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Meshes with spherical faces and circular edges are an attractive alternative
to polyhedral meshes for applications in architecture and design. Approx-
imation of a given surface by such a mesh needs to consider the visual
appearance, approximation quality, the position and orientation of circular
intersections of neighboring faces and the existence of a torsion free support
structure that is formed by the planes of circular edges. The latter require-
ment implies that the mesh simultaneously defines a second mesh whose
faces lie on the same spheres as the faces of the first mesh. It is a discretization
of the two envelopes of a sphere congruence, i.e., a two-parameter family of
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Fig. 1. An ST mesh with support structure in an abstract architectural context (left).
The spheres of the two discrete sphere congruences generating the faces belong to
two linear sphere complexes (spheres orthogonal to absolute spheres Q;, Q). The
associated line congruences (i.e., node axes) pass through the two sphere centers
my, my (right). In the detailed view (center) we see the circular arcs extruded towards
my or my to generate the support structures as part of circular annuli.

spheres. We relate such sphere congruences to torsal parameterizations of
associated line congruences. Turning practical requirements into properties
of such a line congruence, we optimize line and sphere congruence as a basis
for computing a mesh with spherical triangular or quadrilateral faces that
approximates a given reference surface.
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1 INTRODUCTION

Geometric models composed of spheres arise in numerous applica-
tions, including computer graphics, geometric modeling, biology
and architecture. Spheres are also basic objects of the classical sphere
geometries that deal with sphere preserving transformations and
concepts which are preserved under such transformations. An ex-
ample for an invariant of Mdbius sphere geometry is given by the
Willmore energy f H?dA (H denoting mean curvature) of surfaces,
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which has applications in general relativity, elasticity, cell biology,
and surface modeling [Bobenko and Schréder 2005; Canham 1970;
Droske and Rumpf 2004; Evans 1974; Hawking 1968; Koerber 2020].

Despite the importance of sphere geometry in diverse applications
and the need of efficient discrete representations for computational
solutions, there are surprisingly few contributions to discrete sphere
geometric surface representations and to discrete sphere differential
geometry (see Sec. 1.2). The present paper should also be seen as a
contribution to this area.

Motivated by the availability of spherical glass panels in archi-
tectural structures, Kilian et al. [2023] presented a study of meshes
composed of spherical faces and circular edges. Using concepts of
Mobius sphere geometry, they investigated key requirements for
applications in architecture, such as a small number of different
sphere radii and the availability of a so-called torsion free support
structure. This means that the planes of circles through a common
vertex pass through a straight line, or equivalently, the spheres of
the faces through a common vertex v possess a second intersection
point @. This latter property has an important consequence for the
set of spheres that contain the faces: It is a discrete version of a
sphere congruence, defined as a two-parameter family of spheres,
in which both envelopes are simultaneously represented by a clean
mesh with spherical faces.

A support structure is always available for meshes with vertices
of valence three, since three pairwise intersecting spheres with one
common point have a second intersection point. Thus, spherical hex
meshes with regular combinatorics always have a support struc-
ture. Spherical triangle (ST) meshes with support structure have a
very special geometry; their spheres lie in a so-called linear sphere
complex. Spherical quad (SQ) meshes with support structure are
discrete counterparts to special unique parameterizations of sphere
congruences and play a major role in our paper. We will show how
to compute them and how to use them for surface approximation.

1.1 Contributions and Overview

Our main goal is to present algorithms for approximation of a given
surface with ST and SQ meshes, focusing on meshes with a torsion-
free support structure.

We lay the ground for our approximation algorithms in a discus-
sion of smooth and discrete sphere congruences in Sec. 2. With a
sphere congruence, we associate a congruence of lines that connect
corresponding contact points on the two envelopes of the sphere
congruence (Sec. 2.1). The developable ruled surfaces in this line
congruence are an important tool for approximation with meshes
that possess a support structure (Sec. 2.2). We show that SQ meshes
with support structure are induced by discrete torsal parameter-
izations of the associated line congruence (Sec. 2.3). ST meshes
with support structure have face spheres in a linear sphere complex
(Sec. 2.4). In Sec. 2.5, we turn practical requirements into properties
of the underlying congruences of spheres and lines. Sec. 2.6 pro-
vides further details on the congruence of so-called central spheres,
which serve for initialization of optimization algorithms for surface
approximation. In each point of a surface f there is a central sphere
which has the same mean curvature and the same tangent plane as
£, hence good approximation qualities.
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Fig. 2. Size adapted ST mesh obtained by remeshing a reference surface
consisting of 3.2k triangles into a mesh with 634 faces. The local face size
information of well-fitting spherical patches is determined by keeping the
deviation of the sphere mesh from the reference surface below a predefined
threshold value £ = 0.02 (see Sec. 3 for details).

It is desirable to adapt the size of spherical faces to the approx-
imation error of the sphere against the given reference surface,
cf. Figure 2. This size adaptation forms the content of Sec. 3.

Sec. 4 discusses the highly restricted problem of approximation
by ST meshes with support structure.

A core contribution of this paper is the approximation of a given
surface with an SQ mesh with support structure (Sec. 5). It requires
the computation of an appropriate sphere congruence including
properties of the associated line congruence, remeshing by a quad
mesh and a final optimization step. Kilian et al. [2023] proposed
an algorithm for the computation of an SQ mesh from a given, not
optimized sphere congruence. Their remeshing is based on the §3-
model of Mobius geometry, but hard to control in the design space.
Our approach does not suffer from such an instability. In comparison
with Kilian et al. [2023] the main distinction lies in two essential
aspects. First, we focus on approximating given reference surfaces
rather than replacing non-spherical faces with spherical ones. And
second, to obtain SQ meshes via remeshing strategies, our approach
focuses on exploiting associated line congruences (Def. 2.3).

We present our results within Sections 3, 4, 5 and conclude with
a discussion of limitations and pointers to future work (Sec. 6).

1.2 Related work

The present paper extends the work of Kilian et al. [2023] by basic
geometric insights on sphere congruences and their use in the solu-
tion of surface approximation problems. Hence, our literature review
focuses on approximation with spheres and underlying concepts
from classical and discrete differential geometry.

Classical and discrete differential geometry. Sphere congruences
have been studied within differential sphere geometry; we refer to
the monographs [Blaschke 1929; Hertrich-Jeromin 2003]. Discrete
versions mostly deal with the special case of Ribaucour congruences
[Bobenko and Suris 2006; Bobenko and Suris 2007; Bobenko and
Suris 2008; Rorig and Szewieczek 2021]. Special nets (parameteriza-
tions) are actually objects of sphere geometries. Important examples
include principal parameterizations and principal-symmetric nets



[Bobenko and Suris 2007; Bobenko and Suris 2008; Pellis et al. 2020].
Ruled surfaces and line congruences are imporant in several con-
texts of consistent discretizations. Torsal ruled surfaces, which also
appear in our context, are actively investigated (see, e.g., [Verhoeven
et al. 2022] and references therein).

The Willmore energy appears in the work of Blaschke [1929]
in a study of Mébius geometric counterparts to minimal surfaces.
In the special case where the minimizers of the Willmore energy
are at the same time isothermic, Thomsen [1924] showed that all
surfaces are minimal surfaces. In that case the central spheres are
planes. Bobenko and Schréder [2005] presented a discrete Willmore
energy for triangle meshes. It possesses a remarkable interpretation
as the curvature of a rolling spheres connection determined by the
mean curvature spheres [Knoppel et al. 2023]. For a stable and effi-
cient computational approach to the Willmore flow and constrained
Willmore surfaces we refer to [Crane et al. 2013; Soliman et al. 2021].

Medial representations and approximation with spheres. The sur-
face c formed by the centers of spheres in a congruence is a bisecting
surface of the two envelope sheets f, f. Such surface-surface bisec-
tors have been studied for example in [Elber et al. 1999; Elber and
Kim 2000; Peternell 2000]. The normals to f and f meet at ¢ under
equal angle and thus reflecting one normal at ¢ yields the other
normal. This is used in geometric optics (see e.g. [Pottmann and
Wallner 2001, pp 446-450]). In contrast to the above approximation
methods, we impose more structure on the family of spheres namely
to form a combinatorial mesh with vertices, edges and faces.

Sphere congruences also appear in the construction of the medial
axis transform (MAT) of a 3D domain, which views the domain as
union of maximal inscribed balls [Amenta et al. 2001; Siddiqi and
Pizer 2008]. The set of ball centers is the medial axis. Reconstruction
of the domain boundary from the medial axis amounts, for the
surface parts of the medial axis, to the computation of the envelopes
of a sphere congruence.

Spheres in the MAT are a natural choice for approximation of the
boundary of a 3D domain, and they have also been used for deforma-
tion, hand modeling and tracking [Stolpner et al. 2012; Thiery et al.
2013, 2016; Tkach et al. 2016]. Medial meshes using sphere-geometric
constructions have been proposed for volume approximation [Sun
et al. 2013]. Surfaces defined by a union of balls [Edelsbrunner 1993]
can serve as models for deformable surfaces and molecular skins
[Cheng and Shi 2005; Cheng et al. 2001; Edelsbrunner 1999].

Variational surface approximation using planes, cylinders and
spheres has been proposed by Wu and Kobbelt [2005]. Spheres also
play a major role in recent work on design rationalization [Jadon
et al. 2022]. Wang et al. [2006] presented a variational approach for
approximation of an object by a union of spheres for fast collision
detection.

2 SPHERE CONGRUENCES FOR APPROXIMATION

Our goal is to approximate a given reference surface f with spherical
patches. These spherical patches are part of a discrete family of
spheres. To lay the ground of our study we assume for now that the
reference surface f is smooth and the discrete family of spheres are
contained in a smooth two-parameter family of spheres which are
in tangential contact with f.
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2.1 Sphere congruences and line congruences

We start with the definition of a sphere congruence, a key notion in
our paper.

DEFINITION 2.1. A sphere congruence S is a (smooth) two-parame-
ter family of spheres S(u,v). Our discretization of a sphere congruence
is associated with the combinatorics of a surface-mesh M. We call a
discrete family of spheres, where each sphere corresponds to a vertex
of M, a discrete sphere congruence S.

Typical examples of discrete sphere congruences will have the
combinatorics of Z? (as in Fig. 5 right), of a triangle mesh (as in Fig. 5
(left) where the spherical faces are then mainly hexagonal), or of a
hexagonal mesh (as in Fig. 10 where the spherical faces are mainly
triangular).

A basic task in our approximation problems is the design of an
appropriate sphere congruence whose spheres are in tangential
contact with the given reference surface f at its points f(u, v). Con-
sequently, such a sphere congruence is determined by the choice of
a radius function r(u,v) since the centers are then given by

c(u,0) = f(u,0) + r(u,0) n(u,v), (1)

where n denotes the unit normal vector of f. Hence, a reformulation
of our goal is to find a discrete subset of spheres from such a sphere
congruence which approximates the reference surface f.

We first focus on the basic geometry and a specific parameteriza-
tion of sphere congruences (Sec. 2.1) which is essential for our paper.
In Sec. 2.2 we discuss the important notion of a support structure and
its relation to torsal parametrizations of line congruences (Sec. 2.3).
We continue in Section 2.5 with further practical requirements on
sphere congruences. Sec. 2.6 deals with an important initial choice
of a sphere congruence for our approximation tasks.

L(u,0)

Fig. 3. Sphere congruence S with associated line congruence. The spheres
S are in tangential contact with a reference surface f. Its centers c generate
the center surface. Generically there is a second envelope f and the lines L
connecting the two contact points f, f generate the associated line congru-
ence. The lines L(u, v) are orthogonal to the tangent planes of the center
surface at c¢(u, v) but in general L(u, v) does not pass through c¢(u, v).
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Second envelope. We consider a sphere congruence S, formed by
spheres S(u, v) with centers c(u,v) and radii r(u, v). In our applica-
tion, the spheres are tangent to a given surface f at points f(u,v). A
sphere congruence S with a real envelope f has in general a second
envelope f (for an illustration see Figure 3). The only exception
where there is just one envelope f are the congruences of princi-
pal spheres, i.e., where r = 1/k1 or r = 1/x3 in Equation (1) (see
[Blaschke 1929]). Analytically, the envelopes can be computed by
intersecting three surfaces:

LEMMA 2.2. LetS be a sphere congruence where the spheres S(u, v)
have the implicit representation equations

s(u,0,%) = ||x — c(u,0)]|? = r(u,0)% = 0.

Then the points f(u,v), f(u,v) on the envelope are the intersection
points of the sphere S(u,v) with the two “partial derivative” planes
Su, Sy with equations s;, = s, = 0, ie.,

Su:{x—ccy)y+rry =0, Sy:{x—ccy)+rry=0. (2)

For a proof see e.g. [Pottmann and Peternell 2000]. There is a
possibility that a sphere congruence has no real envelope in the case
where the three surfaces S, S, S, do not intersect in real points.

Associated line congruence. There is an important relation be-
tween sphere congruences and two-parameter families of lines
which will also play an important role in our theory as well as
in our optimization strategy later on.

DEFINITION 2.3. A (general) line congruence is a two-parameter
family of straight lines. We call the line congruence L associated
line congruence of S if its lines L(u, v) connect corresponding contact
points f, f of the sphere congruence S.

The lines L(u,v) of the associated line congruence equal the
intersection S, N S, of the derivative planes (2). Since f and f
fulfill the equation of the plane S, we have

(f—ceyy+rry =0 and (f—c,cy)+rr,=0.

Subtracting these equations yields (f — f,c,) = 0. Analogously we
have (f — f, ¢y} = 0. Consequently, f — f is orthogonal to ¢, and c,,
i.e., the line L is orthogonal to the tangent plane of the center surface
c(u,v) (cf. Fig. 3). Furthermore, the computation of contact points
f(u,0), f(u,v) also shows that they are symmetric with respect to
the tangent plane of the center surface at c(u, v).

Channel surfaces in a sphere congruence. For better visualization
of the underlying concepts we also consider the images of curves
(u(t),v(¢)) in the parameter domain of a sphere congruence. In this
way we obtain a one-parameter family of spheres which envelopes a
so called channel surface (see Fig. 4). In particular, isoparameter chan-
nel surfaces are enveloped by s(u(t),vo) or s(up,v(t)) for constant
ug,vg. A sphere S(u(t),v(t)) touches the channel surface along a
circle in the derivative plane given by

0= %s(u(t),v(t),x) = usy + 0Sy,

where @ = %u. Such a circle is called characteristic circle of the
channel surface. For each t the chziracteristic circle also contains the
enveloping points f(u(t),v(t)), f(u(t),v(t)). The channel surface
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is in tangential contact to both envelopes f, f at these enveloping
points. The connecting lines L(u(t),v(t)) of these corresponding
enveloping points form the associated ruled surface corresponding
to the channel surface (see Fig. 4). The associated ruled surface
is part of the associated line congruence £ and is in general not
developable. However, the cases where the associated ruled surface
is developable will turn out to be important for us.

Discrete sphere congruence. A discrete sphere congruence is a dis-
crete family of spheres associated with the combinatorics of a
surface-mesh M. There is a sphere per each combinatorial ver-
tex of M. However, the concept of an envelope of a discrete sphere
congruence differs a little bit from its smooth counterpart since we
have no continuous limits. The following definition aligns with the
one from [Kilian et al. 2023].

DEFINITION 2.4. A sphere congruence corresponding to a combina-
torial mesh M has a discrete envelope if the spheres corresponding
to a face of M intersect in a point. The discrete envelope is then a
sphere mesh consisting of spherical patches as faces and circular arcs
as edges. The combinatorics of the sphere mesh is dual to the given
combinatorics M of the sphere congruence (see e.g., Fig. 5 (left) which
is a hexagon-dominant sphere mesh whose underlying combinatorics
M is triangular).

Hence, the discrete sphere congruence envelopes a sphere mesh if
the spheres which belong to a face of the congruence pass through a
common point . The envelopes of two different sphere congruences
are illustrated in Figure 5. The property in the smooth case where
the existence of one envelope implies the existence of a second
envelope, does not carry over to the discrete setting. However, the
presence of a second envelope characterizes the existence of a so
called support structure (see Sec. 2.2).

2.2 Sphere congruences with support structures

Support structure. The following discussion is important for the
computation of sphere meshes with a torsion-free support struc-
ture. This is particularly important for quadrilateral sphere meshes
which we call SQ meshes; see Sec. 5. The basic properties have been

\Eeaa]

N el
- o
f N
o 4

f

Fig. 4. The envelope of a one-parameter family of spheres is a channel
surface. The channel surface which is enveloped by a one-parameter family
of spheres from a sphere congruence is in tangential contact with the two
envelopes f, f along two contact curves. The associated ruled surface con-
nects corresponding contact points precisely where the spheres generating
the channel surface touch the envelopes.



Fig. 5. The sphere congruence S; (left) corresponds combinatorially to a
triangle mesh M, i.e,, there is a sphere for each vertex of the triangle mesh
M. Three spheres belonging to a combinatorial face F of M intersect in
two points implying that S; has two envelopes (a visible outer one and an
invisible inner one). The envelope is a sphere mesh with generically hexago-
nal sphere patches as faces. The sphere congruence S, (right) corresponds
combinatorially to a quad mesh My, i.e., there is a sphere for each vertex
of the quad mesh Mj. Four spheres belonging to a combinatorial face F
of Mj intersect in a point implying that Sy has an envelope, the visible
outer sphere mesh which is also a quad mesh, but with spherical faces and
circular arcs as edges. There is not necessarily a second envelope.

discussed already by Kilian et al. [2023], but in connection with the
representation in the point model of Mobius geometry. In view of
the computational approach in Section 5, we focus on the associated
line congruence (Def. 2.3).

Fig. 6. Four spheres pass
through two points o, 2.
They form a node suitable
for a support structure. The
connecting line 0o (blue)
belongs to the associated
line congruence.

A sphere mesh has a support structure if the spheres with a com-
mon vertex v pass through a second common point 4, which can be
considered a point of the discrete second envelope. The connecting
line 07 of the two discrete envelope points is the node axis; see Fig. 6.
It is a member of the discrete associated line congruence. The planes
in which the circular edges around a vertex v are lying pass through
this node axis.

Two neighboring node axes lie in the plane of the common cir-
cular edge and thus intersect. The collection of all node axes forms
a discrete line congruence. A sequence of neighboring node axes
together with the planes that connect these neighboring axes forms
a discrete developable surface (see Fig. 7). It therefore forms a so
called torsal parameterization of the discrete line congruence.

Fig. 7. A sequence of neighboring node
axes together with the planes that con-
nect these neighboring axes forms a dis-
crete developable surface. The axes enve-
lope a discrete space curve c.
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Fig. 8. Hexahedral cells of an SQ mesh with a torsion-free support structure.
The vertices of the four “vertical” faces of each cell are planar and circular
whereas the vertices of the two “horizontal” faces (the upper one of them
rendered as glass panel) are not even planar.

In this way, an SQ mesh with a support structure defines a discrete
structure formed by hexahedral cells (Fig. 8) in which four of the
six faces are planar (vertical faces in Fig. 8). Their planes intersect
in four edges, the node axes. The vertices of the other two faces
are in general not planar (like the glass-style rendered faces in
Fig. 8). However, all eight vertices lie on a common sphere s;;, an
element of the discrete sphere congruence. If the cells are free of
self-intersections, we obtain a cell packing structure in the sense
of [Pottmann et al. 2015], which tiles the space between the two
envelopes of the sphere congruence.

Since four spheres through two common points v, 3 (=node axis)
have their centers in the bisecting plane of v, 7, the quad mesh of
sphere centers has planar faces, and each pair of vertices v, on the
two envelopes is symmetric with respect to the corresponding face
of the center mesh.

R-congruences. If one envelope of a quadrilateral sphere congru-
ence with two envelopes has circular faces, i.e., the vertices of the
spherical face lie in a plane (unlike in Figure 8), then so does the
second envelope. This is an immediate consequence of Miquel’s
theorem which can be formulated as follows:

If a combinatorial cube has its eight
vertices on a sphere and if five of the
six faces are planar, then the sixth face
is planar as well. As a consequence, if
the vertices of one of the two envelop-
ing meshes form a circular mesh (i.e., a
discrete principal parameterization), the
same is true for the other discrete enve-
lope. In this case, we have a so-called
discrete R-congruence. The geometry of these congruences has re-
cently been studied in detail [Rorig and Szewieczek 2021], but we
are not aware of computational design approaches.
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2.3 Torsal parametrizations of the line congruence

The smooth counterparts to the sequences of coplanar node axes
along discrete parameter lines are developable ruled surfaces in
the associated line congruence £. Hence, the smooth analog of a
discrete sphere congruence with Z? combinatorics and with support
structure is a smooth sphere congruence with an associated line
congruence given as so-called torsal parameterization. This means
that both families of iso-parameter ruled surfaces in the congruence
are developable (see, e.g., [Pottmann and Wallner 2001]). The tangent
planes of these developable ruled surfaces in £ are called torsal
planes. Analytically, a direction (#,9) in the u, v parameter plane
defines a torsal direction of the sphere congruence at (u,v) if

det(iify, + 9o I, iy + ) = 0, 3)

with [ = ¢, X ¢y as direction vectors of L(u, v). The three vectors in
the determinant span the torsal plane. Equation (3) is a homogeneous
quadratic equation in (#,9), with zero, one or two real solutions.
Only the case with two real solutions is of interest to us.

Even though the notion of a line congruence is not a concept of
Mobius geometry, a torsal parametrizations of the associated sphere
congruence is preserved under Mobius transformations.

LEmMaA 2.5. Consider a torsal parametrization L(u,v) of the asso-
ciated line congruence of a sphere congruence S(u,v). The associated
line congruence corresponding to the sphere congruence obtained by
applying a Mobius transformation to the spheres S(u, v) is again in
torsal parametrization. (Note that the Mobius transformation is not
applied to the developable surfaces in the line congruence.)

ProoF. A torsal plane 7 in u-direction at (u,v) passes through
the line L(u,v), i.e., through f(u,v) and f(u, v), and is parallel to
fu(u,0) and £, (u, v). This plane 7 intersects the sphere S(u,v) along
a circle k%(u,v). We can therefore also say that 7 is spanned by
k%(u,v). A Mobius transformation maps the circle k*(u,v) to a
circle which spans the torsal plane of the associated line congruence
of the transformed sphere congruence. This follows from the fact
that contact points f, f are mapped to contact points and tangency
of curves is preserved by Mobius transformations. O

Smooth principally parametrized sphere congruence. A smooth
sphere congruence with centers c(u, v) and radii r(u,v) is called
principally parametrized, if c and p := ||c||? — r? satisfy

cup = acy +bey and  pyy = apy +bpy, 4

for some real valued functions a = a(u,v), b = b(u,v) (cf. [Bobenko
and Suris 2008, p. 20]).

LEMMA 2.6. The parametrization of the associated line congruence
L of a principally parametrized sphere congruence S is torsal.

Proor. The second equation of (4) implies
(Cys Co) — ryry — rryy + arry + brry = 0. (5)

Differentiating by u the second equation of (2), which is satisfied

for x = f and x = f, implies

(co,cu = fu) + (Cuv, ¢ = f) = rury + rryy

and using the first equation of (4) yields

(cos fu) — {Cus Co) + Tury + rryy — alcy, ¢ — f) — b{cy,c — ) = 0.
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Using Equations (2) and (5) yields {(cy, f,;) = 0. Analogously, we get
{cu» fo) = 0 and also for f, i.e., {co, fu) = {cu, fo) = 0.

Furthermore, Equations (2) imply {(c,, f — f) = {co, f — f) = 0.
Consequently, we have (c,, fu) = (o, fu) = (o, f — f) = 0 which
implies that f — f, f,,, fu are coplanar and therefore the u-ruled
surfaces L(u, vg) are developable. Analogously, the v-ruled surfaces
L(ug,v) are developable. O

Remark 2.7. The opposite direction is not true, i.e., a torsal parame-
trization is not necessarily induced by a principal parametrization.
This follows from a simple counterexample: ¢(u, v) = (u, u+v,0) and
r(u,v) = 1. Here we have ¢;, = (1, 1,0), ¢, = (0, 1,0) and therefore
0 = cyp = Ocy + Ocyy but pyy = 2 which contradicts Equations (4).

We call the isoparameter channel surfaces in a principal parame-
terization s(u, v) the principal channel surfaces; they form a coun-
terpart to the principal curvature lines of a surface. Reformulating
the above insights, we can state: The associated ruled surface along a
principal channel surface in a sphere congruence is developable.

Principal channel surfaces in an R-congruence touch the en-
velopes f, f along their principal curvature lines.

2.4 Sphere congruences in a linear sphere complex

The special case of a line congruence, which
is particularly important for ST meshes with
a support structure, consists of all lines in
R3 through a fixed point m. Such a family of
lines is called (line) bundle. Every curve in
the parameter domain of such a line bundle
L parametrizes a cone with vertex m which
is therefore a developable ruled surface.
Let us now consider a discrete
o) sphere congruence S whose as-
sociated line congruence is the
line bundle £. The line connect-
ing the two contact points v,
of any sphere s;; € S with its
two envelopes passes through m.
The power of m with respect to
the sphere s;; is the real number
R? := mo - md. That number R? is
the same for any two intersection
points with a line through m. The
sphere Q with center m and squared radius R? is orthogonal to s;;.
Since adjacent cells have common vertex pairs, that radius R of Q is
constant over the entire structure which implies:

LEMMA 2.8. The sphere congruence S whose associated line congru-
ence L is a line bundle is formed by all spheres which are orthogonal to
a sphere Q. The spheres of S lie in a so called linear sphere complex.

This special case of a line congruence appears for ST meshes
with a support structure in Sec. 4. For that the sphere Q can be real,
imaginary or degenerate to a point. We discuss the three cases in
Sec. 2.6. An example with a real sphere Q can be found, e.g., in Fig. 9.

In the case where R = 0 all spheres of S pass through a fixed point
m. One of the two envelopes f, f, say f, degenerates to the point

f = m. Assuming m being the origin of coordinates, any conjugate



parametrization of the center surface c yields a principally parame-
trized sphere congruence as then c together with p = ||c||? — r? =
fulfill Equations (4). Geometrically, this case is best understood after
applying a Mobius transformation 1, more precisely, an inversion
in a sphere with center m, that maps m to co. All spheres of S are
mapped to tangent planes of the surface i(f). The channel surfaces
in the congruence are mapped to tangent developable surfaces of
1(f). The characteristic circles of the channel surface are mapped
to the rulings of the tangent developable surface.

Note that a sphere congruence S which lies in a linear complex
with R? > 0 has two envelopes which correspond to each other in the
inversion with respect to the sphere Q. See Figure 10 for a pair of ST
meshes lying inverse with respect to a real sphere Q. Since curvature
lines are invariant under Mébius transformations and since the
two envelopes are inverse images of each other, also the curvature
lines correspond to each other by virtue of the sphere congruence.
Therefore such a congruence is an R-congruence. Furthermore, since
the inversion is a conformal map the two envelopes are related by a
conformal structure preserving R-congruence (i.e., they are related
by a so called Darboux transformation). In applications with larger
meshes with larger shape variations we might not have a single
absolute sphere but utilize fabrication tolerances and obtain ST
meshes with face spheres belonging to several absolute spheres as
illustrated in Fig. 1.

2.5 Requirements on sphere congruences for good
approximations

Given a reference surface f(u,v), there is a sphere congruence
for every real function r(u,v) determining the radii and hence the
sphere centers via Equation (1). However, not all sphere congruences
are good from a practical point of view, e.g., for fabrication or visual
appearance. Important conditions for all of our applications are the
following: (a) the spheres of the mesh should locally approximate
the surface well, (b) the support structure should locally lie rather
transversally and less tangentially to the reference surface, and (c)

Fig. 9. The node axes of a sup-
port structure of an ST mesh
must be contained in a line bun-
dle. Its face spheres are orthog-
onal to an absolute sphere Q;
here Q is real. The resulting ST
mesh is reasonably smooth compared to the same surface optimized just
for smoothness without support structure (Fig. 12, 15).
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Fig. 10. Two ST meshes f, f with support structure. The sphere Q is real in
this case and the two envelopes f, f are related by an inversion in Q. Both
ST meshes are polyhedral surfaces in hyperbolic space.

the intersection angles of the discrete parameter lines should not
deviate too much from 90 degrees or at least in a controllable way.
We now go into more details and formulate the property statements
for later reference:

(a) The spheres s(u,v) shall be good local approximations of the
given surface f at f(u,v).

We will elaborate on spheres with good approximation qualities
in more details in Section 2.6.

We also want neighboring spheres
s(u,v) and s(u + Au, v + Av) to inter-
sect in a circle whose plane forms an
angle v € [0, 8] with the surface nor- "&(\
mal n(u,v) at f(u,v) for some given X
threshold 6. The intersection of two
spheres lies in a plane which is or-
thogonal to the connecting line of
sphere centers ¢(u, v) and c(u+Au, v+
Av). These connections are close to
tangents of the center surface ¢ of S.
Thus, the angle threshold 6 implies a
threshold on the angle p between the normals n(u,v) of f and the
normals of the center surface c¢(u, ). If n is close to the direction of
L, which is what we want, then also y and v are close. Consequently,
for small 0 the two angle thresholds are close. The lines L of the
associated congruence are orthogonal to the tangent planes of the
center surface c. Consequently, the angle between L and n should
not exceed the threshold 6. Hence, for SQ meshes with support
structure, (b) is a natural practical requirement on the node axes:

(b) At each point f(u,v) of the given surface, the normal n(u,v)
and the line L(u,v) of the associated line congruence £ form
an angle v that should not exceed a given threshold 6.

ACM Trans. Graph., Vol. 43, No. 6, Article 179. Publication date: December 2024.
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In Section 5, we will compute a sphere ‘
congruence S such that its associated line WWMI
congruence L contains two families of de-
velopable ruled surfaces that meet at the
lines L of £ under a suitable angle. This
angle is measured as angle between their
tangent planes, the so-called torsal planes
of lines L. Ideally, these planes should
form an angle with a prescribed maxi-
mum deviation from /2. Equally impor-
tant is the intersection angle between the so-called torsal directions
on f which are the directions of the intersection curves of the devel-
opable ruled surfaces with f. We obtain the same directions from
the intersection lines of the tangent plane at f(u,v) and the torsal
planes through L(u,v). By symmetry the same angle is measured at
the second envelope f. The closer the line L is to the normal vector
n the closer is the angle between the torsal directions and the angle
between the torsal planes. In summary, we have:

(c) The line congruence £ associated to the sphere congruence S
shall have torsal directions on f with a prescribed maximum
deviation from 7 /2.

Note the following relation between properties (b) and (c). If
(b) is fulfilled with 6 = 0, the associated line congruence £ is the
common normal congruence of the surfaces f and f. All spheres
have a constant radius and £, f form a pair of offset surfaces. The
developable surfaces in the normal congruence £ are formed by the
normals along principal curvature lines of f and f and the torsal
planes are orthogonal. Hence, also (c) is optimally satisfied. The
converse is not true, as we see by applying a Mobius transformation.
Right angles between torsal directions on f are preserved, but the
angle between torsal planes will in general no longer be /2. R-
congruences always optimally fulfill (c), since the torsal directions
on f and f are principal curvature directions.

2.6 The congruence of central spheres

We are now looking for a sphere congruence with a high approx-
imation quality at surface points. For each tangent direction the
sphere with the inverse normal curvature (the Meusnier sphere) is
the best approximating sphere in that direction. The extreme normal
curvatures at a surface point are the principal curvatures k1 and 3.
Their arithmetic mean H = %(K] + K2), i.e., the mean curvature, is
by definition an averaging curvature at a surface point. A sphere in
tangential contact with a surface f at a specified point f(u,v) and
with 1/H as radius can therefore be seen as a well approximating
sphere at f(u,v).

DEFINITION 2.9. The central sphere or mean curvature sphere at
a surface point f (u,v) has the center c(u,v) = f(u,v) + mn(u, v)
and radius 1/H(u,v), where n is a unit normal vector at f.

The central sphere and f share the common tangent plane and
the mean curvature at f(u, v). Thus, the central sphere congruence
S¢ has good local approximation qualities (property (a)). It is fur-
thermore important in differential geometry of spheres [Blaschke
1929] as well as in our paper.
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Let us compute the associated line congruence £ of the central
sphere congruence S, for a general surface . We use a curvature
line parameterization of f (which always exists away from umbilics).
It is characterized by Rodrigues’ formulas n,, = —k1 f;, ny = —k2fy
[do Carmo 1976, p. 145]. The tangent plane of the center surface ¢
is spanned by

cy=—0fu— %n, coy=0fy— %n, where o= %

The lines L in £ have direction vectors c; X ¢,. In the principal
frame at f(u,v) with basis vectors e; = f,/||full = fu/VE, ez =
Ffullfoll = fu/ VG, and n = e1 X ez, they read

O'Hu\/é

H,VE
e e — g U\/_ez - o*VEGn.

H2

Cy X Cy =

Using the so-called invariant directional derivatives in principal di-
rections of H which read Hy := H,/VE and Hy := H,/VG (cf.
[Blaschke 1930, Chap. 5] and scaling with H? /(6VEG) the cross
product ¢, X ¢, becomes

2_ 2
Ko™K

I(u,0) := (H1,~Hg,—0H?) = (H1,~Hz,

).

represented in the principal frame.

Example 2.1. At a point (u,v) where H is stationary [(u, v) equals
(0,0, %), hence L is a surface normal. This happens for example at
all points of a surface with constant H # 0 (CMC surface).

Example 2.2. At umbilical points we have x; = k3 and thus L is a
surface tangent if H is not stationary. At umbilical points where H
is also stationary - this, for example, is the case at all points of a
sphere f - the lines L are not defined since f is identical with all
central spheres, but in that case our approximation task is trivial
anyway.

Example 2.3. The normal component of [ also vanishes at points
with H = 0. For a minimal surface, i.e., H = H; = H = 0, the vector
I vanishes. There, the central spheres are the tangent planes, and
they do not have a second envelope.

Given a surface f, the computation of central spheres involves
second derivatives, the line congruence third derivatives, and the
identification of torsal directions via Equation (3) fourth derivatives
of f. Thus the computation of torsal directions is involved, and we
therefore omit it here. However, we add some practical implications
and show below that for some important surface classes torsal di-
rections of the central sphere congruence are orthogonal. Examples
with no real torsal directions are general Willmore surfaces where
they are always imaginary.

For the practical computation of torsal directions we realize that
fourth order derivatives render a completely discrete approach im-
practical, as regularization becomes less feasible. We therefore use
a spline representation of f and of an (approximate) central con-
gruence S; and only in later stages apply a discrete sampling to
optimize the congruence so that it satisfies properties (a), (b) and
(c); see Section 5.
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Fig. 11. Sphere meshes as discrete minimal surface in hyperbolic space. Left:
The SQ mesh has been obtained by inverting the vertex planes of an A-net
parametrization of a discrete Euclidean minimal surface in a sphere. Then all
vertex spheres would pass through the center of the sphere of inversion and
constitute a so-called orthogonal s-net. The vertex spheres of an orthogonal
s-net are central spheres as pointed out in [Pellis et al. 2020]. We then grew
the radius of the center point to an absolute sphere Q while keeping s-net
parameter curves orthogonal and the vertex spheres orthogonal to Q. The
result is a discrete central sphere congruence with spheres orthogonal to the
absolute sphere Q, hence a discrete minimal surface in hyperbolic space. All
annuli forming the support structure are orthogonal to Q. Right: We applied
the adapted face size algorithm to a subdivided mesh of the SQ mesh on
the left. The resulting ST mesh has been optimized for minimal intersection
angles and face spheres being orthogonal to Q. The latter optimization did
not change its input much. We kept the supporting annuli in the image thin
compared to the SQ mesh (right) not to cover too much of the faces.

Central spheres in a linear complex. The face spheres of ST meshes
with support structure must lie in a linear sphere complex [Kilian
et al. 2023]. There are three types of such linear complexes. (i) All
its spheres are orthogonal to a real sphere Q. (ii) All its spheres
pass through a fixed point m. (iii) All its spheres are orthogonal
to a sphere Q with imaginary radius R € iR (or equivalently, the
spheres intersect the concentric real sphere Q" with radius |R| in
great circles; see Fig. 17 right).

We start with case (ii) where we are given a surface f with all
its central spheres passing through a common point m. We ap-
ply an inversion ¢ in a sphere centered at m. Consequently, m is
mapped to oo and all spheres of the complex become planes, hence,
all central spheres of 1(f) are tangent planes. Surfaces whose central
spheres are tangent planes are exactly the Euclidean minimal sur-
faces. Hence, the inverse images of minimal surfaces have central
spheres through a fixed point (inversion center).

In the other two cases, the central spheres are actually planes
in conformal models of non-Euclidean geometries based on the
absolute spheres Q. In case (i), the geometry is hyperbolic, and in
case (iii) it is elliptic. The surfaces whose central spheres are in
the linear complex are therefore minimal surfaces of hyperbolic
geometry for type (i) and minimal surfaces of elliptic geometry of
type (iii) (cf. [Blaschke 1929, p. 371]).

Recall that the central sphere is also the Meusnier sphere to
the bisecting directions of the principal directions (whose normal
curvature equals H). This leads to the following computation of
such minimal surfaces based on a discrete model with principal
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symmetric and discrete orthogonal meshes. Principal symmetric
meshes are characterized by spherical vertex stars, the spheres being
discrete Meusnier spheres. By orthogonality of parameter lines they
become central spheres (see [Pellis et al. 2020]). In addition we have
to make sure that these vertex spheres lie in a linear complex. We will
take advantage of these insights to obtain non-Euclidean minimal
surfaces (Sec. 4): We start with an inverse image of a Euclidean
minimal surface and gradually change the radius of Q from 0 to the
desired value R through optimization. These differential geometric
properties do not only apply to ST but also to SQ meshes. We show
examples in Figures 11, 17 and 18.

Surfaces with constant mean curvature. For a surface f with con-
stant mean curvature H # 0 (CMC surface), the center surface ¢ and
second envelope f are offsets at distance 1/H and 2/H, respectively.
It is well known that c is also a CMC surface (see, e.g., [Bobenko
and Suris 2008, p. 27]). As mentioned above, this implies that £ is
the common normal congruence of f as well as f and properties
(a), (b) and (c) (cf. Sec. 2.5) are optimally fulfilled. Application of a
Mgbius transformation keeps properties (a) and (c), but one has to
check whether (b) is within tolerance.

Congruences with simultaneous central spheres for both envelopes.
Willmore surfaces are critical points of the Willmore energy. They
are the Mobius geometric analogues to minimal surfaces of Eu-
clidean, elliptic or hyperbolic geometry, and therefore called Mobius-
minimal surfaces in the work of Blaschke [1929, pp. 371-377]. There,
they arise as envelopes of those sphere congruences S which si-
multaneously are central spheres of both envelopes. The mapping
f +— f between envelopes is conformal. These double-central con-
gruences are R-congruences only if the envelopes are isothermic
surfaces, which happens exactly in the above mentioned cases of
Euclidean and non-Euclidean minimal surfaces.

Unfortunately, general Willmore surfaces whose central spheres
do not form an R-congruence, have everywhere imaginary torsal
directions. More precisely, they are minimal lines, i.e., imaginary
lines on the associated central spheres. This follows from the fact
that the conformal map f > f is orientation reversing with respect
to the contact spheres [Blaschke 1929, p. 383, probl. 4]. Therefore,
it is not possible that corresponding tangents on f, f are coplanar
with the connecting line L. As fixed lines of a rotation in the tangent
plane of f (and f) the torsal directions are minimal lines. Thus, the
central sphere congruence of a general Willmore surface has no real
parameterization such that the associated line congruence is torsal.

Surfaces without change in sign of H. Our computational approach
uses the centers of spheres, and we initialize with the congruence of
central spheres. Therefore, we cannot allow points with H = 0, i.e.,
central planes. Excluding the case of minimal surfaces (H = 0), such
points can form curves in negatively curved areas. Since the sign of
H is not Mébius invariant, we are leaving here Mobius geometry.

In particular for architectural applications, considering surfaces
without sign change of H is quite natural, since they appear as
equilibrium shapes under gravity load. In their work on rapidly
deployable structures of auxetic materials [Konakovic-Lukovic et al.
2018] took advantage of a sign constraint on H for deployment with
balloons or gravity.

ACM Trans. Graph., Vol. 43, No. 6, Article 179. Publication date: December 2024.
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3 MESHES WITH ADAPTED FACE SIZE

Let us consider a given reference surface R. The goal of this section
is to generate a sphere mesh with large spherical panels in those
areas of R that are approximately spherical already. For that we first
generate an adaptive triangle mesh M with planar faces that has
large faces in regions that can be approximated with large spherical
patches. To obtain M we take a remeshing/decimation approach
and assume that R is given as a dense triangle mesh.

Pliant remeshing. Let us assume we are given a functiong : R —
R* on the reference surface that locally determines desired target
edge lengths of an approximating triangle mesh. Then, for any
triangle mesh with vertices on or near the reference surface we
define the so-called normalized length of an edge e as

I(e) = lel/g(n(e)), (6)
where 7(e) denotes the projection of the edge midpoint onto R.
The goal is to reach a mesh with unit normalized edge length, i.e.,
I(e) = 1, in the metric (6). The normalized edge length drives the
remeshing algorithm presented in Kobbelt et al. [2000] by working
repeatedly through the following steps: (i) split all edges whose
normalized edge length exceeds 4/3, (ii) collapse all edges whose
normalized edge length falls below 4/5, (iii) perform edge flips
to obtain vertex degree close to 6, (iv) perform Laplacian mesh
smoothing. Repeating steps (i)-(iv) ten times yields good results.
Here the function g itself is determined via so called influence zones.

Influence zones. To approximate a surface with a small number
of spheres we compute a region U; around a surface point v; which
is close within a given tolerance ¢ to the central sphere C; at v;
(see Fig. 13). Starting from v; we collect vertices v’ around v; in a
breadth-first manner as long as the distance of v’ to C; is smaller
than ¢. The region U; obtained in this way is roughly disk-shaped
and we use its diameter as the value g(v;). The obtained values

LN

Al

Fig. 12. Sphere meshes with
. ;\7 ~ adapted face sizes. We reduce
_~ _ the number of faces of a given
mesh from about 2000 to 1346
faces. Both meshes have been
. optimized for minimal intersec-

| N tion angles. The difference is
that the image on the left has additionally been optimized for edge-circles
being as-orthogonal-as-possible to the reference surface R. The edge-circles
in the mesh on the right are generated by intersecting adjacent spheres
with bisecting face planes resulting in small gaps appearing between faces,
particularly in negatively curved areas (see close-ups). Those gaps are not
problematic as long as they stay within fabrication tolerances. However,
note that the sphere mesh on the right appears visually much smoother in
positively curved areas. This is due to omitting the condition on edge-circles
in orthogonal planes.
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Fig. 13. Influence zone:
We approximate the cen-
tral sphere C; (blue) at a
vertex v; € R and deter-
mine the region where
the distances of the ver-
tices of a reference sur-
face R are smaller than
a given threshold.

at vertices of R are linearly interpolated across its triangles. To
estimate C; we use the jet-fit method [Cazals and Pouget 2005] to
first find the osculating paraboloid whose mean curvature at the
contact point v; is the same as that of R. Note that we can take any
kind of ‘locally optimal’ sphere instead of C;, cf. Fig. 9 and 16 where
we have used local least-squares spheres that are orthogonal to a
prescribed absolute sphere Q (see Sec. 4).

2 e In the figure aside we experi-
/ mented with different radii for the
absolute sphere Q' for the triangu-
lation of Fig. 16 (top row). It can re-
sult in interesting shapes like this
‘spiky’ looking knot. Its face spheres
are orthogonal to Q’ with large ra-
dius (larger than the radius of the
optimal sphere Q).

Angle-minimizing ST meshes. The curvature averaging nature of
the central spheres makes them close to being angle minimizing
among all sphere congruences which has already been pointed out
by [Kilian et al. 2023]. Consequently, computing a new triangle
mesh by adapting its face sizes to the values obtained from our
influence zone estimation, the angle optimization of [Kilian et al.
2023] converges quickly to an angle minimizing sphere mesh when
face spheres are initialized with central spheres. For examples we
refer particularly to the meshes illustrated in Fig. 2, 12, 15, 11 (right).

4 ST MESHES WITH SUPPORT STRUCTURE

As pointed out by Kilian et al. [2023], an ST mesh can only have a
support structure if all its node axes pass through a point m. The
corresponding face spheres lie in a linear complex with base sphere
Q, with center m and radius R which can be real or imaginary, i.e,
R? € R. A limit case is given if all node axes are parallel to a fixed
line a, i.e., m is at infinity, and Q is a plane orthogonal to a. Here,
all face spheres have centers in Q.

Approximation of a given surface by an ST mesh requires the
computation of a good choice for Q. In view of requirement (b), we
first compute m and then R?. The first step is also a contribution
to the computation of a torsion free support structure of a triangle
mesh that is realized with flat panels, since all node axes must pass
through a point m and should be as orthogonal as possible to the
reference surface.

Let the surface to be approximated be given as triangle mesh
M = (V,F), where v; € V are vertices, f; € F are faces, with fixed
orientation and normal vector field n;. An absolute sphere Q is
defined by its center m and radius R? € R.
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Fig. 14. Finding the absolute sphere Q for the mesh in Fig. 9. The histogram
(left) shows in green angles Z(v; — m, n;) for the initial guess of m = my
solving (7) and in red for m of the optimized absolute sphere. The histogram
(right) shows the distribution of squared radii R? of central spheres.

Estimating the center m. An ST mesh has a practically useful
support structure if the lines connecting m with vertices v; have
minimal angle a; = Z£(v; — m, n;) with every normal n;. For that we
consider the following energy

Ecenter = Z 1- COS((){I-)Z)2 = Z (1 _ M)z

ie|V| v; eV
and use the Levenberg-Marquardt algorithm [Marquardt 1963] to
minimize it.

As initial choice for m we take the
point my that minimizes the sum of
squared distances to the normal lines G;
at vertices v; given by G; = v; + tn; with
t € R. We denote by Q; € R3*® a matrix
such that Q;(v; — mo) = n; X (v; — mg)
and consider the following energy

D distmo, G2 = 3 Sl x @ = mo)|F - (7)

i€|v] 2
1

=5 Qe 1Qi@i = mo)ll* = Qmo ~ bII%,

2

where Q = (01,03, .. .)T, b = (Q101,Q203. .. )T. We compute a
least-squares solution by solving the corresponding normal equation
0T 0my = QTb. If the point my is on the positive part with respect
to the orientation of M we change the orientation.

Estimating the radius R. Now we need to find the radius R of
the absolute sphere Q. By choosing R, we obtain a unique linear
complex of spheres which are orthogonal to Q. Our face spheres S;
(panels) should locally approximate the given surface well. Thus,
we try to find R such that spheres S; are close to central spheres.
For each central sphere C; (center c;, radius r;) we compute the
radius Rl.2 of a sphere Q; with center m that is orthogonal to C; via
Rl.2 =|lm-cl? - rl.z. We take for R? the mean over all R?.

If m tends to be far away from the input surface, then the sphere
Q becomes very large and appears almost as a plane. Our algorithm
detects that case and sets m at infinity. For that we first compute the
direction a of node axes as the spherical barycenter of the Gauss
image formed by the unit normal vectors at vertices of the given tri-
angle mesh. We initialize this nonlinear problem with the barycenter
and take any plane Py orthogonal to a as reference plane. The plane
Q lies at a distance d to Py. Just as we compute the best radius of
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Q, we now compute the best distance d. Each central sphere center
has a distance d; and we take the mean value.

ST meshes with support structure are illustrated in Fig. 9, 11
(right), 16. In Fig. 14 we show the histogram of Rl.2 for central spheres
of the surface in Fig. 9.

5 APPROXIMATION WITH SQ MESHES

Our approximation of surfaces by SQ meshes takes as given refer-
ence surface a B-spline surface f(u, v) with degree > 5 in each of the
parameters u, v. Our optimization strategy in this section falls into
line with the rest of the paper except that we utilize the “smoothness”
of the input surface to keep a smooth/exact representation of the
sphere congruence throughout the first part of our optimization.

471 faces, € = 0.0100 - =
0.1 6.5
Fig. 15. Top row, right column: Initial triangulation M, of the reference
surface R and its edge lengths visualized as a color gradient. Left column:
Corresponding angle minimizing ST mesh rendered with a reflective mate-
rial. Successive rows show angle minimizing ST meshes, their triangulation
Mg, and the corresponding size function g, for increasing values of .
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Fig. 16. ST mesh of a knot with support structure. Top row: Triangulation
obtained by pliant remeshing using central spheres for the computation of
influence zones. Bottom row: Instead of central spheres we use local least-
squares spheres orthogonal to a prescribed absolute sphere Q to determine
influence zones. Left column: Panels obtained as spheres passing through the
vertices of triangles and orthogonal to Q. Right column: Taking the panels
from the left we allow the radius R of Q to change. Vertex coordinates
of the mesh are fixed. We determine R by minimizing intersection angles
of neighboring spheres such that face spheres remain orthogonal to the
varying absolute sphere Q. The smoothest solution is on the bottom right.

The sphere congruence uses a radius function which we represent
in B-spline form

rwo) = Y NN} (0)rgg (8)

over the same spline basis as the given reference surface f. Our
sphere congruence S is now given by radii r(u, v) and centers ¢(u, v)

Fig. 17. Polyhedral quad surface in elliptic space. It is similar to Fig. 11

except that the absolute sphere Q is not real but has a negative squared
radius R. Its concentric real sphere Q" with radius |R| is illustrated in red
(right). All face spheres intersect Q" along a great circle, i.e., the intersection
circles lie in planes through the center of Q”. We emphasized two spheres
(green, blue) and their intersection with Q”.
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Fig. 18. A “roof” modeled as SQ mesh with vertical support structure. The
face spheres are orthogonal to a horizontal plane. The support structure
is therefore contained in vertical planes some of them realized as “walls”.
Geometrically, the roof itself is a polyhedral surface in the Poincare half
space model of hyperbolic geometry H?. This SQ mesh is an inverse image
of the SQ mesh in Figure 11.

from Equation (1). The center surface is a smooth surface but in
general not a B-spline surface as the normalization in the normal
vector field n(u, v) involves a square root.

We initialize our sphere congruence with a B-spline approxima-
tion of the central congruence. To that end we sample the smooth
surface f along a grid G. For each (u;,vj) € G we compute the
central sphere radius r;; at f(u;,v;) and approximate these data by
a B-spline function r(u, v) as in Equation (8).

From that, the lines L(u, v) of the associated line congruence £ at
each point (u, v) are found via the equations described in Section 2.1:
L || ¢y X ¢y and L(u,v) pass through f(u,v).

Our approach is to first optimize the sphere congruence in such
a way that its associated line congruence admits two real torsal
directions and fulfills desired requirements (as listed in Sec. 2.5). We
compute the torsal directions on each face of the grid G and define
a cross field over a quad mesh in this way. A remeshing algorithm
is used to obtain a quad mesh that follows the torsal cross field.
This mesh is already close to our solution but whose precision is
improved in a final optimization step (Sec. 5.2).

5.1 Congruence optimization

With our first optimization step we find a sphere congruence S such
that we have a good approximation of the reference surface (Sec. 2.5
prop. (a)) and with a good support structure (properties (b) and (c)).
As described in Sec. 2, central spheres are good approximations.
However, depending on the reference surface f, the central sphere
congruence can induce an associated line congruence where the
lines can be nearly tangential to the surface f, or the torsal directions
could be very close (almost parallel) resulting in a bad support
structure. Even worse, the torsal directions could be imaginary. Thus,
the aim of this first optimization is to determine the control values
rg; of the B-spline function r(u,v) such that the associated line
congruence lies within our prescribed angle threshold 0. We take the



Fig. 19. A “roof” as SQ mesh with support structure approximating a given
reference surface with a sphere congruence whose associated line congru-
ence L has real torsal directions fulfilling requirements (b) and (c) from
Sec. 2.5. The lines of L are therefore well suited for node axes (bottom left)
of the support structure. The whole process of constructing this SQ mesh
which mainly splits into two optimization steps is described in Sec. 5.

central sphere congruence as an initial guess for that optimization
step. Variables in our optimization are the control values r;; and
direction vectors l;; of the lines of the congruence £ at parameter
values (u;,0;). We constrain [;; to have unit lengths.

We proceed in two steps. First, we ensure that [;; stays in the
associated line congruence by orthogonality to ¢, and cy, at the
corresponding grid points (u;,v;)

_ e \2 S V2
Eic = Zi,jeGU”’cU’u) + <ll],cl],v> >

where the comma at the subscript c;;,, indicates the derivative %
evaluated at (u;,vj).

Good angles of [;; to the surface f, i.e., (l;j, nij) > 0 (property (b))
are expressed with dummy variables p;; by the following objective
function,

2 p2 242
ELCorth:Zi’jec«lij,nij) - 0% -2’

The square in the first term is used to avoid problems with the
directions of the lines. If some lines are flipped with respect to the
normal of the surface, we flip them back at the end of the first step.
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Fig. 20. Left: Illustration of the line congruence setup for the optimization.
Right: Notation of the elements involved in checkerboard patterns.

In a second step, we focus on suitable torsal directions. Here we
want the intersection angle of the torsal planes not to deviate too
much from /2. For this, we take advantage of the approximation
quality of the first order derivatives from so-called checkerboard
pattern meshes (see [Jiang et al. 2021] and Fig. 20 right). Let us
consider a quadrilateral g corresponding to (vg, v1,v2,03) € G. The
midpoints of the four edges of ¢ form a parallelogram b. Its plane
is known to be a discrete version of a tangent plane. The diagonal
vectors d* = vy —vg and d~ = v — v3 approximate well the tangent
vectors f,, + fp at the center of q.

All our parametrizations f, f, c, I are related by the same param-
eters u,v. Hence, tangent vectors in the tangent spaces spanned
by the partial derivatives correspond by the same linear combina-
tions. For example, the tangent vector po f,, + pi1 fo corresponds to
the tangent vector pigly, + p1ly, etc.

In analogy to the discrete tangent vectors d*, d~, we can approxi-
mate derivatives of the line congruence as It =l —lyand [~ = I; —I5.
Thus, we can parametrize a vector direction on each quad b as

t = pod* +p1d”~  which implies that Iy = pol* + upl™.

The torsal directions should satisfy the planarity condition of the
plane spanned by {I, t,I.}, where I is the line of the congruence
L at the barycenter of g. In our optimization, we incorporate this
condition by the energy

1

l
— t *\2 c #\2 *\2
Frorsal = ool + (o)’ + ()

R

Y

TN

S SUERRRAN

- =NesRitunng
7

Fig. 21. Left: Associated line congruence of the central sphere congruence
corresponding to the reference surface. Right: Optimized line congruence
with @ = 15° (=angle threshold between surface normal and line of the line
congruence) and a = 60° (=angle threshold between torsal planes).
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Here, ng are auxiliary variables that represent the normal of the

plane spanned by {l;,t,[.}. We add constraints ||¢|| = ||nf1|| =1.We
formulate Ejypq for both torsal directions, t = t; and t = t,. This
allows us to formulate the angle constraints on torsal directions as

2 2 212
Eangle = quQ((n; 1o Mg, )" = €OS” & +vg)”,

where v4 are dummy variables to represent the inequalities. a is
the threshold for the angle between the torsal planes. We also add a
Laplacian fairness to the line congruence in this optimization.

Implementation details. The variables in this Levenberg-Marquardt
optimization are

e [;j line congruence directions,
e rjj control values in the B-spline representation for radii r(u, v),

® i, p1 for the direction of the torsal directions t; one pair per
each torsal direction,

. n(*] for the normal vector for each torsal plane.

During the optimization, the torsal directions, together with the
plane normal vectors n}, are recomputed after a defined number
of steps. This prevents the optimization from getting stuck with
degenerated torsal directions and has proven to yield faster con-
vergence. In the last steps of the optimization, we set the weights
Wangle = Wair = 0 to improve the correctness of the torsal directions.

The optimization algorithm that we use [Tang et al. 2014] uses
a regularizing energy Ereg Which prevents abrupt changes in the
variables. We utilize this energy for our variables ”Z,t,- controlling
planarity of the torsal planes.

Putting together all the energies above and multiplying them
with appropriate weights yields the total energy:

E=wrcELc + WELC 1n EELc0 + Wiorsal Etorsal

rth
+ Wangle Eangle + WhairEfair + WregEreg- 9

The weights for the illustrated examples can be found in Tables 1
and 2 in Section 6.

02

q Fig. 22. Local geometry and notation
for the optimization of torsal directions.
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Fig. 23. Left: Torsal directions computed with the induced line congruence
of the central sphere congruence without optimization. Right: Optimized
torsal directions with 8 = 15° (=angle threshold between surface normal
and line of the line congruence) and a = 45° (=angle threshold between
torsal planes).

5.2 Quad remeshing with torsal directions

We perform a quad remeshing by following the torsal directions
computed in Section 5.1. We used Rhino plugin implementations of
IGL Anisotropic remeshing described in [Panozzo et al. 2014] and
LibQEx from [Ebke et al. 2013] to obtain a quad mesh being aligned
with the torsal directions. The edges of the resulting mesh are no
longer exactly the discrete torsal directions for the optimized line
congruence. Moreover the vertices are not exactly contained in the
given B-spline surface and we need to find the spheres per face. This
is done in the following final optimization step.

The resulting quad mesh from above may exhibit some zigzag
behavior which we eliminate by letting the mesh glide over the
reference surface while enforcing fairness of the parameter lines. In
this way we obtain a fair quad mesh Q’.

By a simple least squares method we now compute for each vertex
gij € Q' the corresponding parameters (u;, v;) within the parameter
domain of the given B-spline reference surface.

Our final task is to convert Q" into our desired SQ mesh. For
that, we first convert Q’ into a discrete sphere congruence S* with
centers cjj = qjj+rijnij, where rij = r(u;,v;). From S* we compute
a discrete sphere congruence S with a sphere for each face g € Q’
by averaging the centers and the radii (see Fig. 24 left). Now we
take S as an input for a final post optimization with the goal that
(i) the spheres of S pass through Q’, (ii) neighboring node axes
are co-planar (discrete torsal planes for the existence of a support
structure), (iii) proximity to the reference surface, and (iv) fairness
of the resulting SQ mesh.

For the sphere fitting (i), we use the same approach as in [Kil-
ian et al. 2023] where they represented the spheres with implicit
equations in the form ¢/(x) := Ax? — (B,x) + C = 0, where B =
(B1, B2, B3) € R3, A,C € R, and where (-, -) denotes the Euclidean
scalar product. Following [Kilian et al. 2023] the energy term used
for the sphere fitting reads

Esphere = ZfEF ZqiEf 1//2 (gi) and Eypit = ZfEF 902 N

where ¢(f) = B;Bf—élAfo—l is used to normalize the coefficients
of the sphere equation and prevents the coefficients from vanishing.

To ensure the existence of a torsion free node at each vertex
q € Q" we require planar faces in the mesh of centers c;;. Per each
non-boundary vertex g € Q' there are four spheres intersecting at q.
The four corresponding centers for a face cg of the mesh of centers.



1
Nyw | “W

Fig. 24. Left: Notation in the computation of the initial guess for the sphere
congruence corresponding to Q’. The sphere corresponding to vertex g;; €
Q’ hasiits center c;; in the surface c. Right: Notation for the planarity energy
of the discrete torsal planes. The edge uw and the two torsal lines I, I,
must become planar in the optimization.

To obtain planarity of ¢ we minimize the squared scalar product of
edge vectors ¢; —cj with an auxiliary normal vector n,, per face. We
denote the scalar product by ¢/(cic;) := (i — ¢j, nc,). We initialize
ne, with the direction of our optimized line congruence. Thus, the
energy term for the existence of a support structure reads

— 2000,
Eoupp = D e D sere,ce, V' (€169

with the constraint ||chq || = 1.

To ensure the existence of a support structure (ii) we optimize for
planarity of neighboring node axes I, l,, and each edge uw. This
energy term uses an auxiliary variable ny,, representing the normal
vector of the plane:

w—u

2 2 2
Etorsal plane = Z (lu, nuaw)” + g, ) + <ms Nuw)®,
uweedges
with the constraint ||n,,|| = 1. We initialize the normal vectors

nyw of the planes of the support structures as the normalized cross
product of u — w with [, + [,,, the average of the corresponding line
vectors of the line congruence; see Fig. 24 (right).

We include a proximity term (iii) for the closeness of Q” to the
reference surface f. Following [Tang et al. 2014] we express the
proximity in terms of distance to the corresponding tangent plane
and distance to the corresponding point on the reference surface:

Eprox = ZUGQ' <U —0f nf>2 + 6(2) - z)f)z,

where vy is the closest point of v on the reference surface. ny is the
unit normal vector of f at vr. We use a small value of € to control
the closeness to the reference surface. The same is done for the
surface of the sphere centers.

Finally, we include some regularization energies (iv). These in-
clude fairness terms for quad meshes as described in [Tang et al.
2014] and dampening terms for the change of variables. The total
energy used for computing the final sphere congruence is

E= Wproxprroxf + WproxCEproxC + Wiorsal planeEtorsal plane (10)
+ Wsphere Esphere + WunitEunit + WsuppEsupp + Whair Efair + WregEreg-

The weights for the examples can be found in Table 3 (Sec. 6).
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Implementation details. The variables of our optimization are
e A, B,C values determining the sphere per face of Q’,

the verticesv € Q’,

the normals ny,, of the discrete torsal planes per edge uw,
e the normal vectors n, for each face of the sphere center mesh.

We perform a ‘warm-up’ optimization of a few steps, where the
only variables are the spheres. We optimize only for sphericity and a
small value for the support structure; this allows us to have a closer
initial guess before starting to allow the movement of the vertices
Q’ during the optimization. Then, we perform the full optimization
with the rest of the variables and energies mentioned before.

6 RESULTS AND DISCUSSION

We have constructed sphere meshes by approximating given ref-
erence surfaces in three different ways: (i) through generating ST
meshes by adapting face sizes but without support structure (Sec. 3),
(ii) by approximating with ST meshes with support structure (Sec. 4),
and (iii) by approximating with SQ meshes with support structure
(Sec. 5).

6.1 ST mesh approximation

Adapted face sizes. Method (i) generically generates the smoothest
results since we do not require that the edge circles around each
vertex lie in planes that meet in an axis. We experimented with the
top of the so called “Lilium tower” (Fig. 2) and the “Botanic garden”
surface. Additional to intersection angle minimization we compare
with an additional trade-off goal, namely with “nice” intersection
circles of neighboring faces (Fig. 12 left). The smoother mesh is
obtained without that goal but here we must cut face spheres using
bisecting face planes resulting in small gaps (Fig. 12 right). Fur-
thermore, we experimented with the same surface by reducing the
number of faces in Figure 15. Clearly, the smoothness of positively
curved areas is less effected under the reduction of the number of
faces than negatively curved areas. For the knot surface in Figure 16
we have used different functions g to determine the desired edge
lengths: in the top row g measures the size of the local region where
the central sphere does not deviate from the surface within a given
threshold, and in the bottom row the spheres are orthogonal to an
estimated well suited absolute sphere Q. We ran another round of in-
tersection angle minimization on the meshes on the right hand side
where the radius of Q was treated as a variable. Thus the meshes
on the right are a bit smoother.

Support structure. With method (ii) we generate ST meshes with
support structure which implies that all face spheres must be or-
thogonal to an absolute sphere Q with radius R (which can be real
(R > 0), imaginary (R? < 0) or a point (R = 0)). All node axes must
pass through a common point, the center of Q (cf. Fig. 9). Every
such ST mesh with a real absolute sphere Q comes with a second
ST mesh obtained by inversion in Q (Fig. 10). If the central spheres
are orthogonal to an absolute sphere we have a minimal surface in
the respective non-Euclidean geometry: in hyperbolic space (R > 0)
in Figure 11 and in elliptic space (R*> < 0) in Figure 17. Applying
a Mobius transformation which maps the real absolute sphere to
a plane yields a support structure with node axes orthogonal to
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that plane (Fig. 18). All four surfaces in Figure 16 are ST meshes
with support structure (with a real absolute sphere Q that is not
illustrated in the Figure). These ST meshes are therefore polyhedral
surfaces in a hyperbolic space. In applications one could play with
“building tolerances” and generate ST meshes with more than one
corresponding absolute sphere as illustrated by Figure 1.

6.2 SQ mesh approximation

Method (iii) yields SQ meshes with support structure by generat-
ing sphere congruences whose associated line congruences have
suitable developable surfaces along their torsal directions. In a first
optimization step we obtain a suitable line congruence (Fig. 21)
corresponding to a given reference surface. After computing the
tangential vector field of torsal directions and optimizing it for fair-
ness, we integrate it to a quad mesh (Fig. 23). This quad mesh is a
good initial guess for a final optimization step which produces the
final result of an SQ mesh with support structure (Fig. 19, 25).

Parameters and timings. We provided details on the variables in
our optimizations in the sections where they appear. Here we collect
the tables with the bookkeeping (number of elements, weights,
default values, residuals, etc.) of our illustrated examples. Residuals
are normalized by the number of terms.

Table 1. Associated line congruence optimization. We set wic = 1 as default
value. The times were measured for a Python implementation of our algo-
rithm on a Macbook Pro with an M1 8-core CPU, 8-core GPU, and 16-core
Neural Engine.

Fig ||V|

[Fl | 0 | @ |wLCoy, | it |time res
(s/it)
23,21/400|361|15° |45° 2 100{ 0.02 | 1.17E-21
25 400|841 |25° | 45° 2 40 | 0.04 | 2.16E-18
19 400(361|15°|45°| 0.5 90 | 0.12 | 5.72E-22

Table 2. Torsal directions optimization. The default values are wic = 1,
WCoun = 0-01, Wiorsal = 1, Wangle = 2, Wrair = 0.1, Wreg = 0.05. Empty
entries in the table correspond to the default values. The recomputation
steps (RS) specify the number of steps to recompute the torsal directions.
The residuals in this table exclude the contribution of regularizers.

Fig | V]| [F| | 0 212l5] i [rs| 2

ig a | g S| it Y res
23,21|400|361|15°|60°|.5| 2 100| 10| .47 |9.43E-5
25 400 | 84125°|45° 10010 |2.22|7.55E—6
19 400|361 |15°|45° 5100 25|.529|1.53E-5

6.3 Limitations

ST meshes with support structure possess limited freedom for ap-
proximation due to the strong geometric constraints. Our method
for approximation with SQ meshes with support structure is limited
to shapes without sign change in mean curvature. It occurs since
we start with the central sphere congruence, i.e., the best fitting

ACM Trans. Graph., Vol. 43, No. 6, Article 179. Publication date: December 2024.

Table 3. Residuals and weights of sphere congruence optimization. The de-
fault weighs in the energy (10) are Wiorsal plane = 0-01, Wunit = 10, Wreg, =0.04,
Wreg,, = 0.05. Here, | F| is the number of faces after remeshing. The residuals
in this table consider only the contributions from Esppere, Esupps Etorsal plane
and Eprox-

Fig |F| Wprox - | Wprox,, | Wfair | Wsph. | Wsupp it |time res
(s/it)
23,21|237| 0.2 0.1 0.2 2 0.5 |200|0.49 |1.98E—6
25 739 0.2 0.05 0.1 2 0.1 |200|0.82 |4.54E—-6
19 500 0.1 0.01 2 0.5 | 0.01 {200|0.93 |1.88E—6

spheres, and optimize until constraints (b) and (c) from Sec. 2.5 are
fulfilled. An approach where one starts with constant sphere radii
(there (b) and (c) are fulfilled) and optimizes for a better fitting error
gives rise to another type of curvature restriction (see the Shex mesh
approximation in [Kilian et al. 2023] where the support structure
always exists). We did not address Shex meshes, but the present
congruence optimization without considering torsal directions is
suitable for this application as well. The same holds for all other
types of sphere meshes without support structure.

=

Fig. 25. Left: SQ mesh on a spiraling surface. Right from top to bottom:
Surface with edges; surface with support structure; close up of support
structure; close up to panels.



6.4 Future work

SQ mesh layout for architectural applications may also consider
structural properties. While we aimed at high local approximation
quality, this may actually not be desired and non-smoothness could
be a design intent (cf. the inset in Sec. 3 in connection with influence
zones). One may also explore applications beyond architecture, e.g.,
for cell packing structures such as the one in Fig. 8. Finally, we point
to interesting aspects that arise when replacing Mébius geometry
by sphere geometry of Laguerre or Lie.
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