CONFORMAL HEXAGONAL MESHES

CHRISTIAN MULLER

ABSTRACT. We explore discrete conformal and discrete minimal surfaces all
of whose faces are planar hexagons. Discrete conformal meshes are built of
conformal hexagons for which we establish a dual construction. We apply this
dual construction to conformal hexagonal meshes covering the sphere and get
discrete hexagonal minimal surfaces via a discrete analogue of the Christoffel
dual construction.

We compare the smooth and the discrete settings by means of limit consid-
erations and also by a discussion of Mobius invariants.

1. INTRODUCTION

The present paper considers hexagonal meshes from the viewpoint of discrete
differential geometry. Discrete differential geometry is a wide field which consid-
ers objects like polygons, meshes, and polytopes with the aim of finding discrete
analogues of classical (i.e., smooth) differential geometry. In this sense not only
objects but also properties and notions of the smooth setting are carried over to
the discrete theory. Also the other way round is of great interest, which means that
one explores attributes assigned to discrete objects which survive a refinement pro-
cess to a continuous limit. A first treatise of discrete differential geometry can be
found in the monograph Differenzengeometrie by R. Sauer [14] whereas a modern
approach is contained in Discrete Differential Geometry: Integrable Structure by
A. 1. Bobenko and Yu. B. Suris [5]. Discrete differential geometry is not only inter-
esting within pure mathematics (see e.g. [1] or [5]) but also in computer graphics
and geometry processing (see e.g. [15]) and architectural design (see e.g. [12]).
The general idea here is to get notions like curvature, offset surface, and conformal
equivalence for discrete objects which are of great importance in applications.

A well studied class of surfaces in differential geometry are minimal surfaces.
Different but equivalent definitions of minimal surfaces in the smooth setting can
be discretized to different definitions of discrete minimal surfaces. For example
Plateau’s problem has been considered in the discrete setting e.g. by U. Pinkall
and K. Polthier [11] using a discrete Dirichlet energy of triangle meshes. Another
definition which however does not work for triangle meshes is the discrete curvature
theory of A. I. Bobenko, H. Pottmann, and J. Wallner [4] which is based on the
concept of edgewise parallelity between mesh and Gauss image. Here, a discrete

minimal surface is characterized by vanishing mean curvature, analogous to the
1
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smooth case. An incidence geometric characterization of such discrete minimal
surfaces can be found in [10]. A further way to find minimal surfaces is via the so-
called Christoffel dual construction [7]. The dual of an isothermic parametrisation
of a sphere is an isothermic parametrisation of a minimal surface and vice versa.
For quadrilateral meshes, A. I. Bobenko et al. discuss this in [1, 3].

The present paper establishes a discrete Christoffel dual construction for special
hexagonal meshes, namely conformal ones. A mesh with vertices in a sphere where
each face is a conformal hexagon will be called discrete isothermic like in the
smooth setting. As mentioned before, the Christoffel dual of a discrete isothermic
surface covering a sphere can be seen as a discrete minimal surface consisting of
planar hexagons.

2. MULTI-RATIO AND VERTEX OFFSET MESHES

Following [12], two meshes M and M’ with the same combinatorics are called
parallel if all corresponding edges are parallel. Trivial pairs of parallel meshes can
be found by translation or dilation of a fixed mesh. With a vertex-wise addition
and scalar multiplication the space of all meshes which are parallel to a given one
is a vector space.

To define offset meshes we need an appropriate notion of distance. Possibilities
are the following: A mesh M is a vertex (edge, face, resp.) offset of M at constant
distace d if M and M? are parallel and all corresponding vertices (edges, faces,
resp.) are at constant distance d.

For quad meshes H. Pottmann et al. [12, 13] showed a connection between the
existence of vertex and face offsets on the one hand, and circular and conical
meshes on the other hand. In the present paper the circular meshes are the more
important ones. A circular polygon is a polygon with a circumcircle and a quasi-
circular polygon is edge-wise parallel to a polygon with a circumcircle (see e.g. [9]).
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FIGURE 1. A discrete Enneper’s surface (right) and its discrete Gauss image (see Ex-
ample 1).
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A circular mesh is a mesh where each face is a circular polygon and a quasi-circular
mesh is a mesh where each face is a quasi-circular polygon.
For four complex numbers z, ..., z3, we have the cross-ratio

(20 — 21)(22 — 23)

(21 — 22)(23 — 20)

which is Mobius invariant and characterizes Mobius equivalence classes of quadri-
laterals. A quadrilateral is circular if and only if its cross-ratio is real. A general-

CI'(Z(], 21, 22, 23) =

ization of the cross-ratio to polygons with an even number of vertices zy, ..., 2, 1
is the so-called multi-ratio (see e.g. [2])
q(Z - ) L (Zo — Zl)(ZQ — 2’3) oLt (Zn,Q — anl)
0y+--rn—-1) -—
" (21 —29) (23— 24) ..+ (Zn—1 — 20)
Obviously, the multi-ratio q(zo, ..., 2,_1) is Mdbius invariant since it is invariant

under translations, dilations, rotations and transformations of the form z — 1/z.

Lemma 1. Let (z;) = (20, ..., 2,_1) with n even be a polygon in the complez plane.
Further let a;; denote the angles between z;_o — z;_3 and z;+1 — z; and let 0; be the
internal angles between z;_1 — z; and z; 11 — 2z;, where indices are taken modulo n.
Then the following statements are equivalent.

(i) There exists a polygon parallel to (z;) with all vertices on a circle.
(1t) The angles oy fulfill Y, . .. o € TZ, or, which is equivalent, ) . .. o € TZ.

FIGURE 2. For a regular 8-gon we have an angle of 37 /4 for all a; = Z(w;_a—w;_3, wi+1—
w;). When changing a vertex w; to w; on the circumcircle the corresponding angles oj_1,
aj, aj12 and a4 3 are replaced by avinto &j_1 = a1 —, & = aj — @, 12 = aj2ta
and &3 = a3 + «, respectively.
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(111) The multi-ratio q(zq, ..., 2n—1) 1S real.
(i) The interior angles 6; have the property » . ... 6;=> . .. 0;.

PROOF. (i) = (ii): Without loss of generality let (z;) lie on a circle. For regular
n-gons (w;) (see Figure 2) we have oy; = 32% for all i, which yields >°, .., o = 3.
When changing one single vertex of (w;) on the circle, e.g. w; — w;, the directions
wjt1 — w; and w; — w;_; will change about the same angle o, which follows from
the inscribed angle theorem. We get a new n-gon (w;) with w; = w; for all
i except for ¢ = j. For the corresponding angles we have &;_1 = aj_1 — a,
aj = aj — @, Oy = Qjpo + « and &jy3 = o3 + o, where all others remain
unchanged. Therefore ) . & = > . ., = 31 € nZ. If we change each
vertex of the regular polygon (w;) until they come to the positions of (z;) the sum
of the considered angles remains in 7Z.

(ii) = (i): Now we start with a polygon (z;) with corresponding angles «; such
that ). .., @ € 7Z. Starting with an arbitrary vertex wy on a circle we construct
vertices wy, ..., w, on this circle with edges w; — w;_; parallel to z; — z;_; for all
i € {0,...,n}, where indices are taken modulo n only for z; but not yet for the
points w; (see Figure 3 with w; = 2;). Until now we do not know whether w,, = wq
or not. From “(i) = (ii)” we know that the polygon (w;)?Z, fulfills condition
(ii). Using the assumptions we can conclude that also w, — w,_; is parallel to
wo — wy,_1 which yields w,, = wj.

(i) <= (iii): With z — 2,1 = ag exp(ipy) and oy = Yo — Pr_1 We get

2o — Zh_ Qo€ P2
Qo vz = ] (r2 = 23) _ |

z —Zz Qps 1 €HPE+1
k even ( kt1 k) k even kt1
ak—2 Q-2 .
= ” —ew"“:( ” )exp(z E ozj).
a a
k even kt1 k even kt+1 Jj even

This yields
q(z0y -y 2n-1) € R <= Z a; € .

(i) <= (iv): see [9]. d O

Corollary 2. Let M be a Mébius transformation and let (z;) be an n-gon with n
even. Then (z;) is quasi-circular if and only if (M (z;)) is.

PROOF. q(20,...,2n-1) = q(M(20),...,M(z,-1)) € R follows from the M&bius
invariance of the multi-ratio. O O

Remark 3. The construction of a parallel polygon with vertices on a circle either
is closing for all starting points zy, or for none of them (see Figure 3). Let (w;)}=,
be an arbitrary polygon and let (z;)"_, be contained in the circle S where z; — z; 11
is parallel to w; —w;yy (indices taken modulo n only for w;). Define i : 8' — R?

by 1(2) = [21 — 2] N [2n1 — 2a]. Then the set u(S') is a conic section, which
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is a consequence of properties of projective mappings between pencils of lines (see
Figure 3, right).

Theorem 4 applies the above properties of polygons to meshes. The multi-ratios
which are mentioned are computed w.r.t. an arbitrary choice of Cartesian coordi-
nate system in each face.

Theorem 4. Fach of the following statements concerning a mesh M with planar
faces implies the other five.

(i) M has a vertex offset.

(i1) Every face of M is a quasi-circular polygon.
(i1i) For each face, the angles o fulfill both, >
respectively.

(i) For each face, the angles oy fulfill Y, .06 € TZ.

(v) The multi-ratio of each face is real.

(vi) For each face, the interior angles 0; have the property > . . 6; =" .. 0;.

a; €L and Y, 4% € TL,

i even

The equivalence of statements (i) < (ii) < (iv) can be found in [9], and (i)
& (ii) for quad meshes can be found in [12]. The rest follows immediately from
Lemma 1.

3. CONFORMAL HEXAGONS

Both conformal and curvature line parametrisations play a fundamental role in
the theory of minimal surfaces. On the one hand, the Weierstrass representation
converts a pair of holomorphic functions (i.e., conformal parametrizations of S?)
to a certain parametrization of a minimal surface. On the other hand, Christof-
fel duality converts a conformal parametrization of the sphere to an isothermic
parametrization of a minimal surface and vice versa. We now aim at a discrete
analogue of a continuous conformal surface, using hexagonal meshes.

FIGURE 3. Left: The construction of a parallel polygon with vertices on a circle is closing
for all starting points 2 or for none. Right: The set of all points p(zg) which arise from
the construction of Remark 3 are located on a conic section.
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Definition 5. A hezagon (zq,. .., z5) is called conformal if both cr(zg, 21, 22, 23) =
—1/2 and cr(zg, 25, 24, 23) = —1/2.

The prototype of a conformal hexagon is a regular hexagon. Since Mobius
transformations leave the cross-ratio of four points invariant, we immediately see
that conformality of hexagons is Mobius invariant and each hexagon which is
Mobius equivalent to a regular hexagon is conformal.

For a conformal hexagon both quadrilaterals zg, 21, 22, 23 and zg, 25, 24, 23 are
circular since their cross-ratios are real (see Figure 4). The multi-ratio of conformal
hexagons is

(20 — 21)(22 — 23) (24 — 25) 1(z3 — 20)(24 — 25)

o) S o e —20) | 2(a—)z—z0)

which implies, with Lemma 1, that (z;) is quasi-circular.

Definition 6. Let f : U C R? — R? be a smooth reqular mapping (i.e., the
partial derivatives f,, f, are linearly independent in U). Then the hexagon

f0:f+€fx fSZf_gfx
fi— e sh i, fomf- - Yy,
fomfo it ey, fomfan- ey,

is called infinitesimal hexagon at (z,y) where f = f(x,y) € R®, f, = df/0x and
fy=0f/0y.

Note that in general infinitesimal hexagons are not planar. According to the
Taylor expansion the vertices f; of the infinitesimal hexagon differ from f(z;) in
terms of order o(e), where z; are the vertices of a regular hexagon with radius ¢
and centered at (z,y).

For the following we extend the cross-ratio to points of R? (see e.g. [3]). Four
points in R3, define a plane or sphere, which is identified with C U co via stereo-
graphic projection.

25 20

21

z3
b7 22

FIGURE 4. An arbitrary conformal hexagon (z;) with its two circles.



CONFORMAL HEXAGONAL MESHES 7

Theorem 7. Consider a reqular mapping f : U C R?> — R3 and the associated
infinitesimal hexagon fo, ..., fs for a point (z,y) € U. Then cx(fo, f1, fo, f3) =
—1/2 4 o(e) and cx(fo, f5, f1, f3) = —1/2 + o(e) for all (z,y) € U if and only if f

1 a conformal mapping.

ProoF. Translation z +— = — f —ef, and scaling « — 2z /¢ transform the vertices
to

Xo=0 X3:_4fx
X:l:_fx—i_\/gfy X4:_3fx_\/§fy
X2:_3fx+\/§fy XE):_f:v_\/gfy'

The inversion X; = X, /|| X;]|? sends X to oo. As all three transformations do not
change the cross-ratio we get

cr(fo, fr, fa, f3) = cx(Xo, X, Xo, X3) = cr(o0, X1, Xo, X3) = ﬁ
1 — Xo

We start with the first cross-ratio condition

1 - - 1 - -
(1) cr(fo, f1, fo, f3) = ~5 +o(e) &= X3 — Xy = —§(X1 — Xs) +o(e),
which is equivalent to

foc _3f:c+\/§fy _fx“—\/gfy _
—%—3 T + 5 = 0(¢),

where A = || —3f. +V3£,||% B= | — f. +V3f,||> and C = || f.||*>. Collecting the
coefficients of f, and f, we get
-1/2 9 1 -3v3 V3
(g q-5) Hh (4 + ) =),
which is equivalent to

—%AB—I—9BC’—AC:O and —3B+A=0

because of the linear independence of {f,, fy} It is easy to see that —3B+ A =0
& ||l = Ifyll and —3AB +9CB — CA = 0 < 3(fs, fo)® — 6(fy, fy) (far fo) +
12(f2, f)? + 3(fy fu)? — 8V3(fu, f){fy, f,) = 0. Further, it is easy to see that
Equation (1) is equivalent to

(2) 10 =160 and [{fe f,) =00r (e, fy>zw],

Since || £,112 > (fe, f,) = 2v/3/3||f,||> would impliy 1 > 21/3/3, which is a contra-
diction, f, and f, must be orthogonal. We get

cr(fo, fi, f2, f3) = —1/240(e) and  cr(fo, f5, fu, f3) = —1/2 + o(e)
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is equivalent to || fz|| = ||fyl| and (fs, f,) =0, which is further equivalent to the
conformality of f. O O

4. A DUAL CONSTRUCTION FOR CONFORMAL HEXAGONS

With a view towards the smooth Christoffel dual construction of Section 5, we
introduce a dual construction for conformal hexagons.

Definition 8. For a conformal hezagon (z;), let a; := z;41 — z; be the edge vectors,

where indices are taken modulo n. A hexagon (z}) is called dual to (z;) if

25—z =—1/(z1 —20) = —1/ag 2y — 23 =—1/(24 — 23) = —1/az
23— 2 =2/(2—2) =2/a; 25— 2 =2/(25 — 21) = 2/as
25—z =—1/(23 — 29) = —1/ay 25— 2 = —=1/(z0 — 25) = —1/as

(see Figure 5).

Proposition 9. Let (z;) be a conformal hexagon, a; := z;11 — z; and b := zg — 23.
Then

apQa 1 asas 1

(Ilb N 2’ (I4b N 2

(i1) 25 — 25 = 2/b and in particular zy — 23 is parallel to =5 — z3.

(11i) The hexagon (z;) posesses a dual hexagon.

(iv) The dual (z]) is a conformal hexagon, and is unique up to translation.

(v) Non-corresponding diagonals of both quadrilaterals zo, z1, 29, 23 and zo, 25, 24, 23

(i)Z?zoaiZOa ag+ar +as+b=0,

Z1

) 23

Z5

FIGURE 5. Left: Edge coefficients in the discrete dual construction (Definition 8). Right:
A conformal hexagon and its dual. For each conformal hexagon zy, ..., z; both quadri-
laterals zg, z1, 29, 23 and zg, 23, 24, 25 are circular.
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are transformed according to

20 — 29 23— %1
Zl Z3 |ZO_22|2’ 22 ZO |23—Zl|27

20 — 4 Z3 — %5
2 — 25 =3—m—— Z— 2y =3 ———.
° |20 — z4]?’ v |23 — 25/

In particular they are parallel:
22— 20 || 21 — 23, 21— 23| 20 — 2,
24— 20 || 25 — 23, 25 — 23 || 25 — 25

(vi) Applying the duality twice yields the original hexagon, up to translation:

(5%) = (2.

PRrROOF. The statements follow immediately from the definition or are straightfor-
ward except for (v), which is [6, Corollary 31]. O O

5. CHRISTOFFEL DUAL CONSTRUCTION

The following theorem by E. B. Christoffel [7] characterizes isothermic surfaces
via a dual construction. An isothermic parametrization is a conformal cuvature
line parametrization. It is known that all minimal surfaces can be expressed in
isothermic parameters. For the unit sphere S2?, every conformal parametrization
is isothermic.
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FIGURE 6. A discrete catenoid and its discrete Gauss image (see Example 2).
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Theorem 10 (Christoffel). Let f be an isothermic parametrisation. Then the
Christoffel dual f*, defined by the formulas

_k fy
1.2 Ak

exists and is isothermic again. The dual f* is a minimal surface if and only if f
s a sphere.

f: and  f; = -

The next two propositions state properties of the smooth Christoffel dual con-
struction.

Proposition 11. Let f : U C R? — R3 be an isothermic parametrisation, let f*
be its dual, and consider the ball B,.(x,y) with radius r centered at (x,y). Then

iy AU (B (2,9)))
r—0 A(f*(Br(xa y)))

where A is the surface area.

= L@ 9P fu(@ I,

Proposition 12. Let f : U C R? — R? be an isothermic parametrisation, € > 0
and r = e/\/m. Further let ¢ : U — U with ¢(x,y) = (ex,ey) be a parameter
transformation, f. := f o ¢ the transformed function and f; its dual. Then

3) lim A(S (B (2, 9))JA(S2 (B () = 1.

We consider the dual construction of discrete isothermic surfaces as quad meshes
[3, 1]. The dual 2§, ..., z} of a conformal square with vertices z, ..., z3 is defined
via 2/, — 2 = (—=1)"/(zi41 — 2;). For a square P with edge length [ and its dual
P*, which then has edge length 1/I, we obtain A(P) = [?, A(P*) = 1/I? and
therefore

A(P)
A(P~)

which are discrete analogues of Propositions 11 and 12.
Computing the area of hexagons is more involved than the rectangle case. For

a conformal hexagon (z;) and its dual (2;) we have 2z, — 2 = —1/(zi1 — %)

for i € {0,2,3,5} and 2}, — 2 = 2/(241 — %) for i € {1,4}. Multiplying each

vertex z; with 7 € R\ 0 we get the hexagon (w;) := (rz;) and its dual (w}) with
Wi — w; = r(zip1 — 2) and wi, — wf = —r Y/ (zq — %) for i € {0,2,3,5
and wi,, — w; = 2r7'/(ziy1 — z) for i € {1,4}. Consequently w} , — wf =

r1(zf, — 27). The areas of (z;) and (z]), are denoted by A(z;) = p and A(z}) = ¢
respectively. Then

=1" and A(P)A(P*) =1,

2
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This yields disretizations of Propositions 11 and 12, namely

A(vi) _ r?p 22D
4 =—=rr*= and A(v;)A}) = pq.
ﬁq
The fact that r does not occur in (4) means that A(v;).A(v;) does not depend on
the discrete parametrisation.

6. DISCRETE CONFORMAL AND DISCRETE MINIMAL SURFACES

Definition 13. A discrete (hexagonal) conformal surface is a mesh with regular
hezagonal combinatorics where each hexagon is conformal in the sense of Defini-
tion 5.

This definition is motivated by the following statements:

(i) The definition of planar discrete conformal surfaces (Definition 13) is M&bius
invariant (see Section 3).

(ii) According to Theorem 7, the limit of cross-ratios of the two quadrilaterals
of the infinitesimal hexagon both equal —1/2 if and only if the considered
mapping is conformal.

FIGURE 7. Linear combinations of parallel meshes, where one is a discrete catenoid
and the second is a discrete helical surface are members of the corresponding associated
family of minimal surfaces. Special combinations can lead to quad meshes. The case
illustrated here is in fact a discrete helicoid, which means that it discretizes a surface
generated by the helical motion of a straight line which orthogonally intersects the helical
axis (see Example 4).
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(iii) The discrete dual construction fulfils the property (z*) = (z;), which is
analogous to the smooth dual construction (see Proposition 9 (vi)).

(iv) The discrete dual construction always closes for conformal hexagons and
transforms a discrete conformal surface into another one (see Proposi-
tion 9).

(v) The discrete dual construction of Definition 8 fulfils discrete analogues of
properties of the smooth dual construction (see Propositions 11 and 12 and
Equations (4)).

Consequently, a discrete conformal surface can be seen as a discrete analogue of a
smooth conformal parametrized surface.
Remark 14.

(i) Since each face of a conformal mesh has multi-ratio —1, it posesses the
vertex offset property (see Theorem ).

(ii) All vertices of a circular hexagonal mesh are always contained in a sphere
or in a plane. We can say that a circular hexagonal surface is a discrete
analogue of a surface with umbilic points only.

The next definition is motivated by Theorem 10.

Definition 15. A discrete (hexagonal) minimal surface is the dual of a conformal
mesh covering the unit sphere.

Here the word “covering” can be understood as “inscribed”, “edge-wise tan-
gent”, i.e., circumscribed or “face-wise tangent”, i.e., circumscribed. Later we
show that a certain notion of discrete mean curvature vanishes for all such mini-
mal surfaces.

Remark 16. A more general definition of conformal hexagonal meshes can be
derived from the dual construction for quad meshes in [6]. Instead of taking cross-
ratios —1/2 in Definition 5, we take fractions —«,, /B, where m and n identify the
row and the column of the position of the quadrilateral. This can be interpreted as a
discrete reparametrization of the standard conformal mesh. The dual construction
then must be modified in the following way:

2 — 25 = —Bm/ (21 — 20) 2y — 25 = =P/ (24 — 23)
zy — 2] = an/(22 — 21) 25—z = oy /(25 — 21)
23 — 23 = — /(23 — 22) 20 — 25 = —PBm /(20 — 25).

After this change Proposition 9 is still valid.

7. A CONSTRUCTION OF PLANAR CONFORMAL MESHES

This section describes an explicit construction of a conformal hexagonal mesh,
which we are going to use later.



CONFORMAL HEXAGONAL MESHES 13

Proposition 17. Let (z;) be a conformal hexagon and let a and (3 be two simi-
larities, which map (z4, z5) to (29, 21) and (z3, z4) to (21, 20), respectively. Then o
and 3 commute, i.e., o3 = Boa and 3% o dl(z) = ol o f*(2;) is a conformal
mesh, with no gaps, where (k,1) € Z* (Figure 8).
PROOF. There exist ¢,1 € R and v,w € C such that a(z) = re’z + v and
B(z) = sz + w. We obtain

azs) = rezs +v =2 B(z4) = sz +w = 2

a(zg) =1€%z +v =2 B(z3) = se™ 23 +w = 2,
which implies re (25 — 24) = 21 — 2o and se™¥ (24 — 23) = 29 — 2;. It follows that

T R4 — 25 21 — 292 T o) 25 — 20 Z9 — 23
_el(ﬂo ¥) — — _61(90 ) —

5 23— 24 29— 21 s 20 — 23 23— 2

because of the cross-ratio condition of conformal hexagons. Further,

se¥ 2y +w — (s€¥ 23 +w) = rezy + v — (re"zs +v),
~———— ~———
=z1 =z1

which implies 3(z5) = a(z). Since B71(2) = s7le ™z — s7le™w, a7l(z) =
rtem%z —r~lem%y and a7 (z) = 7 (20) we have

-1 lem®oy — s e ™w, re®zy+ v = se¥zy + w.

rle Wy —

e Wy =s5"

We multiply the last two equations and get

(24 — 22)

207 — 20U +vaH(2) = 2020 — w2y FwB M%) = v=w

20
25

Z3

FIGURE 8. Left: An arbitrary conformal hexagon (z;). Right: A planar conformal mesh
B* o al(z) = al o B¥(z) (see Proposition 17).
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We want to show that Soa = aof3. Therefore we compute ao 3(z) = rse’?+¥) z 4
rew + v and o a(z) = rse’®¥)z 4+ se™v + w. Consequently,

(5) aofl=pfoa < (re¥ —1)w= (s —1)v.

Replacing v by w(zy — 22)/(24 — 20), the last equation is further equivalent to

(21 — 20
(21 — 20)

which we have already shown to be true. 0 0

(re’” —1) = (se¥ — 1) < [(29) = a(20),

To obtain circular conformal meshes we have to start with a circular conformal
hexagon and then apply Proposition 17.

A similarity which is no translation is decomposable into a dilation and a rota-
tion. The center of rotation of o and 3 is v/(1—7re*?) and w/(1—se™¥), respectively.
From equation (5) we obtain that both centers must be the same if and only if
ao 3= fBoa. In R? we take the 3 x 3 matrices

1 | o 1 | o0
A= Rew and B = Rew
Imwv rD, Imw sDy

for v and 3, where D, is the 2 x 2 rotation matrix by an angle of w. Since A and B
commute, i.e., AB = BA, a! o 8* can be written in the form exp(llog A+ klog B).

7.1. Discrete holomorphic functions. Now, we consider a mesh M with ar-
bitrary combinatorics stored in the graph G. The double D of G is a quad graph
defined such that the new vertices V(D) are the old ones V(G) combined with
the vertices of the dual graph V(G*) (see e.g. [5]). A quadrilateral of D consists
of the two vertices incident with an edge of G and the two vertices incident with
the corresponding edge of G*. A function f is discrete holomorphic with (possibly
complex) weights v if for each quadrilateral (zo, wy, 21, w;) of the double graph D

the equation
f(wl)—f(wo)_wz 2 — 1
) e —fGo) T i)

holds. A discrete Laplacian operator with (in general different) weights v of a
complex function f is

ANHE) = Y vw2)(fw) ~ f(2),

wEstar(z)

where star(z) consists of all vertices which are connected with z by an edge of
G. Further, f is called discrete harmonic if (Af)(z) = 0 for all verticies z of the
graph.

We consider complex functions defined an a graph G with values coming from
the embedding in C.
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Proposition 18. The mesh M with double graph combinatorics derived from a
conformal hexagonal mesh generated with Proposition 17 are function values of a
discrete holomorphic function defined on a reqular hexagonal graph.

ProOF. We consider points w; generated with the same similarities as the mesh
M, starting with one arbitrary point. These new points are the function values
of the vertices of the dual mesh M*. Since the new mesh with vertices V(M) U
V(M*) and double graph combinatorics is generated via similarities, the ratio
(21 — 20)/(w1 — wyp) is constant for each quadrilateral. Therfore exists a “nice”
weight function v that fulfills (6) and is constant at (zo, 21) and (wg,w;) on the
mesh. UJ O

Corollary 19. The conformal hexagonal mesh M generated with Proposition 17
and its dual mesh M* are function values of a discrete harmonic function defined
on a reqular hexagonal graph.

PRrOOF. This follows immediately from Proposition 18 and [5, Theorem 7.3]. O

Corollary 20. Let (z;) be a hexagon which is Mébius equivalent to a reqular one.
Then, the conformal hexagonal mesh M generated with Proposition 17 is discrete
harmonic with constant weights.

PROOF. Let (z;) be a hexagon of the mesh M. Then, without loss of generality
we have to show that the sum of the vectors of the edges emanating from 2z, is the
zero vector. If (z;) is a regular hexagon, then the proposition is obvious. For the
non-regular case let us assume further without loss of generality that a(z) = rez
which means that the center of rotation is 0. Therefore we have to show that
(21 — 22) + (23 — 22) + (r€™¥z3 — 29) = 0.

: : 1 (22— z3)(24 — 21)
v — = v — = —— P =
re'¥zy — 2z = re’¥ (23 — z4) 57¢ 1 — =)
_ _1 (22 — 23)(24 — 21) _ (21 — 22)(23 — 24)
2 (25 — 24) (25 — 24)

To finish the proof we must show that p := (21 — 22)(25 — 24) + (23 — 22)(25 —
24) + (21 — 29) (23 — z4) is zero. The cross-ratio conditions of four successive vertices
of (z;) are equivalent to crp(k) = 0 for all £ € {0,...,5}, where

crp(k) == (2x — Zrt1) (Zes2 — 2ht3) + 5 (21 — Zir2) (Zhgs — 2k).

2
A careful computation shows that
4 8 4
p* = gerp(0)erp(2) — gerp(1)erp(2) + serp(1)erp(3)
2 4 4 2
= 5erp(0)p + gerp(L)p + 2erp(2)p — erp(3)p + gerp(d)p = 0,

which we wanted to show. | O
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8. POLYGONS WITH VANISHING MIXED AREA AND DISCRETE MINIMAL
SURFACES

The mized area of two parallel polygons P = (p;) and @ = (¢;) (i =0,...,n—1)
is defined by

1
area(P, Q) = 1 Zoq@(det(pz‘, giv1) + det(qi, pit1)),

where indices are taken modulo n. A discrete curvature theory based on mixed
areas [4] takes this notion to define a discrete mean curvature of a face P by

area(P,o(P))
area(P)

where o(P) denotes the corresponding face of a discrete Gauss image.

In smooth differential geometry a minimal surface can be defined as a surface
with vanishing mean curvature in each point. A discrete minimal surface in this
setting is a mesh where the discrete mean curvature Hp is zero for all faces P of
the mesh. Incidence geometric properties of the polygons with vanishing mixed

Hp = —

q3

) qo

FIGURE 9. A pair of parallel quadrilaterals py, ..., ps and qq, - . ., g3 has vanishing mixed
area if and only if their non-corresponding diagonals are parallel: gog2 || ¢1¢3 and gi1qs3 ||

qo9q2-

Z

AN X
K252
252X

FIGURE 10. A pair of dual hexagonal meshes M and M*. The mesh M on the left
hand side consists of hexagons (z;) where the union of the vertices zp, z2, 24 form a quad
mesh M (dashed). The dual hexagonal mesh M* consists of hexagons (z}), where the
union of the vertices 2z, 23,2 form a quad mesh M. According to Remark 22 and
Proposition 9, (v), M and M are reciprocal parallel.
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area were studied in [10]. A result of [4] is that two parallel quadrilaterals have
vanishing mean curvature if and only if their non-corresponding diagonals are
parallel (see Figure 9).

According to Proposition 9, (v) the non-corresponding diagonals of the quadri-
laterals of a conformal hexagon and its dual are parallel. This yields

Proposition 21. A discrete minimal surface in the sense of Definition 15 has
vanishing discrete mean curvature and therefore is a discrete minimal surface in
the sense of [4].

Remark 22. A pair of meshes M and M’ is called reciprocal parallel, if their
combinatorics are dual (correspondences are vertex-face, face-vertex and edge-edge)
and corresponding edges are parallel. The connection between the existence of a
reciprocal parallel mesh and infinitesimal flexibility was studied in [16].

Proposition 9, (v) says that non-corresponding diagonals of conformal hexagons
of the quadrilaterals with cross-ratio equal to —1/2 are parallel.

From a discrete conformal surface and its dual we can derive two pairs of recip-
rocal parallel quad meshes by choosing the edges zo—zo || 25 —27 and z4—2¢ || 25— 2%
for the first pair and z; — z3 || 25 — 25 and z5 — 23 || 25 — 2 for the second pair (see
Figure 10).

9. EXAMPLES OF DISCRETE MINIMAL SURFACES

As a preparation to the construction of examples, we have to discuss the rela-
tion between Christoffel duality and Weierstrass representation. We start with an
arbitrary conformal map which is a holomorphic function g : U C C — C where
g'(20) # 0 for all zo € U. This is a conformal parametrisation of a part of the
plane. With the stereographic projection

1
P(2) i = ———
A= e
we get n := ® o g as a conformal parametrisation of the sphere. By applying the

Christoffel duality (Theorem 10) to n we get an isothermic parametrisation f* of
a minimal surface with

(7) fi=im and fy =

T Inall? !

(22, [2]* = 1)

Ty

7y 1>

On the other hand we get minimal surfaces f with the same Gauss image as f*
via the Weierstrass representation (see e.g. [8]):

Theorem 23 (Weierstrass representation). For a holomorphic function h and a
meromorphic function g (with some restrictions) the map

) r=re [ (36 =950+ 91

is a parametrisation of a minimal surface. ® o g is the Gauss image of f.
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FIGURE 11. The derived quad mesh (dashed) [m,n] := o™ ™o 3%7(2) with (m,n) € Z?
represents a discrete parametrization of the conformal hexagonal mesh generated with
two similarities @ and g following Proposition 17. We chose z arbitrarily.

As any holomorphic function f(z + iy) satisfies Re(f’) = 2 Re f, Equations (7)
and (8) produce the same result if and only if n = ® o g satisfies the condition that
n./||n.||? equals the integrand in (8).

9.1. Examples. For our examples, we start with a circular hexagonal conformal
mesh in C and apply the discrete Christoffel duality to the stereographic projection
of the mesh.

Let o and 3 be two similarities which generate a conformal hexagonal mesh
as explained in Section 7 and choose z € C such that a(z) # z # ((z). We
call a mesh ™ "o (3%"(z) with (m,n) € Z* a derived quad mesh (Figure 11). The
derived quad mesh represents a discrete parametrization assigned to the conformal
hexagonal surface. We basically distinguish three cases:

(i) Both, o and [ are translations.
(ii) « is a rotation and f is a dilation with the same fixed point.
(iii) Both,  and (3 are similarities with the same fixed point but different from
a pure translation, rotation, or dilation.

For (m,n) € Z? and after an appropriate change of parameters, the derived quad
mesh is of the form m +4n in (i), ™+ in (ii), and el@+®™+in) in (iii), where
a,b € R, a,b # 0. Therefore the meshes discretize the meppings z — z, z +— €%,
and z — e(@T®)2 respectively.

Example 1 (Discrete Enneper’s surface). Letting g(z) = z and h(z) = z yields

n(x +iy) = (22, 2y, 2% + % — 1),

?+y?+1
and it is easy to verify that n,/||n.||* is equal to the real part of the integrand
of (8). This is exactly the case of Enneper’s surface (see Figures 1 and 12). We
see that Christoffel duality of the regular hexagonal mesh generates a discrete
Enneper’s suface.
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e

FIGURE 12. Left: Circular conformal mesh which discretizes z — z. Center: Discrete
Gauss image, which is the stereographic projection of the circular conformal mesh. Right:
Discrete minimal surface generated as the discrete Christoffel dual of the Gauss image.
According to Example 1 the hexagonal mesh is a discrete Enneper’s surface.

FIGURE 13. Left: Circular conformal mesh which discretizes z —— e (A > 0) (a
symmetric hexagon, which is M&bius equivalent to a regular one is marked). Center:
Discrete Gauss image, which is the stereographic projection of the circular conformal
mesh. Right: Discrete minimal surface generated as the discrete Christoffel dual of the
Gauss image. Referring to Example 2 the hexagonal mesh is a discrete catenoid.

FIGURE 14. Left: Circular conformal mesh M which discretizes z — €** (a € C\ (RU
iR)). According to Proposition 17 we start with an arbitrary hexagon which is M&bius
equivalent to a regular hexagon and apply similarities. Here the mesh M overlaps itself
(multi-valued function). Right: Stereographic projection of the mesh M.
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FIGURE 15. A discrete minimal surface which discretizes the smooth helical surface
given by (9). The corresponding Gauss image is shown by Figure 14, right.

Example 2 (Discrete catenoid). We start with a symmetric hexagon which is
Mébius equivalent to a regular hexagon but not itself regular (see Figure 13, left)
and apply Proposition 17 to get a circular conformal mesh with rotational symme-
try. This mesh discretizes the holomorphic function g(z) = e** with an appropriate
choice of A > 0. We compute n(z) = (® o g)(z) = ®(e**) and see that n,/||n,||?
equals the real part of the integrand of (8) for h(z) = 1/A = const. The resulting
minimal surface is the catenoid. We see that Christoffel duality of a hexagonal
mesh with rotational symmetries as described generates a discrete catenoid (see
Figures 6 and 13).

Example 3 (Helical surface). We start with an arbitrary hexagon, which is not
regular, but Mcobius equivalent to a regular hexagon and apply Proposition 17
to get a mesh which discretizes the function g(z) = e*, where a € C\ 0 (see
Figure 14, left). With h(z) = 1/a it is easy to verify that n,/||n.||* equals the real
part of the integrand of (8). For a € R we obtain the catenoid (see Example 2)
and for a € iR we obtain the helicoid and especially for a = ¢ the helicoid with
the parametrization

f(z,y) = (sin(x) sinh(y), cos(z) sinh(y), ).

For a = ay +iay (a1, as # 0) we get the surface

(—a? + a3)/(aa)? coshv 0
9) f(u,v) = Dyy - Daw [+ 2a1as/(a@)? sinhv + 0 ,
0 u/(aa)

where D, is the rotation matrix for rotation around the z-axis by an angle of ¢,
w = aa/(2a1az) and a = (a3 — a?)/(2a1a2). We see that this is a helical surface
too.

The Christoffel dual of the considered hexagonal mesh generates a discrete min-
imal surface illustrated in Figure 15.
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Example 4 (Associated family, helicoid). The spherical hexagonal mesh of Ex-
ample 2 can be dualized in yet another way. We interchange the coefficients 2 and
—1 in the discrete dual construction and get a helical surface. The edges of all
faces of this mesh are parallel to the corresponding edges of the catenoid given in
Example 2. Linear combinations of these two discrete surfaces give all members
of the associated family of this minimal surface. A special combination yields a
quad mesh which discretizes the helicoid (see Figures 5 and 16).
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