G = 0: From this equation we compute Bj.

(i) Ki # 0: We can compute bz from Py = 0. From P; = 0 we get a;.

o Assuming KyAs(as Ky + b;K3) — K4(K1b; — a2 K4) # 0 we can compute
Bs from Py = 0. P, = 0 yields the contradiction.
[} KQAQ(CLQK4 + ijg) - K4(K1bj - a2K4) =0:

() Assuming Ay Ky + Ky # 0 we can compute ay. Py = 0 yields the
contradiction.

(B) Ay = =K,/ K5 implies K; = —K3. We get solution S, for k = i.

(ii) K7 = 0: Now we can compute az from Py = 0. From P; = 0 we get
a9 = —K2A2aj/K4.

e K3 # 0: We compute a; from Py = 0. Then Ps = 0 yields a contradiction.

e K3 = 0: Now Py = 0 can only vanish for Ay = —K4/K>5, which yield
solution Sy for k = i with the additional condition K; = K5 =0, or By =
B;j. For the later Py = 0 yields the contradiction under the assumption
Ag 7é —K4/K2.

Part [B] Kl = —Kg,AQ = —K4/K2,G §£ 0:

(i) Assuming bsa;B; — bjBsas # 0 we can compute ay from P; = 0. Now
Py = 0 can only vanish (w.c.) for K3(b; — b3) — K4(a; — as) = 0 or a second
factor Fy = 0.

o a; = (Ks3(b; — bs) + Kya3)/Ky: Now Py = 0 yields K3 = 0. Then the
equation P; = 0 yields the contradiction.

® Fg = 0,K3(bj - bg) - K4(aj - a3) % 0: From Fg =0 we compute A4.
Py = 0 implies ag = 0 and P = 0 yields the contradiction.
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(ii) ag = bsa;B;/(b;jB3): From P; = 0 we compute B; = b; B3[K3(bs — b;) +
K4CLj]/(K4Cij3). Now P14 =0 1mphes o = (ajK4 - ijg)/K4. P7 =0 ylelds
the contradiction.

Case IV) a3 =0, N :=bybs[Ksaz(ay — as) + Kq(bsas — bsay)] # 0

Now R2 SphtS up into a4a5b3(K163 - K4a2)(b4B5 — b5B4).

Part [A] b3 = 0: As P; = 0 yields a contradiction if we set a5 = 0 or
by = bsBy/Bs we can assume as(byBs — bsB;) # 0. Now we can com-
pute Ay from Ps; = 0. Py and Py factors into Ncoll(3,4,5)BsBsF14][8]
and Ncoll(3,4,5)Bs;BsFg[8]. Computing Fg — 2F14 = 0 yields the equation
asas By Ko(byBs — bs By) cos ¢ = 0 and therefore a contradiction.

Part [B] a5 = 0, b3 # 0: Assuming K;bs — Kyay # 0 we can compute Bj from
Ps = 0. P, = 0 yields the contradiction. Therefore we assume K, # 0 and set
ay = Kyb3/Ky. Ps = 0 implies b3 = by and P, = 0 yields the contradiction.
For K, =0 we get Kbz which is a contradiction.

Part [C] by = b3B,/Bs, asbs # 0: We can solve Ps = 0 for B;. P, = 0 yields
the contradiction.

Part [D] Kibs — Kyay = 0,bzas(byBs — bsB,) # 0: We can assume Ky # 0
otherwise we get a contradiction. So we can set as = K1b3/K,. From Ps =0
we can compute A,. Then we compute Ay from the only factor of 5 = 0
which does not yield a direct contradiction. Now we can compute B, from
P; = 0. P;; = 0 yields the contradiction. End of all cases.

The close of the proof was already done by the author in [5], by showing
that the solutions S; and Sy imply contradictions for the choice of Mg and
myg, respectively. This finishes the proof of the given Theorem. O

4 Conclusion

We proved that there do not exist non-architecturally singular Stewart Gough
Platforms with planar base and platform and no four anchor points collinear
which possess a cylindrical singularity surface with rulings parallel to a given
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fixed direction p in the space of translations.

A complete list of planar parallel manipulators with such a singularity surface
is in preparation [6].
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Konforme Breite in der
Mobius-Geometrie

EBERHARD TEUFEL

Kurzfassung: Die Breite eines konvexen Korpers in der euklidischen Ebene
zu einer vorgegebenen Richtung ist der Abstand seiner zugehorigen paralle-
len Stiitzgeraden. Konvexe Korper konstanter Breite sind die wohlbekannten
“Gleichdicke”.

Dieser erweiterte Abstract beinhaltet gemeinsame Resultate mit R. Langevin
(Dijon). Wir definieren eine konform invariante Breite fiir Paare von Kurven
in der Mobius-Ebene. Wir charakterisieren insbesondere die Paare von Kur-
ven konstanter konformer Breite.

In der Mobius-Ebene besitzt eine Kurve keine konform mit ihr verbundenen
“Stiitzgeraden”. Konform invariant mit der Kurve verbunden sind erst ihre
Schmiegkreise. Jedoch gibt es fiir Kreise der Mobius-Ebene keine “Parallel-
Relation”. Zur einer Ubertragung des Begriffs der “Breite” aus der euklidi-
schen Geoemtrie in die Mobius-Geometrie erinnern wir den wohlbekannten
Satz der euklidischen Geometrie: “Gleichdicke” sind charakterisiert durch
die Eigenschaft der “Doppelnormalen”, d.h. je zwei parallele Normalen sind
gleich.

Wir betrachten nun in der Mobius-Ebene Paare regulér parametrisierter Kur-
ven X(t), Xa(t),t € I, deren Punkte paarweise durch Doppelnormalkreise
N (t) aufeinander bezogen sind, d.h. X;(t), Xa(t) € N(t), X{(t), X5(t) L N(¢t)
(t € I,I ,Intervall in R). In Gegenpunkten X;(t), Xo(¢) nehmen wir die
Schmiegkriese oscy(t), 0sce(t), und wir bezeichnen die “Distanz” zwischen
oscy(t) und oscs(t) als konforme Breite w,(t). (Definition 1.)
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Eine konform invariante Distanz zwischen zwei Kreisen C'; und Cy der eukli-
dischen Ebene ist zum Beispiel durch die klassische “inversive Distanz”

2 2 2

2r1re X

wc(Cl, Cz) =

gegeben; hierbei sind 7,79 die Radien von C4,Cy und d ist der euklidische
Abstand der Mittelpunkte von C; und Cy (H. S. M. Coxeter, 1966)

Im Folgenden betrachten wir speziell Kurvenpaare mit konstanter konformer
Breite.

Beispiel: Triviales Beispiel sind zwei Kreise C, Cy, die ein Steiner-Biischel
(C1NCy = zwei Punkte) oder ein Poncelet-Biischel (C;NCy = () aufspannen.
Das assoziierte Biischel der gemeinsamen Orthogonalkreise gibt die Doppel-
normalkreise des Kurvenpaares, und da die Schmiegkreise mit C; und Cy
zusammenfallen ist ihre konforme Breite trivialerweise konstant lings der
Kurve.

Bemerkung: Kurven konstanter euklidischer Breite (“Gleichdicke”) haben
im Allgemeinen nicht konstante konforme Breite.

Kurvenpaare Xi(t), Xo(t) der Definition 1 kann man auch als Einhiillende
einer Kreisschar ¥ (¢) betrachten, wobei gilt X;(t), Xo(t) € X(t), Xi(1),
X/ (t) tangential X(t), t € I. Im Modell der Mobius-Ebene im Lorentz-Raum
R{, realisiert als projektiver Abschlul des Lichtkegels, werden Kreise 3 der
Mobius-Ebene reprisentiert durch Punkte o auf der de Sitter-Spére A3. Der
Kreisschar Y(t) entspricht also eine Kurve o(t) auf der de Sitter-Sphéire A®.
Die Mobius-Gruppe ist in diesem Modell die Lorentz-Gruppe. Differential-
geometrische Invarianten in R} sind demnach konforme Invarianten. Wir er-
halten eine erste Charaktersisierung konstanter konformer Breite:

Theorem 1. Sei X(t), Xs(t),t € I, ein Paar regulir parametrisierter Kur-
ven in der Mobius-FEbene, deren Punkte paarweise durch Doppelnormalkrei-
se aufeinander bezogen sind. Sei Xi(t), Xo(t) gegeben als Finhiillende einer
Kreisfamilie X(t). Angenommen die 3(t) reprdsentierende Kurve o(t) auf
der de-Sitter Sphire A3 ist eine Frenet-Kurve, dann gilt:

Konforme Breite w.(t) = const. lings Xi(t), X2(t) <= geoditische
Krimmung k,(t) = const. lings o(t).
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Nun betrachten wir die konformen Bogenlingen 7,7 auf den Kurven
Xi(t), Xo(t), die in dritter Differentiationsordnung mit ihnen verbunden
sind. Wir bezeichnen als osc- Kurve einer Kurve der Mobius-Ebene die ihre
Schmiegkreise repriasentierende Kurve auf der de Sitter-Sphére. Wir erhalten
eine zweite Charaktersisierung konstanter konformer Breite:

Theorem 2. Sei X,(t),Xs(t),t € I, ein Paar regulir parametrisierter
Kurven in der Mdébius-Ebene ohne Scheitelpunkte, deren Punkte paarwei-
se durch Doppelnormalkreise aufeinander bezogen sind. Angenommen ihre
osc — Kurven auf der de Sitter-Sphdre sind Frenet-Kurven, dann gilt:

Konforme Breite w.(t) = const. lings X1 (t), Xo(t) <= dri(t) = dr(t) lings
Xl(t)a X2(t)

Mit diesen beiden Hauptresultaten unserer Uberlegungen folgen zum einen
explizite nicht-triviale Beispiele fiir Kurvenpaare konstanter konformer
Kriimmung und zum anderen weitere Resultate, etwa:

Proposition 3. Seien Xi(t), Xo(t) und X,(t), Xs3(t),t € I, verschiedene
Paare von Kurven konstanter konformer Breite in der Mobius-Ebene, die
eine gemeinsame Familie N(t) von Doppelnormalkreisen besitzen. Dann sind
Xy, Xy, X3 Kreise oder Teile von Kreisen, die alle drei einem Steiner- oder
einem Poncelet-Biischel angehdoren (vgl. Beispiel 1).

Eberhard Teufel

Fachbereich Mathematik

Universitat Stuttgart

70550 Stuttgart, Germany
Teufel@mathematik.uni-stuttgart.de
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Noch einmal polynomiale
Drehflachen

JOHANN HARTL

Kurzfassung: Auf dem Differentialgeometrie-Kolloquium in Karlsruhe am
11. Juni 2004 zeigte ich, dass sich jede Drehfliche, die eine Parameterdarstel-
lung besitzt, in der die Koordinatenfunktionen Polynome in den Parametern
sind, eine polynomiale Parameterdarstellung der folgenden Gestalt besitzt:

w1 (t, u) pi(t) + m(@%(ﬂ — p5(t)p1(t, t2) + 2p1 (t)pa(t) - Pa(t, t2))
zo(t,u) |=| p2(t) + m@pl (O)p2(t)pr(t, t2) — (pi(t) — p3(t)) - Pa(t, t2)) |
333(t7 ’LL) pg(t + tg)

wobei

ty =t u- (pi(t) + p3(t)),
und wobei die py, po, p3 beliebige Polynome in einer Verdnderlichen sind und
die p1, p2 Polynome in zwei Verdnderlichen sind, die auf einfache Weise von
p1 bzw. ps abhéngen.

In der anschlieSenden Diskussion kam die Frage auf, welche ebenen Kurven
als Meridiane solcher Drehflichen vorkommen konnen. Auf diese Frage soll
dieser Vortrag in Wien 2008 kurz eingehen. Er wird aber nur einen beschei-
denen Beitrag leisten, der keine so allgemeine Aussage liefern wird wie der
Vortrag in Karlsruhe.

Eine erzeugende Kurve einer polynomialen Drehfliche A sei gegeben durch
eine polynomiale Parameterdarstellung, kurz aufgeschrieben:

pi(?)
pt) = | poAt) |,
p3(t)
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in der pq, pa, p3 Polynome seien.

Will man singulére Punkte vermeiden, so ist vorauszusetzen:

pi(t) + p3(t) > 0.
Ein Meridian von A in der zox3-Ebene hat dann die Parameterdarstellung

0
mi(t) = pi(t) + p3(t)
ps(t)

Notwendig dafiir, dass eine Kurve mit der Parameterdarstellung

mit einem Polynom ps und mit z5(¢) > 0 fiir alle ¢ aus dem Parameterintervall
auf die angegebene Weise aus einer polynomialen Parameterdarstellung einer
Drehfliche entsteht, ist daher, dass 23 ein Polynom ist und dariiber hinaus,
dass 22 als Summe zweier Quadrate von Polynomen geschrieben werden kann.

Ist 23 ein Polynom und x3(t) > 0 sogar fiir alle ¢ € R, so lisst sich leicht zeigen
(wenn man weif}, wie es geht), dass 3 sich stets als Summe zweier Polynome
schreiben lasst. Diese Mitteilung verdanke ich Herrn Martin Peternell, der
mich gleich nach dem Vortrag darauf ansprach.

Im folgenden sei nun z3(¢) =: ¢(t) > 0 fiir alle ¢ € R mit einem Polynom
g. Dann ist notwendig der Grad von ¢ gerade, also deg(q) = 2n mit n € N.
Will man explizit ¢ als Summe zweier Quadrate von Polynomen darstellen,
so braucht man entweder die komplexen Nullstellen von ¢, die man fiir n > 2
nur noch numerisch bestimmen kann oder man macht den folgenden Ansatz:

q(t) =: @™ + agn 1t '+ ..+ art +ag =

= (bpt" + bpat" byt +bp)? + (cnt" it et o) =

= Z Z biby + cxcr) tk+l Z tm Z brbm—r + CrCmr)
r=0

k=0 1=0

mitcn+1:...:c2n:bn+1:...:bgn:O.
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Das fiihrt auf folgende Bedingungen fiir die Koeffizienten:

b2+ ¢ = agy,
anbn—l + ancn—l = A2p—1,
2bnbn—2 + b%_l + 2¢,6p—0 + C%_l = Q2p—2,

2b0b2 + b% + 20002 + C% = Qy,
Qbobl + 20001 = dq,
b2 + & = ap.

Wéhlt man b, c,, by, co, so erhélt man von oben her und von unten her suk-
zessive lineare Gleichungen. Die Piinktchen in der Mitte liefern Vertriglich-
keitsbedingungen.

Beispiel: Sei q(t) = ast* + ast® + ast? + ayt + ag. Dann erhilt man die
Bedingungen:

b% + C% = Ay,
2b2b1 + 20201 = as,
2b2b0 + b% + 2020(] + C% = A9,
Qbobl + 20001 = dq,
bz + & = ap.

Mit dem Ansatz
by = \Jagcosu, 9= \/aysinu,
by = \/agcosv, ¢y = +/agsinv
erhilt man das lineare Gleichungssystem fiir by, ¢;:

2b2b1 + 20201 = as,

2bobl -+ 20001 = Q.

Die Koeffizientendeterminante dieses linearen Gleichungssystems ist

2b2 202
2b0 200

= 4(bycy — boca) = 4y/agas(cosusinv — cosvsinu) =

= 4\/agay sin(v —u) =: D.
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Der Einfachheit halber sei im folgenden D # 0 vorausgesetzt. Durch Wahl
von u und v ldsst sich dies sicher erreichen. Nach der Cramerschen Regel
erhélt man

1| as 2¢c 2
by = — ai’ 20(2) = D(agco —a1cy) = B(Olg\/ ap sinv — ajy/ay sinu)
2 2
— ‘ 2by a3 | _ (b2a1 — boaz) = —(a1/as cosu — azy/agcosv).
2b0 ay D

Die Vertréglichkeitsbedingung besagt:

2b2b0 + b% + 20200 + C% = Q9.

Fiir die oben berechneten b; und b, gilt:
(b3 4+ 13)D? = 4(atay + azag — 2a1a3+/apas(sin usinv + cosu cosv)) =

= 4(afay + a3ag — 2a1az\/apay cos(v — u))
Dieser Ausdruck miisste nach der Vertriglichkeitsbedingung gleich sein dem

Ausdruck
D2(a2 — Qbobg — 20002) =

= 16apassin®(v — u) - (ay — 2y/agas(cosu cosv + sinusinv)) =
= 16agassin®(v — u) - (ag — 2y/agay cos(v —u)).
Da sin?(v — u) = 1 — cos?(v — u), wird die Vertriiglichkeitsbedingung zu
aiay + azag — 2a1a3/agay cos(v — u) =

= dagay - (ag—2+/agag cos(v—u)) —4agay - (ay cos®(v—u) —2\/agas cos® (v —u)).

Anders aufgeschrieben erhélt man einen Ausdruck mit einem Polynom drit-
ten Grades in cos(v — u):

8v/aots” cos’ (v —u) — 4agagay cos? (v —u) + 2y/aoas (ayas — 4agay) cos(v — u)+
+4dapasay — a%a4 — aoag =0
Hat man also eine Drehfliche A mit einem Meridian der Gestalt

0
Z(t) = | x2t)
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mit einem beliebigen Polynom ps gegeben und mit x3(t) = ast* + azt® +ast* +
ayt + ap > 0 fiir alle t € R, und will man eine polynomiale Darstellung von
A erhalten, so ermittle man eine reelle Nullstelle Ay des Polynoms

f()\) = 8\/&0&43)\3 — 4@0@2@4)\2 + 2\/&0&4(@1@3 — 4@0@4))\"‘

+4dapasay — a%a4 — aoag

mit [A\o| < 1, wéhle u und v so, dass cos(v—u) = Ao, gehe damit in den obigen
Ansatz fiir by, ¢, by und ¢y und berechne anschliefend b; und ¢;. Damit hat
man die beiden Koordinatenpolynome

p1(t) := bot? + byt + by,

pg(t) = 02t2 + Clt + Co

gefunden. Bei der Wahl von v und u hat man dabei noch einen Freiheitsgrad,
den man gegebenenfalls fiir Forderungen an die Flachendarstellung ausnutzen
kann.

Johann Hartl

Zentrum Mathematik M10
Technische Universitat Miinchen
85747 Garching, Germany
hartl@ma.tum.de
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Characterization and
a Construction
of Equiframed Curves

HORST MARTINI & KONRAD J. SWANEPOEL

1 Introduction

In this contribution, which is based on the paper [4], we give a constructive
description of centrally symmetric equiframed curves, i.e., centrally symme-
tric closed convex curves that are touched at each of their points by some
circumscribed parallelogram of smallest area. Equiframed curves and their
higher dimensional analogues were introduced by Pelczynski and Szarek [7].
This class of curves properly contains the Radon curves introduced by Radon
[8]. For a survey on them see [5, 6].

Clearly, any regular polygon with 2n sides is equiframed, and if n is even, the
boundary is not a Radon curve. Equiframed curves occur as the unit circles
of two-dimensional norms for which equality holds in a certain inequality in
Minkowski Geometry, recently found in [6]. This inequality bounds the ra-
tio between the area of the unit circle and a circumscribed parallelogram of
smallest area ((2) below) in terms of the circumference of the unit circle. It
can be seen as a dual to an old inequality of Lenz [3], bounding the ratio
between the area of the unit circle and an inscribed parallelogram of largest
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area in terms of the circumference (see (1)). In Section 2 we also give cha-
racterizations of equiframed curves (Proposition 2.2) similar to known ones
of Radon curves (Proposition 2.3).

In Section 3 we describe the construction of a general equiframed curve based
on the known construction of Radon curves. It turns out that equiframed
curves are Radon curves with certain triangles added to the boundary.

2 Inequalities for Radon and equiframed cur-
ves

We let Cy denote a centrally symmetric convex body in the plane and denote
its boundary curve by 0Cy. The curve 0Cy is a Radon curve if each point of
0Cy is a vertex of some inscribed parallelogram of maximum area. Dually, 0C)
is an equiframed curve if each point of dCY is touched by some circumscribed
parallelogram of minimum area. Note that our definition of a Radon curve
is not the standard one, but chosen so as to be dual to the definition of an
equiframed curve.

For any centrally symmetric Cy we have

% <p (Co) = ¢ (Cy) with equality iff Cy is a Radon curve. (1)

This was first proved by Lenz [3] and subsequently rediscovered by Yaglom
[9]. We now consider the dual of (1); see [6].

Theorem 2.1. For any centrally symmetric convex body Cy in the plane,

g (Cy) = pT(Cy) < & with equality iff OCy is an equiframed curve.  (2)

8
U

The next two propositions give various characterizations of the equality case
in (1) and (2).

Proposition 2.2. The following are equivalent for a centrally symmetric
curve 0CYy:

1. 9Cy is equiframed,
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2. each right semi-tangent of Cy is a side of a circumscribed parallelogram
of least area,

3. «a(t) is constant,
4. a(t) = 1pt(Cy)|Col for allt € [0,U),
5. pH(Co) = &, i.e., in (2) equality holds.

6. each boundary point of Cy lies on some circumscribed quadrilateral of
smallest area.

The following proposition shows the subtle difference between equiframed
curves and Radon curves. All of these characterizations are well-known [5, 6].
Note that 1-5 correspond to 1-5 of Proposition 2.2.

€9
1o ¢ I
b
q
a
i )
€ 111 © vV €1

Figure 1: Gluing a triangle to a Radon curve with wedges.

Proposition 2.3. The following are equivalent for a centrally symmetric
curve 0Cy:

1. 0Cy is a Radon curve,

2. each supporting line of Cy is a side of some circumscribed parallelogram
of smallest area,

3. |det[u(t), v]| is constant for all t € [0,U) and all unit vectors v such
that the line through u(t) parallel to v supports Cy,
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4. |detfu(t),v]] = 1p™(Co)|Co| for all t € [0,U) and all unit vectors v as
m 3,

5 p(Co) = 7, i.e., in (1) equality holds.
6. at) = tp=(Co)|Col for all t € [0,U),

2

7. each boundary point of Cy is the midpoint of some circumscribed par-
allelogram of smallest area,

3 Construction of equiframed curves

Since equiframed curves turn out to be Radon curves, we first describe a con-
struction of the latter. The standard construction [8, 1] is based on the fact
that the “second quadrant” of a Radon curve is in some sense the rotated
polar of the “first quadrant”. Since the polar of a convex body lies strictly
speaking in the dual of the underlying space, one first has to fix a polarity,
or in the language of linear algebra, identify the space and its dual via a
nondegenerate bilinear form. In the usual construction of a Radon curve, the
bilinear form is chosen to be symmetric (with the corresponding geometry
being Fuclidean), and then, as a second step in the construction, one has to
rotate by a right angle in the Euclidean structure determined by the biline-
ar form. We simplify this construction by using a skew-symmetric bilinear
form instead of a symmetric one (i.e., corresponding to symplectic geometry
instead of Euclidean geometry). The details are as follows.

We fix the bilinear form [x,y] on R? to be the determinant det[x,y], i.e.,
after choosing a unit of area we define [x,y] to be the signed area of the
parallelogram with vertices 0,x,x + y,y. If the line ¢ is polar to the point
x in the polarity defined by this form, then for any line m parallel to ¢ we
write [x,m| := [x,y] for any y € m, with a similar definition for [m, x].

1 Construction of an arbitrary Radon curve

Let a > 0 and fix a parallelogram P of area 4« centred at o. The two lines
through o parallel to the sides of P divide the plane into four quadrants,
which we label I, I, III, IV in any way such that III = —I, IV = —II, and
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[x,y] > 0 for any x € I and y € II. We consider the quadrants to be closed
sets. Let e; be the vector on a side of P on the boundary of I and IV, and
ey be the vector on a side of P on the boundary of I and II. Let €] = —e;.

Now choose any convex curve I'1 joining e; to e; such that I'1 U oe; U oey
is a closed convex curve. We now define a curve I'y; in II. For each direction
v € ege] we let A\v € I'y be such that [(,\v] = «, where ¢ is the line
parallel to v supporting I';. To finish the construction we let I';;; = —I'1 and
I''v = —T';1. Then the Radon curve is I'TU I'iy U 'y U Ty

Proposition 3.1. The above construction gives a Radon curve Cy with
p~(Cy) = a. Furthermore, any Radon curve can be obtained in this way.

This is due to Radon [8]. A proof may be found in [2].

Figure 2: Constructing the regular octagon by gluing triangles to a Radon
curve.

2 Construction of an arbitrary equiframed curve

Choose a > 0 and I'; and proceed as in the construction of a Radon curve.
Then glue triangles to 'ty as follows. We define a wedge on a convex curve to
be the union of two nonparallel segments on the curve joined at a common
endpoint, called the corner of the wedge. Each wedge ab U bc C I'y with
corner b on I'y corresponds to a segment de on I';; with nonregular endpoints
(Figure 1).

Here d is parallel to ab, e is parallel to bc, de is parallel to b, and there are
supporting lines to I';; at d and e parallel to a and c, respectively. For each
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such segment de, choose any point p in the closed triangle bounded by de,
the supporting line at d parallel to a, and the supporting line at e parallel to
c. Replace the segment de on I';; by dp U pe. This may be done arbitrarily
for each wedge on I'y, provided that we keep the modified I'; convex. Note
that it is possible for a countable infinity of triangles to be added, since there
may be an infinite number of wedges on I;.

We denote the modified I'y; by Ay, and let Ay = —Ayp (and 'y = =17 as
before). Then the equiframed curve is I't U Ay U I'iip U Ay

Theorem 3.2. The above contruction gives an equiframed curve. Further-
more, any equiframed curve can be obtained in this way.

Corollary 3.3. An equiframed curve that does not contain any wedge is a
Radon curve. In particular, an equiframed curve that is smooth or strictly
conver is a Radon curve. (]

Corollary 3.4. An equiframed hexagon must be an affine reqular hexagon or
a parallelogram (if the hexagon is degenerate).
In Figure 2 we show how a regular octagon arises as an equiframed curve in

our construction.

Two shaded triangles are added to the Radon curve in the second quadrant.
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Numerische Verfahren

zur Minimalflichenberechnung

Karl-Heinz Brakhage

brakhage@igpm.rwth-aachen.de

RWTH Aachen
Geometrie und Praktische Mathematik

Templergraben 55
D-52056 Aachen

In vielen physikalisch technischen Anwendungen trifft man auf Minimal-
flichen. Die bekanntesten und am besten zu visualisierenden sind wohl die
Seifenfilmflichen zu einer vorgegeben Berandung aus Draht. Die Form der
Fliache wird dabei durch ihre Oberflichenspannung und somit auch durch
die mittlere Kriimmung bestimmt. Die lokale Minimierung einer Fléche
entspricht der Nullstellenbestimmung der mittleren Kriimmung. Daher las-
sen sich Minimalflichen numerisch mittels partieller Differentialgleichungen
bestimmen, indem man eine geeignete kriimmungsabhéngige Flussfunkti-
on ansetzt. D.h.: Man verformt die Flédche entsprechend ihrer mittleren
Kriimmung. In dem Vortrag soll ein solches Verfahren, das auf der soge-
nannten Level Set Methode basiert, vorgestellt und erldutert werden.
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Towards a proof of the
Chern-conjecture for isoparametric

hypersurfaces in spheres

Mike Scherfner

scherfner@math.tu-berlin.de

Inst. of Mathematics, Sekr. MA 8-3,
Str. d. 17. Juni 136,
10623 Berlin, Germany

One important problem in differential geometry is to investigate minimal
hypersurfaces in space forms, and the particular problem stated below sti-
mulated geometers during the last decades. We will be concerned with hy-
persurfaces of S"*!, which are called isoparametric of type ¢ if they have
g distinct constant principal curvatures with constant multiplicities. Such
hypersurfaces with g < 3 were classified by E. Cartan long ago.

In 1968 S.-S. Chern proposed the following:

Chern conjecture: Let M™ n > 2, be a closed minimal hypersurface of
S**! with constant scalar curvature, then M" is isoparametric.

There have been many attempts in order to solve this conjecture, but without
complete success. It has only been possible to prove special cases and we will
list and comment some main results.
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Die von Nodoiden

verzweigten Flichen

Yong He

he@mathematik.tu-darmstadt.de

TU Darmstadt
Schlossgartenstr. 7
64289 Darmstadt

Die Lawson-Korrespondenz beschreibt eine 1:1 Relation (bis auf Translati-
on) zwischen H-Flichen (d.h. Flichen konstanter mittlerer Kriimmung) in
R3 und Minimalflichen in der 3-Sphiire S®. Dadurch erhalten wir eine Metho-
de um neue H-Fliche in R? zu konstruieren. Von Karcher stammt die Idee,
Randkurven der zu konstruierenden konjugierten Minimalflichen in S3 als
Integralkurven rotierender Vektorfelder zu beschreiben. Solche Vektorfelder
sind durch Hopf-Faserung in S® gegeben. Mit dieser Methode kénnen wir
Minimalflichen in S? konstruieren, dessen konjugierte H-Fichen von Nodoi-
den abzweigen. In dem Vortrag wird die Konstruktionsmethode sowie einige
Resultate iiber die Existenz und Eindeutigkeit der neuen Fldchen vorgestellt.
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Noch einmal polynomiale Drehflichen

Johann Hartl

hartl@ma.tum.de

Zentrum Mathematik M10
Technische Universitat Miinchen
85747 Garching

Auf dem Differentialgeometrie-Kolloquium in Karlsruhe am 11. Juni 2004
zeigte ich, dass sich jede Drehflache, die eine Parameterdarstellung besitzt,
in der die Koordinatenfunktionen Polynome in den Parametern sind, eine
polynomiale Parameterdarstellung der folgenden Gestalt besitzt:

x1(t,u) pi(t) + m(@%(ﬂ — p3(0)p1(t, t2) + 2p1 (t)p2(t)pa(t, t2))
To(t,u) | = | pat) + m@pl (t)p2(t)pr(t, t2) — (pT(t) — P3(t))D2(t, t2))
w3(t, u) pa(t +t2)

wobei

ty = u- (pF(t) + p3(t)),

und wobei die pq, ps, p3 beliebige Polynome in einer Verénderlichen sind und
die p1, p2 Polynome in zwei Verédnderlichen sind, die auf einfache Weise von
p1 bzw. ps abhéngen.

In der anschlieSenden Diskussion kam die Frage auf, welche ebenen Kurven
als Meridiane solcher Drehflichen vorkommen koénnen. Auf diese Frage soll
der Vortrag in Wien 2008 kurz eingehen.
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On Generalized LN-Surfaces in
4-Space

M. Peternell

peternell@geometrie.tuwien.ac.at

Vienna University of Technology,
Institute of Discrete Mathematics and Geometry,
Wiedner Hauptstrasse 8-10/104,

A-1040 Vienna, Austria

A class of two-dimensional rational surfaces F' in R* is investigated, whose
tangent planes satisfy the following property: For any three-space E in R*
there exists a unique tangent plane 7T'(u,v) of F' which is parallel to E. For
all possible varieties of tangent planes T'(u,v) the corresponding families of
surfaces in R* are constructed explicitly. Quadratically parameterized surfa-
ces in R* occur as special cases. This construction generalizes the concept of
LN-surfaces in R? to two-dimensional surfaces in R*. Further it is shown that
these surfaces have similar properties concerning the convolution operation
as LN-surfaces in R3.
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On the rigidity of a class
of non-convex polyhedra

Ivan Izmestiev

izmestiev@math.tu-berlin.de

Institut fiir Mathematik, MA 8-3
Technische Universitiat Berlin
Strafle des 17. Juni 136
10623 Berlin, Germany

By a classical result of Cauchy and Dehn, every convex polyhedron is infini-
tesimally rigid. On the other hand, there are many examples of infinitesimally
flexible non-convex polyhedra. One can ask under what conditions is a non-
convex polyhedron infinitesimally rigid.

It is conjectured that a polyhedron P is infinitesimally rigid, if the following

two conditions are satisfied:

1. P is weakly convex, that is the vertices of P are the vertices of its convex
hull;

2. P is decomposable, that is P can be triangulated without additional
vertices.
There are several partial results on this conjecture due to Schlenker and
Connelly and Schlenker.
In this talk we outline a proof (from a joint work of Jean-Marc Schlenker and

the speaker) of the infinitesimal rigidity of P under an additional assumption

3. Pis codecomposable, that is the complement of P in its convex hull can
be triangulated without additional vertices.

The proof relies on a result of independent interest concerning the Hilbert-
Einstein function of a triangulated convex polyhedron. We determine the
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signature of the Hessian of this function with respect to deformations of the
interior edges. In particular, if there are no interior vertices, then the Hessian
is negative definite.
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Konforme Breite in der
Mobius-Geometrie

Eberhard Teufel

Teufel@mathematik.uni-stuttgart.de

Fachbereich Mathematik,
Universitiat Stuttgart,
70550 Stuttgart, Germany

Die Breite eines konvexen Korpers in der euklidischen Ebene zu ei-
ner vorgegebenen Richtung ist der Abstand seiner zugehorigen parallelen
Stiitzgeraden. Konvexe Korper konstanter Breite sind die wohlbekannten
Gleichdicke.

Der Vortrag beinhaltet gemeinsame Resultate mit R. Langevin (Dijon): Wir
definieren eine konform invariante Breite fiir Paare von Kurven in der Mdbius
Ebene. Wir charakterisieren insbesondere die Paare von Kurven konstanter
konformer Breite.



84 Proc. 33. Siiddeutsches Differentialgeometriekolloquium

Uber eine Verallgemeinerung
der Radon-Kurven

Horst Martini

martini@mathematik.tu-chemnitz.de

Fakultit fiir Mathematik,
TU Chemnitz,
D-09107 Chemnitz

Die sogenannten “equiframed curves” sind zentralsymmetrische, konve-
xe und planare Kurven, die in jedem Punkt von einem umbeschriebe-
nen Parallelogramm kleinsten Flacheninhalts berhrt werden. Diese Kurven
sind u.a. wichtig in der Funktionalanalysis. Sie wurden deshalb, mit ihren
hoherdimensionalen Analoga, 1991 von den Fuktionalanalytikern Pelczynski
und Szarek eingefhrt.

Die Klasse der Radon-Kurven, sehr wichtig in Konvex- und Minkowski-
Geometrie, stellt eine wichtige Unterklasse dar. Im Vortrag wird ein kon-
struktiver Zugang gezeigt, der von Radon-Kurven ausgeht, und es werden fr
beide Kurvenklassen charakteristische Eigenschaften vorgestellt, die den Un-
terschied deutlich machen und auch zeigen, dass (in einem gewissen Sinne)
eine Dualitat zwischen beiden Kurvenklassen besteht.
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Anwendungen lokaler
geoditischer Abbildungen

Thomas Schneider

thomas.schneider@i-u.de

Miihlingstr. 29 Germany, Bruchsal
D-69121 Heidelberg Campus 1
D-76646 Bruchsal

Bekanntlich lassen Fléachen konstanter Gau3-Kriimmung lokale geoddtische
Abbildungen X in die reelle euklidische Ebene zu, also lokale Diffeomorphis-
men, die Geodatische der Flache auf Geraden bzw. Geradenstiicke in der
Ebene abbilden. Im Falle einer Rotationsfliche im R3 mit konstanter posi-
tiver Gaufl-Kriimmung K kann eine derartige Abbildung A sehr einfach als
Komposition einer lokalen Isometrie auf die Sphére mit Radius 1/ VK und
der Zentralprojektion aus der Sphére auf eine Ebene, die das Zentrum der
Sphére nicht enthélt, gewonnen werden.

1. Wir kénnen auf solchen Flédchen Gebiete abgrenzen, die lineare Riume
im Sinne der Inzidenzgeometrie sind, bei denen also zu je zwei vonein-
ander verschiedenen Punkten genau eine Verbindungsgeodite existiert.
Mit Hilfe der geodétischen Abbildungen und ihrer Inversen iibertragen
sich inzidenzgeometrische Konstruktionen (z.B. Desarguesfiguren) von
der reellen euklidischen Ebene auf die auf der Rotationsflache realisier-
ten linearen Réume.

2. Als Konsequenz des klassischen Satzes von Clairaut erhélt man
auf beliebigen Rotationsflichen im R? lokale Parametrierungen von
Geodaétischen, die jedoch im Allgemeinen nicht global fortsetzbar
sind. So ergeben sich etwa im Falle der Spindelfiichen Definiti-
onsliicken der Clairaut-Parametrisierungen an den Umkehrpunkten der
Geodatischen, die zwischen zwei Breitenkreisen oszillieren.

Geodaétische Abbildungen A von einer Spindelfléiche in die Ebene erwei-
sen sich auch in diesem Kontext als hilfreich: Durch Hochhebung von
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A1 in einer Uberlagerung der Spindelfléiiche erhalten wir globale Para-
metrisierungen von Geodétischen. Auf dieser Grundlage gewinnen wir
einen vollstindiger Uberblick iiber das globale Verhalten der Geodéten
auf der Spindelflache.
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Main Theorem on
Planar Parallel Manipulators

with Cylindrical Singularity Surface

Georg Nawratil

nawratil@geometrie.tuwien.ac.at

Vienna University of Technology,
Institute of Discrete Mathematics and Geometry,
Wiedner Hauptstrasse 8-10/104, Vienna A-1040, Austria

In this article we prove that there do not exist non-architecturally singular
Stewart Gough Platforms with planar base and platform and no four anchor
points collinear, whose singularity set for any orientation of the platform is
a cylindrical surface with rulings parallel to a given fixed direction p in the
space of translations.
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Erinnerungen an

Heinrich Brauner (1928 — 1990)

Hans Havlicek

havlicek@geometrie.tuwien.ac.at

Forschungsgruppe Differentialgeometrie und Geometrische
Strukturen,
Institut fiir Diskrete Mathematik und Geometrie,
Wiedner Hauptstrafle 8-10,
A-1040 Wien, Osterreich.

Zur 80. Wiederkehr des Geburtstages von
O.Univ.Prof. Mag.rer.nat. Dr.phil. Dr.techn. Heinrich Brauner

sollen in diesem Vortrag Eigenschaften, Wesensmerkmale und Leistungen
dieses Osterreichischen Geometers aufgezeigt werden. Dabei mochte ich zu-
mindest ein wenig von dem vermitteln, was aus meiner Sicht das Besondere
dieses auflergewohnlichen Wissenschaftlers und Menschen ausmachte.
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