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Abstract

We study flexible polyhedral nets in isotropic geometry. This geometry has a de-
generate metric, but there is a natural notion of flexibility. We study infinitesimal
and finite flexibility, and classify all finitely flexible polyhedral nets of arbitrary
size. We show that there are just two classes, in contrast to Izmestiev’s rather in-
volved classification in Euclidean geometry, for size 3 X 3 only. Using these nets to
initialize the optimization algorithms, we turn them into approximate Euclidean
mechanisms. We also explore the smooth versions of these classes.

Keywords: Flexible nets, Isotropic geometry, Area preserving Combescure
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1 Introduction

The present paper has been motivated by recent work on flexible polyhedral surfaces,
in particular, quad nets with planar faces (called Q-nets) that act as mechanisms; see
Figure 1. One considers the faces as rigid bodies and the edges as hinges, and then
they allow for continuous flexion. Probably the most important recent progress is due
to Izmestiev [1], who classified all flexible 3 x 3 Q-nets and showed more than 20 classes
in his classification. This is an essential task since, due to a result by Schief et al. [2],
an m X n Q-net is (two-sided) flexible if and only if all its 3 x 3 sub-nets are. Until 2020,



the only known types of flexible m x n Q-nets (m or n greater than 3) have been the
classical special examples of Voss nets and T-nets [3]. A contribution by He and Guest
[4] changed that: these authors have been able to patch 3 x 3 nets together to larger
flexible Q-nets. This is still no method for approximation or design of such flexible
structures since the result is hardly predictable by the provided generation process.
Very recently, Nawratil [5] introduced another class of flexible m x n Q-nets. Jiang et
al. [6] base their design of flexible Q-nets on numerical optimization, the most difficult
problem being initial guesses. The present paper contributes to that part; see Figure 2.
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Figure 1: Kinematic sculpture in form of a Euclidean flexible Q-net of Voss type at
the 2018 Chicago design week ((C) Skidmore, Owings & Merrill).

Flexible quad nets with not necessarily planar faces have also begun to emerge, as
in the work by Nawratil [7] and Aikyn et al. [8]. The latter concerns a generalization of
Izmestiev’s orthodiagonal involutive type of Kokotsakis meshes, which holds promise
to be applicable to generalizations of other Izmestiev types as well.

To gain a better understanding, we therefore turned to a strategy that has been
proven effective in other problems, namely, to first study the counterpart in the
so-called isotropic geometry. This simple non-Euclidean geometry has a degenerate
metric based on the semi-norm ||(z,y,2)|; = /22 + y?. One can come up with a
6-dimensional group of isotropic rigid body motions and then develop a rich theory
around that (see [9-14]). Isotropic geometry can be viewed as a structure-preserving
simplification of Euclidean geometry and has applications within Euclidean geometry
as well (see, e.g., [15-20]).

However, until now, there has been no study of isometric deformations of surfaces
in isotropic 3-space I, apparently due to the degeneracy at first sight. Looking just
at the metric is not enough. However, when adding the additional requirement that
isometric surfaces must have the same isotropic Gaussian curvature at corresponding
points, one can develop a theory that does not degenerate. On the contrary, it provides
additional new insight into concepts and relations in statics and discrete differential
geometry [21].

We apply this recent concept of isometry and the resulting meaningful concept of
flexible polyhedral nets in I3. The problem becomes even easier to deal with when



Figure 2: A few positions of an isotropic mechanism (upper row) and a Euclidean
mechanism obtained by optimization (lower row) called “flower”. The optimization
leads to a very small change so that initial positions are very close. Images courtesy
Caigui Jiang.

applying the well-known metric duality of isotropic 3-space. One arrives at area-
preserving continuous Combescure transformations of Q-nets [22]. Two Q-nets are
Combescure transforms of each other if they possess parallel corresponding edges.
This concept is even meaningful in the plane, and it belongs to affine geometry. A
Q-net that allows for a continuous family of area-preserving continuous Combescure
transformations is briefly called deformable.

Area preserving continuous Combescure transformations are of interest without
the relation to mechanisms in I® since Combescure transformations are an essential
concept in discrete differential geometry [23]. Q-nets which allow for infinitesimal area-
preserving Combescure transformations turn out to be exactly the well-studied Koenigs
nets, and the velocity diagram of such an infinitesimal transformation is precisely
the so-called Christoffel dual net. In 3-space, these nets appear as relative minimal
surfaces. Elaborating on the special cases that arise when asking for continuous area-
preserving Combescure transformations is thus an interesting topic on its own.

Fortunately, in prior work [22] we have been able to come up with a complete
classification of all deformable nets in the above sense. The approach uses elementary
geometry and elementary methods of algebraic geometry. They fall into two classes.
Class (i) is composed of two interleaved cone-cylinder nets, a particular case of cone-
nets studied in [24]. Class (ii) is characterized by the existence of a Christoffel dual
with equal areas of corresponding faces. This implies in general a visually non-smooth



behavior. The smooth analogs of (ii) are just translational nets, and a special case of
the smooth analogs of type (i), which are smooth cone-cylinder nets, also known as
scale-translational surfaces.

While the Euclidean classification of flexible Q-nets has so far only been done for
nets with 3 x 3 faces and led to a large number of classes [1], the isotropic classification,
which we give in the present work, is for arbitrary m x n nets and has only two classes:
(i) and (ii). For class (i), on each parameter line of one family, any two adjacent
non-boundary vertices are dual-affine-symmetric. Class (ii) includes nets with equal
opposite ratios of neighboring non-boundary vertices.

In addition to getting this classification, we characterize infinitesimal isotropic
flexibility and study a particularly interesting sub-class of class (i), called generalized
T-nets. Their smooth analogs are so-called generalized smooth T-nets. Generalized
T-nets, both discrete and smooth, feature planar parameter lines, with one family of
parameter lines lying in isotropic planes.

Using the resulting isotropic flexible nets to initialize a numerical optimization,
we turn them into approximate Euclidean flexible nets; see Figure 2. This gives a
surprisingly efficient construction of the latter. This approzimate flexibility (with high
precision) is sufficient for any practical application and is an active research subject |6,
25, 26]. We discuss this and other applications of isotropic geometry to the numerical
solution of hard Euclidean problems in subsequent publication [27].

Organization of the paper. In Section 2, we provide an overview of the necessary
concepts in isotropic geometry relevant to this paper and introduce the notion of dual-
convex m X n nets. In Sections 3-5, we study the infinitesimal flexibility of m x n
nets, their finite flexibility, and the finite flexibility of smooth nets, respectively. These
sections are independent, so the reader can directly proceed to the section of most
interest (in a few cases, when one section uses a notion or a result from the other, we
give a reference). Section 6 presents the conclusion and proposes several open problems.

2 Preliminaries

2.1 Isotropic geometry

Let I3 be the 3-dimensional real affine space (with a basis ej, e, e3) equipped with
the isotropic semi-norm ||(xz,y,2)|: := \/*% + y2. Vectors, lines, and planes parallel
to the z-axis are called isotropic. Isotropic vectors have vanishing isotropic semi-norm,
thus we introduce the replacing semi-norm ||(0,0, z)||, :== |z| to distinguish them. An
affine transformation of I® that preserves the isotropic semi-norm, the replacing semi-
norm and the direction of isotropic vectors, and the orientation in the projection to
the plane z = 0 has the form

cos¢p —sing 0
x—A-x+b, A= |[sing cos¢ 0
C1 C2 1

for some values of the parameters b € R? and ¢, ¢1, c; € R. Such transformations form
the 6-parametric group G of isotropic congruences.



These transformations appear as Euclidean congruences in the projection onto the
plane z = 0, which we call top view. The top view of a point P is denoted by P.
The isotropic distance between two points and the isotropic angle between two non-
isotropic lines or vectors are expressed through the isotropic semi-norm in the usual
way and appear in the top view as Euclidean distances and angles. Similarly, the
oriented isotropic area of a polygon is the oriented area of the top view.

Points P and @ with the same top view are called parallel. The isotropic distance
IPQ||; between them vanishes. One defines the replacing distance between them to

be the replacing norm H]?CﬁHT

The isotropic angle Z(p,q) between two non-isotropic planes p, ¢ is the absolute
value of the difference of the slopes of the two planes, where the slope is the tangent
of the Euclidean angle between a given plane and the xy-plane. By definition, an
isotropic plane (or line) is orthogonal to any non-isotropic plane (or line).

In contrast to Euclidean geometry, isotropic geometry possesses a metric duality.
It is defined as the polarity with respect to the unit isotropic sphere (paraboloid of
revolution) 2z = 2% + 32, which maps a point P = (P!, P2, P3) € I® to the plane P*
with the equation z = P'z + P?y — P3, and vice versa. The isotropic angle between
two non-isotropic planes equals the isotropic distance between the points metric dual
to them. The metric dual of a non-isotropic line PQ is the intersection line of the
non-isotropic planes P* and Q*, and thus also a non-isotropic line.

Isotropic lines and planes play a special role and are usually excluded as tangent
spaces in differential geometry. A point of a surface is admissible if the tangent plane at
the point is non-isotropic, and a surface is admissible if it has only admissible points.
Hereafter by a surface we mean the image of a proper injective C® map of a closed
planar domain into I? with nondegenerate differential at each point. An admissible
surface can be locally represented as the graph of a function z = z(z,y). The metric
dual of a surface is the set of points metric dual to the tangent planes of the surface.

The isotropic Gaussian map takes a point of the surface to the point of the isotropic
unit sphere such that the tangent planes at the two points are parallel. If this map
is injective, then the oriented isotropic area of the image is called the total isotropic
Gaussian curvature of the surface. It equals the oriented isotropic area of the metric
dual surface. It also equals [ K dzdy, where K := zmzyy—zzy is the isotropic Gaussian
curvature of the surface z = z(x,y). This follows from the fact that K measures the
distortion in the local area of the isotropic Gauss map and that the top views of the
isotropic Gauss image and the metric dual of a surface agree.

2.2 Dual-convex m X n nets

Now we discuss nets in I2. To minimize technicalities, we impose some convexity
restrictions. The first one is the convexity of faces, imposed in the definition of an
m X n net below. The second one is equivalent to the convexity of faces of the metric
dual; it is imposed in the definition of a dual-convex net. (Removing these restrictions
is an interesting open problem, which we postpone until Section 6 below.)

By an m x n net (with convexr faces) we mean a collection of (m + 1)(n + 1)
points Fj; € I? indexed by two integers 0 < i < m and 0 < j < n (i.e., a map
{0,...,m} x {0,...,n} — I®), such that Fj;, Fj41;, Fit1,j+1, Fij+1 are consecutive



vertices of a convex quadrilateral for all 0 < 4 < m and 0 < j < n (here m,n > 1).
See Figure 3. The latter quadrilaterals are denoted by p;; and called faces, and their
sides are called edges. Faces and edges are labeled, i.e., equipped with an assignment
of indices to their vertices (see [28, §2] for a detailed discussion of labeled polygons).
Points F;; are also called vertices of the m x n net. A vertex F;; with ¢ € {0,m} or
j € {0,n} is a boundary vertex. The faces p;_1 j—1,Di j—1,Dij, Pi—1,; are called the four
consecutive faces around a non-boundary vertex Fij. See Figure 3 for ¢ = j = 1. The
plane of the face p;; is still denoted by p;;. Two families of broken lines Fj . .. Fj, for
0 <i<mand Fy;...Fpy; for 0 < j <n are called families of parameter lines.

An m x n net has mn faces, thus the name. In what follows, the phrase “an m x n
net consisting of points Fj; indexed by two integers 0 < 7 < m and 0 < j < n and
having the faces py; indexed by 0 < k < m and 0 <[ < n” is abbreviated to “an m xn
net Fj;” or “an m x n net with faces py;”.

Foz Fio Fy
Fo, Fyy
Foo Fyo Fao

Figure 3: A 2 x 2 net. See Subsection 2.2.

Edges or faces spanned by points with the same indices in two m X n nets are
called corresponding. Two m x n nets are parallel or Combescure transformations of
each other if their corresponding edges are parallel. Two m X n nets are v-parallel if
their vertices with the same indices are parallel.

Given a convex quadrilateral in a plane in I?, and a point O not in the plane,
the union of all rays emanating from O and intersecting the quadrilateral is called a
convex 4-hedral angle with the vertex O. The union of all rays emanating from O and
intersecting one side of the quadrilateral is a flat angle of the 4-hedral angle.

To state our results, we need the following new notion.

Definition 1. (See Figure 4 to the left and middle.) A convex 4-hedral angle in I3
is admissible if the isotropic line through its vertex intersects its interior. An m X n
net is dual-conver if m,n > 2 and the planes of the four consecutive faces around
each non-boundary vertex are the planes of the four consecutive flat angles of some
admissible 4-hedral angle.

Notice that any m x n net such that the union of faces is a graph of a convex or
concave function z(z,y) is necessarily a dual-convex net. However, the converse is not
true: the union of faces of a dual-convex m X m net is not necessarily a graph of a
convex function. In Definition 1, the corresponding face angles at a vertex of a dual-
convex net and the admissible 4-hedral angle may differ; namely, the face angles can



be vertical or supplementary. For instance, one can take four vectors generating an
admissible 4-hedral angle (Figure 4 to the left) and reverse the direction of one vector
(Figure 4 to the middle). Convex quadrilaterals constructed on the resulting vectors do
not form a convex 4-hedral angle anymore but they still lie in the planes of flat angles
of the initial convex 4-hedral angle. So, a dual-convex net can have “negatively curved”
vertices (where the neighboring faces form a graph of neither convex nor concave
function) and “non-admissible” ones (where they do not form a graph of a function
or even intersect each other at interior points). However, a dual-convex net can have
neither faces lying in isotropic planes nor adjacent faces lying in the same plane.

The metric dual of a dual-convex m xn net with faces py; is the (m—1)x (n—1) net
formed by the points pj; metric dual to the planes of the faces py;, where 0 <k <m
and 0 <[ < n. The metric dual constructed in this way has convex faces if and only if
the initial m x n net is dual-convex (by Lemma 1 below), hence the terminology. This
also explains the condition m,n > 2 in Definition 1.

2.3 Discrete isotropic Gaussian curvature

The famous Theorema Egregium by Gauss says that the Gaussian curvature is invari-
ant under smooth isometries. In Euclidean geometry, there is a well-known discrete
analog of Gaussian curvature with similar properties: the (total) Gaussian curvature
at a point of an m X n net is 27 minus the sum of the face angles meeting at the point.
In isotropic geometry, the analogous expression vanishes identically (for “admissible”
vertices). Similarly to other cases when a straightforward analog of a Euclidean in-
variant degenerates, we look for a replacing invariant that is non-degenerate. Thus,
instead of the sum of flat angles around a point, we look at the measure of the dual
solid angle as follows.

Definition 2. (See Figure 4 to the middle and right.) Let F;; be a dual-convex m x n
net. Consider the consecutive faces pi,ps,ps3,ps around a particular non-boundary
vertex Fj;. The top views of the points metric dual to the planes of these faces form
a convex quadrilateral pf p3 p% pj called the top view of the isotropic Gaussian image
of F;. The oriented area of this quadrilateral is called the total isotropic Gaussian
curvature concentrated at the vertexr Fjj, or the value of the discrete curvature form
at Fij;, or simply the curvature at Fj;:

4
- 1 - _ _
Q(Fij) == Area (p’{ D5 DS pZ) =3 E det (p;f7p;*-+1) , where pf := pj. (1)
i=1

(The vanishing z-coordinate of pij is dropped under the determinant.)

With a slight abuse of notation, the curvature at F;; is denoted by Q(F;;) although
it depends on the neighboring vertices as well.

This definition differs from the known analogs [29, 30] in the following aspects.
Value (1) should be viewed as the total Gaussian curvature concentrated at a point
rather than the value of a function, discretizing the Gaussian curvature, at a particular
point. In other words, (1) should be viewed as a discrete analog of the curvature form
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Figure 4: Left: An admissible 4-hedral angle. The isotropic line (blue) through the
vertex intersects the angle interior. Middle: Four consecutive faces p1, p2, p3, p4 around
a vertex Fj; of a dual-convex net. In the left and middle figures, the vertex is the same
(black point), the four emanating edges are the same except for the one equipped with
an arrow (whose direction is reversed), and faces of the same color lie in the same
plane. The union of the faces p1,pa,ps,ps is not a graph of a function z = z(z,y).
Right: The metric dual of the sub-net formed by p1, p2, p3, p4 is a convex quadrilateral
pipspsp; (see Lemma 1). The total isotropic Gaussian curvature Q(F;;) concentrated

at the vertex Fj; is the oriented area of its top view p} p3 ps pi. See Definitions 1 and 2.

Q) = K dxdy rather than the Gaussian curvature K itself. Thus Q(F;;) is defined as
a single area rather than the ratio of two areas as in [29, Eq. (22)]. This allows us to
bypass the construction of a discrete Gauss image and the approximation of the unit
sphere by parallel meshes, which is rather tricky for square-grid combinatorics. In our
setup, just the top view of the isotropic Gauss image is sufficient, being the same as
the top view of the metric dual.

3 Infinitesimal flexibility
3.1 Definition

An infinitesimal isotropic congruence is a vector field on I3 of the form

0 —¢0
Vix)=a-x+b, a=[¢ 00 (2)
C1 620

for some b € R3 and ¢, c1,co € R. Clearly, such vector fields form the Lie algebra of
GS. (We do not use and do not discuss the product in this Lie algebra.)

Let us define the infinitesimal flexibility in I%. It requires the usual face condition
meaning the infinitesimal rigidity of faces. Compared to Euclidean geometry, we im-
pose an additional vertex condition, which is automatic in Euclidean geometry, but
becomes crucial in isotropic geometry.



Definition 3. (Cf. |21, Definition 57].) An infinitesimal isotropic isometric deforma-
tion of a dual-convex m x n net Fj; is an indexed collection of vectors V;; € R3, where
0 <i<m and 0 < j <n, satisfying

face condition: for each 0 < k < m and 0 <[ < n, there is an infinitesimal isotropic
congruence V (depending on k and [) such that V;; = V/(F;;) for each i € {k,k+1}
and j € {l,l + 1}; and

vertez condition: for each 0 < i < m,0 < j < n, we have £ Q(F;; +tV;;)

pr =0.

li=0
(Here, Fj; + tVj; is a dual-convex m x n net for all sufficiently small ¢ and all V;;
satisfying the face condition by Lemma 2 below, hence Q(F;; + tV;;) is well-defined.)

An infinitesimal isotropic isometric deformation is ¢rivial if there is an infinitesimal
isotropic congruence V such that V;; = V(Fij) forall 0 <i <m,0<j <n.A dual-
convex m x m net is infinitesimally flexible in I® if it has a nontrivial infinitesimal
isotropic isometric deformation.

This definition is equivalent to [21, Definition 57]. However, in contrast to condi-
tion (i) there, we do not restrict the top view of V;;, because this can always be achieved
by adding a trivial infinitesimal isotropic isometric deformation. Furthermore, vertex
condition (ii) is stated there in a metric dual form, analogous to Proposition 1(V)
below. Our form of the definition makes the relation to finite flexibility transparent.

3.2 Statement of the classification

Let us characterize infinitesimally flexible m x n nets in I%; those turn out to be the
same ones as in Euclidean geometry (under our convexity assumptions). In particular,
by studying the former, we get new insight into the latter. The characterization below
is stated in several equivalent ways; that is why the used known notions are defined
after the statement, so that the readers can choose the way that they like most.

Proposition 1. For a dual-convex m x n net, the following conditions are equivalent:
(I) the m x n net is infinitesimally flexible in I3;

(D) the metric dual (m — 1) X (n — 1) net is infinitesimally deformable;

(K) the metric dual (m — 1) x (n — 1) net is a Kenigs net;

(V) the mxn net has a non-planar v-parallel mxn net with vanishing mized curvature

of the corresponding vertices;
(R) the m x n net has a reciprocal-parallel net;
(E) the m x n net is infinitesimally flexible in Euclidean geometry.

The implications (I)=-(K) and (I) =(R) were obtained in [21, Proposition 60 and
Lemma 62] but our proof in §3.3 is slightly different. Instead of vectors V;; isotropic
orthogonal to Fj;, we use the isotropic vectors. This way we get a different construction
of the reciprocal-parallel net; see Lemma 8 below and cf. [21, Lemma 62].

Let us define the known notions used in the proposition; cf. [21], [23], [30], [3], and
[2], respectively:

(D) An infinitesimal area preserving Combescure transformation, or infinitesimal
deformation, of an (m — 1) x (n — 1) net P;; in R? is a collection of vectors C;; € RY,
where 0 < i < mand 0 < j < n, such that the nets P;;(t) := P;;+tC;; are Combescure
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Figure 5: Dual quadrilaterals. Corresponding sides (with the same color) are parallel
and non-corresponding diagonals (also with the same color) are parallel.
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transformations of the net P;; for all sufficiently small ¢ € R and

% Area(Pij(t)Pi—l,j(t)Pi—l,j—l(t)Pi,j—l(t))ltZO =0 for 0 <i<m,0< j<n.
A net Pj; is infinitesimally deformable if it has an infinitesimal deformation with not
all vectors Cj; equal. An infinitesimal deformation consisting of equal vectors Cj; is
referred to as trivial.

(K) Two (labeled) quadrilaterals ABCD and A’B’C'D’ are dual if their corre-
sponding sides and non-corresponding diagonals are parallel (see Figure 5):

AB| A'B', BC | B'C', CD| C'D', DA|DA, AC|B'D, BD|C'D.

Two (m — 1) x (n — 1) nets are Christoffel dual if their corresponding faces are dual.
A Keenigs net is a net having a Christoffel dual. Kcenigs nets have many geometric
characterizations; see [22, §2.2.2].

(V) The mized area of two (labeled) plane closed broken lines ABCD and
A'B'C' D" with parallel corresponding sides is % Area(A(t)B(t)C(t)D(t))|,_o, where
A(t) .= A+ A't, B(t) := B + B't etc, and the oriented area is defined by (1). Note
that the mixed area is invariant under the swap of the two broken lines. The mized
curvature of two corresponding non-boundary vertices of two v-parallel m X n nets is
the mixed area of the top views of the isotropic Gauss images of the vertices. The lat-
ter is defined analogously to Definition 2: the top view of the isotropic Gauss image
of a vertex is the closed broken line pi pj p3 pj, where pi, p2, p3, ps are the consecu-
tive faces around the vertex. We set by definition that two corresponding boundary
vertices always have vanishing mixed curvature.

Here the usage of the notion “mixed area” matches [30]. Since the curvature
equals a certain area in our setup, we use the abbreviation “mixed curvature” for the
corresponding mixed area, just like in [21, Section 2.4].

(R) By a (general) net we mean any collection of mn points Cy; € R? indexed by
two integers 0 < k < m and 0 <[ < n. If all points Cy; coincide, then the net is trivial.
A nontrivial net Cy; is reciprocal-parallel to a net Fi;, where 0 < ¢ <mand 0 < j < n,
if Oivj_lcij H F;i+1,jFij for each 0 <7 < m and 0 < j<n and Ci—l,jcij || Fi,j+1Fij
for each 0 <4 < m and 0 < j < n. See Figure 6.

(E) An infinitesimal Euclidean congruence is a vector field on R3 of the form
V(x) = axx+b for some a,b € R3. An infinitesimal Euclidean isometric deformation

10
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Figure 6: A reciprocal-parallel net (right) to a 3 x 3 net (left). The edges of the same
color are parallel (except for the light gray ones). See Proposition 1.

of an m xn net Fy; isanet V;; € R3 such that for each 0 < k < m and 0 < [ < n there
is an infinitesimal Euclidean congruence V' (possibly, depending on & and [) satisfying
Vij = V(F;;) for each ¢ € {k,k + 1} and j € {l,l 4+ 1}. An infinitesimal Euclidean
isometric deformation is trivial if there is an infinitesimal Euclidean congruence V'
such that V;; = V(Fj;) for all 0 < i <m and 0 < j < n, otherwise it is nontrivial. A
net is infinitesimally flexible in Euclidean geometry if it has a nontrivial infinitesimal
Euclidean isometric deformation.

Example 1. Any dual-convex m X n net with planar parameter lines is infinitesimally
flexible (in both Euclidean and isotropic geometries).

This follows from Proposition 1(I,K,E) and [24, Theorem 22]. See [31] for
applications of such nets.

3.3 Proof of the classification

In this subsection, we prove Proposition 1. First, we need two lemmas showing that our
basic notions are well-defined: the metric dual of a dual-convex net has indeed convex
faces, and the net used in the vertex condition in Definition 3 has indeed planar faces.

Lemma 1. Points A, B,C,D € I are consecutive vertices of a convex quadrilateral
not lying in an isotropic plane if and only if planes A*, B*, C*, D* contain consecutive
flat angles of an admissible 4-hedral angle.

Proof. Non-collinear points A, B, C, D lie in a non-isotropic plane if and only if planes
A*, B*, C*, D* have a unique common point O. Without loss of generality, assume O is
the origin (we can always translate the planes A*, B*, C*, D* so that they pass through
the origin). In this case, A4, B,C, D lie in the xy-plane. If A = (A1, A2,0) and B =
(B1, Bs,0), then planes A* and B* have equations z = Az + Asy and z = Bix + Bay
respectively. For A # B, the top view of the line A*NB* is (41— B1)x+(A2—Bs)y = 0.
Denote by A" = (By — Ay, Ay — By, A1 By — A3 By) the point on the line A* N B* with
the top view A’ = (By — Ag, A} — By). Define B, C’, D' analogously. See Figure 7.
Assume that ABCD is a convex quadrilateral. The vectors OA’,...,0D’
are obtained by the same clockwise 90°-rotation from AB,BC,CD,DA. Hence
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OA’,...,0OD’ appear in the listed cyclic order around O. Assume without loss of gen-
erality that their order is counterclockwise. Since OA’ 4 - - -+ 0D’ = 0, it follows that
O lies in the interior of the convex hull of A’, B’,C’, D’. Hence the union of angles
A'OB’,...,D'OA’ is the graph of some function z(x,y). Let us show that the function
is convex. Let A% := A’ 4+ ¢ - AB, where ¢ > 0, be a small shift of A’ in the counter-
clockwise direction about O. At the point A%, the linear function z = Bix + Bsy is
greater than z = Ajx + Aoy because the difference is ¢|AB|> > 0. Since the angles
D'OA" and A’OB’ lie in the planes A* and B*, respectively, their union is convex
in the vicinity of OA’. Thus, z(z,y) is convex in the vicinity of OA’. Analogously,
z(x,y) is convex in the vicinities of OB’,...,OD’. Thus the graph of z(z,y) bounds
the desired admissible 4-hedral angle.

Conversely, if the planes A*, B* C*, D* contain consecutive flat angles of
an admissible 4-hedral angle, then the latter is generated by the vectors
+0A’,+0B’,+0C",£0D’ for some choice of signs. The union of flat angles is the
graph of some convex or concave function z(z,y), and the top views of the vectors ap-
pear in the listed cyclic order around O. Without loss of generality, assume that the
order is counterclockwise. We now conclude that all the signs in + must be the same.
Indeed, similarly to the above, consider a small counterclockwise shift of +A’, say,
A® := + A’ +e- AB for some £ > 0. At the point A%, the linear function z = Bz + Bay
is greater (respectively, less) than z = Ajz+ Agy if z(z, y) is convex (respectively, con-
cave). However, the difference of the linear functions is +¢|AB|?. Hence, the signs in
+0A’,...,£0D’" must be the same. Since the vectors AB, BC,CD, DA are obtained
by the same 90°-rotation from OA’,...,OD’, the points A, B,C, D are consecutive
vertices of a convex quadrilateral. O

\ !/
D

A* N B*

B

Figure 7: Left: The points A’, B’,C’, D’ are the top views of A’, B’,C’, D', respec-
tively. The vectors OA’, OB’,0C",OD’ are obtained from AB, BC,CD, DA (right)
by the clockwise rotation through 90° about the origin O. The point A¢ is a small
counterclockwise shift of A’. Right: The side vectors of the quadrilateral ABCD. See
the proof of Lemma 1.

Lemma 2. If Fj; is a dual-convex mxn net and Vi; is a collection of vectors satisfying
the face condition from Definition 3, then Fi; 4+ tVi; is also a dual-convexr m x n net
for all t sufficiently small in absolute value.

12



Proof. Consider a face py; of the net Fj;. Take a vertex Fj; of this face. By the face
condition in Definition 3, we get F;; + tV;; = F;; + tV(F;;) for some infinitesimal
isotropic congruence V. Then the affine transformation x — x+tV (x) takes pg; to the
corresponding face of the net Fj; +tV;;. Thus the latter face is a convex quadrilateral.
By the continuity, the net Fj;; +tV;; remains dual-convex for sufficiently small [t|. O

Now we proceed to the proof of Proposition 1 and first address the equivalence
(I)& (V). The following lemma allows us to restrict ourselves to isotropic vectors V;;.

Lemma 3. An infinitesimally flexible dual-convexr m x n net in I® has a nontrivial
infinitesimal isotropic isometric deformation consisting of isotropic vectors.

Proof. Let V;;, where 0 <7 <m and 0 < j < n, be a nontrivial infinitesimal isotropic
isometric deformation of the m x n net. Then the top view Vj; is an infinitesimal
Euclidean isometric deformation of the top view of the net because the top view
of each infinitesimal isotropic congruence V' (in face condition of Definition 3) is an
infinitesimal Euclidean congruence.

Each m x n net in the plane is infinitesimally rigid, i.e., all planar infinitesimal
Euclidean isometries are trivial. (Indeed, let V: x +— ag; X x + by, where vectors
ag; || Oz and by || Ozy, be a planar infinitesimal Euclidean congruence for a face
pr; such that VTJ = V(Fj;) for all vertices Fj; of py;. Comparing the images of the
common vertices of neighboring faces under the maps V', we obtain that ay; forms a
reciprocal-parallel net of F;;. This implies that all ay; are equal and consequently all
bi; are.) Then W is a trivial infinitesimal Euclidean isometric deformation. Then W
can be viewed as a trivial infinitesimal isotropic isometric deformation. Then V;; — V;;
is the desired nontrivial infinitesimal isotropic isometric deformation. O

If a nontrivial infinitesimal isotropic isometric deformation V;; of a dual-convex
m X n net F;; consists of isotropic vectors, then the net F;; 4 V;; is called a velocity
diagram of the net F;;. (This definition differs from the one in [21] by a rotation
through 7/2 about the z-axis.) By Lemma 3, the net F;; has a velocity diagram if and
only if Fj; is infinitesimally flexible in I3.

Lemma 4. A net is a velocity diagram of a dual-convex m xn net if and only if it is a
non-planar v-parallel m x n net with vanishing mized curvatures at the corresponding
vertices.

Proof. Consider a dual-convex m x n net Fj; with faces py;. Denote by (F}, 7, F}%)
and (p,ld,pihp%l) the coordinates of vertices Fj; and pj; of the net and its metric dual.
Assume that the net Fj; has a velocity diagram. Let V;; be its nontrivial infinites-
imal isotropic isometric deformation consisting of isotropic vectors. Let us show that
the velocity diagram F;;+V;; is a non-planar v-parallel m xn net with vanishing mixed
curvatures at the corresponding vertices. Clearly, the velocity diagram is v-parallel.
Let us show that the velocity diagram has planar faces. Consider a face pg; of
the net Fj;. By the face condition in Definition 3, there is an infinitesimal isotropic
congruence V' such that V;; = V(F;;) for each i € {k,k+ 1} and j € {l,l + 1}.
Since Vi; || Oz }f pri, by (2) it follows that V(z,y,z) = (0,0, ct,z + ciy — c3;) for
some c}d,cil,cil € R. This implies that the four points Fj; + V;; lie in the plane
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z= c;lclx + czly — cil and hence the velocity diagram FTJ + Vi; has planar faces. Thus
it is an m X m net, and the point ¢j; := (c,lcl, cih Cil) is metric dual to the plane of its
face. The m x n net is non-planar, otherwise all ¢j; are equal and V;; is trivial.

Now we show that the mixed curvatures vanish at the corresponding vertices. From
Lemma 2 we know that F;; +tV;; is a dual-convex m x n net for all sufficiently small
t. Let us find its metric dual. The four points F;; + tV;;, where i € {k,k + 1} and
j € {l,141}, lie in one plane z = (p}, +tct,)x+ (p3,+tc2,)y— (p3, +1tc3;). Hence the net
pi;(t) == pj; +tcg; is metric dual to the net F;;+tV;;. Since the nets F;; +tV;; are all v-
parallel, it follows that the nets pj,(t) are parallel (i.e., Combescure transformations).
In particular, the nets cj; and pj; are parallel. By the vertex condition of Definition 3,

d d

a Area (p?j(t) p;kfl,j(t)pzll,jfl(t)p;jfl(t)) ‘t:o = at Q(Fij + ﬂ/ij)ltzo =0.
Thus the mixed areas of the corresponding faces of the nets pj; and cj; vanish. Hence
the mixed curvature of F;; and FTJ + V;; vanishes.

Conversely, let Fl-’j be a non-planar m x n net v-parallel to a dual-convex m X n net
F;; with vanishing mixed curvatures at the corresponding vertices. Then the metric
dual net ¢f, = (c};, c2;,c;) of F}; is a nontrivial infinitesimal deformation of the net
py; (see definition (D) after Proposition 1). For each 0 < i < mand 0 < j < n,
set Vij i= F; — Fyj = (0,0,¢,F; + ¢y F — ¢iy), where ¢y is any face containing
the vertex FZ’J Here the latter equality holds because the plane of the face c; has
the equation z = c,lglx + iy — ¢4y so that Ff; = (FL, F2,cp FL + ¢ F% — ¢})) and
Fl - F;; = (0,0,cL,F, L+ FL = ) The vectors Vj; satisfy the face condition
because the 1nﬁn1te81mal isotropic congruence V(z,y,z) = (0,0,c},x + 3y — c3))
satisfies V;; = V/(F;;) for each i € {k,k +1} and j € {l,1+1}. The vectors V;; satisfy
the vertex condition because the net py;, + tcj, is metric dual to Fj; + tV;; and the
vectors cj; form an infinitesimal deformation of p;;. The vectors Vij form a nontrivial
infinitesimal isotropic isometric deformation because not all points cj; := (c,lfl, cil, cil)
coincide. Thus Fi’j is a velocity diagram of Fj;. O

To prove the equivalence (V)< (D), we just apply the metric duality. We observe
that the metric duality takes v-parallel nets to parallel nets. More precisely, a net Cy;
is parallel to the metric dual of a dual-convex m x n net Fj; if and only if Cy; is the
metric dual of some m x n net that is v-parallel to Fj;. The following lemma is directly
obtained from the definitions.

Lemma 5. A non-planar m x n net, v-parallel to a dual-convex m x n net, has
vanishing mized curvatures at the corresponding vertices if and only if the metric dual
of the former is a nontrivial infinitesimal deformation of the metric dual of the latter.

To prove the equivalence (D)< (K), let us recall the characterization of infinites-
imally deformable m x n nets from [21, Proposition 60].

Lemma 6. An (m — 1) X (n — 1) net is infinitesimally deformable if and only if it is
a Kenings net. Its nontrivial infinitesimal deformations are exactly Christoffel dual
(m —1) x (n—1) nets.
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Proof. Let vectors Cj;, which do not all coincide, form an infinitesimal deforma-
tion of an (m — 1) x (n — 1) net P;;. Set P;;(t) := P;; + tC;;. The quadrilaterals
P (t)Pig1,;(t)Pig1,j41(8) P j+1(t) have parallel sides and the derivative of the area
at ¢ = 0 vanishes. By a known computation [30, Theorem 13 and Eq. (3)], this is
equivalent to quadrilaterals P;; P11 jPit1,j+1F5 j+1 and C;Cit1,jCiv1,+1Ci j+1 being
dual. The latter quadrilateral is convex because the former is (and cannot degenerate
into a point, unless the whole net C;; does). Thus P;; and Cj; are Christoffel dual
(m —1) x (n — 1) nets unless all vectors C;; are equal. O

In particular, any infinitesimal deformation with not all vectors equal has convex
faces, thus by Lemmas 2, 4, and 5, any velocity diagram is a dual-convex m X n net.

To prove the equivalence (K)<(R), we need the following property of planar
Christoffel dual nets, with not necessarily convex faces. For such nets, the Christoffel
duality is defined analogously to the above. Clearly, if one of two nontrivial Christoffel
dual nets has convex faces, then the second one does.

Lemma 7. Two parallel nets px; and ci; in the plane are Christoffel dual if and only
if there is an indezxed collection of real numbers hy; such that for any adjacent vertices
cr and ¢y we have

it — haov = (¢ — o )P — (Chy — Chr )P (3)

Notice that the collection hy; is determined by (3) uniquely up to a constant.

Proof. Consider a face of the net ¢i;. Denote by c¢1, ¢, c3, ¢4 its four consecutive ver-
tices. Set c¢5 := ¢; and define p1,ps ..., ps = p1 analogously. Since the nets ¢ and py;
are parallel, the right side of (3) can be written in two ways:

det(c; — ¢iq1,pi) = det(c; — Ciq1, Pit1)

for suitable i. The existence of the desired collection hy; is equivalent to the vanishing of

4
Zdet(ci — Ciy1,pi) = det(cr — c2,p2) + det(ca — c3,p2) + det(cs — ca,pa)+
i=1

+det(cs — c1,pa) = det(c1 — c3,p2 — pa).

The vanishing of the latter is equivalent to the Christoffel duality. O

Now we construct the reciprocal-parallel net explicitly.

Lemma 8. Let Fi; be a dual-convex m x n net and py; be its metric dual. A net Cy
is reciprocal-parallel to the m x n net Fy; if and only if Ciy = (—ci;, chyy hir), where
ci = (¢t iy csy) is a (nontrivial) Christoffel dual to pf,, and hi is given by (3).

Proof. Denote Fj;; =: (Filj,Fin,F%), Py, = (phsP3,08), and Cy =: (C}, C3,,C3).
Since Fj; and Fji1 ; are common vertices of the faces p;; and p; ;_1, it follows that

pzl,j—l(Fil-i—l,j - leg) +p12,j—1(Fi2-}—1,j - FZQJ) = Fi?it-l,j - Fi?} = pzlj(Filﬂ,j - leg) +p§j(Fi2-|—1,j - FZQJ)
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The latter implies F 11 ; —f-j L @ pjjil Thus C; j—1—Cij || Fiy1,;—F;j if and only
ifCi’jfl—CiijJ_pi;kj—p;]i andC Cg _1 —p”(Cl Cl] 1)+p”(02 Ci2,j—1)' The
former condition (and the one Wlth the indices swapped) means that the planar net
(Cf], C}j) is parallel to the net pT‘], and the latter condition means that h;; :=
ij satisfies equation (3). By Lemma 7, the two conditions together are equivalent to
?’-*j and E being Christoffel dual. In the latter case, there is a unique (up to translation)

net ¢; with the top view a such that cj; and p;; are Christoffel dual (parallelism of
faces implies their duality in this case). So, the net Cy; is reciprocal-parallel to the
m x n net Fy; if and only if it has the form Cy; = (—c2,, ¢}y, b)) O

Corollary 1. (Cf. [21, Lemma 62]) For a dual-convex m x n net, the top views of the
reciprocal-parallel net (if it exists) and the metric dual net are related by a rotation
through /2 followed by the Christoffel duality.

Finally, we summarize the proof.

Proof of Proposition 1. The equivalences (I)<(V)<(D)e(K)<(R)<(E) were
proved in Lemmas 4, 5, 6, 8, and [3, pp. 172-174] respectively. O

4 Finite flexibility

Now we turn to finite flexibility. Again, we impose an additional vertexr condition,
which is automatic in Euclidean geometry but becomes crucial in isotropic geometry.

4.1 Definition

Definition 4. An isotropic isometric deformation of a dual-convex m x n net Fj; is
a continuous family of m x n nets F;;(t), where ¢ € [0;1] and Fj;(0) = F;;, satisfying

face condition: corresponding faces of all m x n nets Fj;(t) are isotropically
congruent; and

vertex condition: corresponding non-boundary vertices of all nets F;;(¢) have the
same curvatures.

An isotropic isometric deformation is trivial if for each ¢ € [0;1] there is an isotropic
congruence C; such that F;;(t) = C¢(F;;) for all 0 <4 <m, 0 < j < n. A dual-convex
m x n net is flexible in I® if it has a nontrivial isotropic isometric deformation.

We may assume without loss of generality that the isotropic congruence in the face
condition preserves the indices of the vertices. Also, note that two quadrilaterals with
the same top view (but not in one isotropic plane) are always isotropically congruent.

Example 2. (See Figure 8.) The dual-convex 2 x 2 net with the vertices
Fij = (4,7,7 mod 2 4 j mod 2), 0<i,j<2,

is flexible in I3. A nontrivial isotropic isometric deformation is given by

1
Fi;(t) = (i,j, (i mod Q)m + (§ mod 2)(t + 1)) , 0<i4,j<2 te]0,1].
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Figure 8: A dual-convex 2 x 2 net that is flexible in I® (blue). One position of
its isotropic isometric deformation (cyan) and their common top view (gray). See
Example 2.

4.2 Statement of the classification

To characterize all flexible m x n nets in I, we need the following notions.

By an a x b sub-net of a given m X n net with the points Fj;, where 0 <7 < m
and 0 < 7 < n, we mean an a X b net with the points F;;, where ¢ < i < ¢+ a and
r < j <r+b, for some integers 0 < ¢ <m —a and 0 < r <n —b. (The collection of
(a+1)(b+ 1) points indexed in this way is still viewed as an a X b net.)

Let Fi; be a non-boundary vertex of a dual-convex m x n net and let e be an edge
emanating from the vertex. See Figure 9. Enumerate the consecutive faces p1, p2, p3, P4
around the vertex so that p; Npy = e. Let p be the plane spanned by the lines p; N p3
and py N py. The ratio of isotropic angles (see Section 2.1 for the definition)

Z(p1,p) Z(pa,p)

Z(p3,p)  Z(p2,p)

is called the opposite ratio of the vertex Fi; with respect to the edge e. Clearly, it
depends only on the 4-hedral angle spanned by the faces.
The following theorem characterizes all flexible m x n nets in I®. See Figure 10.

Theorem 1. A dual-conver m X n net with pairwise-non-parallel faces py; is flexible
in I? if and only if at least one of the following conditions holds:

(i) n lines pro N Pr4+2,05- > Pkn—1 N Drt2,n—1 lie in one isotropic plane for each
0<k<m—3ormlines pog NPoit2,---,Pm—1,0 N Pm—1,1+2 lie in one isotropic
plane for each 0 <1 <n —3;

(ii) any two non-boundary vertices joined by an edge have equal opposite ratios with
respect to it.

Remark 1. Theorem 1 remains true if parallel faces are allowed in the dual-convex

m x n net, but condition (i) is replaced with the following one:

(i") for each 0 < k < m — 3 the intersections pxo N Pr+2,0-- - Pkn—1 N Pk+2,n—1
are either all empty or all nonempty and lie in one isotropic plane or for each
0 <1 < n — 3 the intersections po; N Po,i+2;- - Pm—1,0 N Pm—1,i+2 are either all
empty or all nonempty and lie in one isotropic plane.
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Figure 9: Left: The opposite ratio of a vertex Fj; with respect to an edge e is defined
in terms of the isotropic angles between the plane p (the span of p; N ps and ps N py)
and the planes p1, p2, p3, ps of the faces. Right: The opposite ratio of the quadrilateral
pipspsps with respect to the side pip} is the ratio of the areas of the highlighted
triangles p*pip; and p*pip;. See Section 4.2.

|

Figure 10: A flexible net in I® of class (i). The intersections (white lines) of the
planes of every other face lie in the same isotropic plane (gray). This condition implies
that the extensions (thin lines) of every other edge on one family of parameter lines
intersect or are parallel (thus the family of parameter lines is planar). Under some
convexity assumptions, extending every other face until they meet, we construct a
generalized T-net. The initial net is obtained from the resulting one by “truncation of
edges”. See Theorem 1(i).

Theorem 1 allows us to check if a given net is flexible. Now we parametrize flexible
nets, allowing us to construct all flexible nets close enough to a certain standard one.

A wide L-shaped net of size m xn is an indexed collection of 3m+3n—3 points Fj;,
where the indices satisfy the inequalities 0 < i <m >2,0<j <n > 2 min{i,j} <2,
such that Fy;, Fii1 5, Fi j+1, Fit1,j+1 are consecutive vertices of a convex quadrilateral
whenever i € {0,1}, 0 < j <norje€ {0,1}, 0 <i < m. See Figure 11. Faces, edges,
boundary vertices, sub-nets, and dual-convezity are defined analogously to the ones of
an m x n net. The wide L-shaped net with F;; = (i, j,i* 4+ j?) is called standard. An
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Figure 11: A wide L-shaped net of size 4 x 4. See Corollary 2.

m x n net extends a wide L-shaped net of size m x n, if the planes of faces p;; in the
two nets coincide whenever ¢ € {0,1},0<j<norje€ {0,1},0<i<m.

Corollary 2. If a dual-convexr wide L-shaped net of size m X n is sufficiently close
to the standard one and satisfies one of the following conditions, then there exists a
unique flexible dual-convex m x n net in I3 that extends it:

(i) the pair of lines px,o NPr+2.0 and pr.1 NPrt2.1 lies in one isotropic plane for each
0 <k <m—3 or the pair of lines py,;Npo,1+2 and p1,;Np1,i4+2 lies in one isotropic
plane for each 0 <1 <n — 3.

(ii) any two non-boundary vertices joined by an edge have equal opposite ratios with
respect to it.

As we shall see, the classification of flexible m x n nets in I3 reduces to the classi-
fication of deformable (m — 1) x (n — 1) nets, which was obtained in [22] and will be
recalled in Subsection 4.4 below.

Definition 5. (See [22, Definition 1].) An m X n net is deformable if contained in a
continuous family of pairwise non-congruent (in Euclidean or isotropic sense) parallel
m X n nets with the same areas of corresponding faces.

We have the following analog of Proposition 1. The reciprocal-parallel net is defined
in Section 3.2 above. A dual-affine transformation is a projective transformation of (the
projectivization of) I keeping the z-direction. The metric duality takes dual-affine
transformations to affine ones and vice versa.

Proposition 2. For a dual-convex m x n net, the following conditions are equivalent:
(I) the m x n net is flexible in I3;

(D) the metric dual (m — 1) x (n — 1) net is deformable;

(R) the m x n net has a reciprocal-parallel net with a deformable top view.

Corollary 3. If a dual-convex m x n net is flexible in I3, then all its Combescure and
dual-affine transformations are.

The reader interested in the proofs of Theorem 1, Corollary 2, and Proposition 2
can proceed to Section 4.4. Now we discuss geometric properties of the resulting
classes (i) and (ii) of flexible m x n nets in I3.
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4.3 Geometric properties
4.3.1 Class (i)

Class (i) can be described in terms of dual-affine transformations. Two non-boundary
vertices joined by an edge in a dual-convex m X n net are called dual-affine-symmetric
with respect to the edge if there is a dual-affine transformation taking the planes of the
faces around the first vertex to the ones around the second vertex, and keeping two of
those planes containing the edge fixed. By the metric duality and [22, Proposition 2],
condition (i) in Theorem 1 is equivalent to the following one: on each parameter line
of one family, any two adjacent non-boundary vertices are dual-affine-symmetric with
respect to the edge between them.

Any net of class (i) has one family of planar parameter lines as explained in the
caption of Figure 10. The other family of parameter lines is not planar in general.
However, if we intersect the planes of every other face, we get polylines in isotropic
planes as shown in Figure 10. Note that the class of planar-quad nets whose parameter
lines lie in planes is invariant under Combescure transformations and so is the property
of parameter lines lying in isotropic planes.

Within class (i), there are special nets with particularly nice properties: the dual-
convex m X n nets with planar parameter lines, where one family of parameter lines lie
in isotropic planes. We call them generalized T-nets. Any net of class (i), subject to
minor convexity assumptions, is obtained from some generalized T-net by “truncation”
of edges (there are actually two such generalized T-nets). See Figure 10.

Generalized T-nets can be viewed as the isotropic counterparts of the T-nets, a
known class of flexible nets in Euclidean geometry [3]|. Indeed, T-nets can be charac-
terized by the property that the parameter lines are planar, and the planes of any two
parameter lines from distinct families are orthogonal [32, Definition 2.1]. In isotropic
geometry, the orthogonality of two families of planes means that one of the families
consists of isotropic planes, and we come to the notion of generalized T-nets. For any
T-net, the planes of one family of parameter lines are parallel [32, Lemma 2.2]. By a
(Euclidean) rotation, one can make those planes parallel or orthogonal to the z-axis;
in the latter case, the other family of planes is parallel to the z-axis. In either case, we
get a generalized T-net, flexible in both Euclidean and isotropic geometries. But the
class of generalized T-nets is much larger: in particular, their faces are not necessarily
trapezoids. Class (i) is even larger.

As we shall see, generalized T-nets are metric dual to cone-cylinder nets given by
the equation [22, §3.2.1]

Pi; = a; + o;bj, 0<i<m+land0<j<n+1, (4)
for some ag, ..., @mi1,b0,...,0p11 € R® and 0q,...,0m11 € R (up to interchanging

the indices ¢ and j). Cone-cylinder nets are a particular case of double cone-nets
studied in [24]. Cone-cylinder nets admit an explicit formula for the deformation.
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Proposition 3. (See [22, Proposition 12]|.) A cone-cylinder net (4) with all o; > 0 is
embedded into a family

_a0+z ar — ag—1) (o + op— 1)+ 4+ 02b;, 0<i<m+1,0<j<n+l,

\/t+ak+\/t+ok .
(3)

of cone-cylinder nets, which are its area-preserving Combescure transformations, for
some e >0 and all t € [0,¢].

Applying the metric duality, we get an explicit isotropic isometric deformation of
a generalized T-net. Recall that e; = (1,0,0)T, es = (0,1,0)T, e3 = (0,0,1)T
Proposition 4. Any m X n generalized T-net has the form (up to interchanging the
indices i and j)

det(el,bj+1 JIEAY;

bj, Aij)
by, Aij) ; 0<i<m,0<j<n,
b, Aij)

1

Fij = — det(eg,bj_H s
det(es, bj 1 — by, Aij) <det(ai +0ibs,bj1 —

for some ag,...,ami1,00,...,bpi1 € RS and o, ...,0ms1 > 0, where
Ajj = a1 — a; +bj (0541 — 03)

and det(es, b1 —bj, Ai;) #0 for all0 <i<m and 0 < j <n.
It has a nontrivial isotropic isometric deformation
det(e1, bj+1 — bj, Azg)

1
Fij(t)Z— det(eg,bj+1—bj,Aij) , 0<i<m,0<j5<n
detles: b1 = bj 84d) \det(P (1), b1 — by, Aiy)

(6)
for some ¢ >0 and all t € [0,¢], where P;;(t) is defined by (5).

We prove this proposition in Section 4.5.

Another interesting class of flexible nets in I3 is dual-convex m X n nets with
both families of parameter lines contained in isotropic planes. They are metric dual to
translational nets and are isotropic analogs of Voss nets; see [21]. Indeed, Voss nets are
characterized by the condition that the opposite face angles around each vertex are
equal. In isotropic geometry, this means that the edges around an “admissible” vertex
lie in two isotropic planes because the isotropic angles are measured in the top view.
Thus, the isotropic analogs of Voss nets are particular cases of generalized T-nets, in
contrast to Euclidean Voss nets.

4.3.2 Class (ii)
For nets of class (ii), we have the following analog of Proposition 1(V).

Proposition 5. A dual-convexr m x n net satisfies condition (ii) of Theorem 1 if and
only if it has a v-parallel one with opposite curvatures and vanishing mized curvature
of the corresponding vertices.
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We prove Proposition 5 in Section 4.5.

Here the conditions on the curvatures are symmetric, hence the v-parallel m x n
net also belongs to class (ii) and is flexible in I3. Such pairs of nets can be viewed as
discrete relative minimal surfaces with relative Gaussian curvature —1 in the sense of
[29, Eq. (22)] (where we remove the assumption that one of the nets approximates the
isotropic unit sphere, meaning passage to the relative curvature).

Dual-convex m x n nets with both families of parameter lines contained in isotropic
planes belong to both classes (i) and (ii). For the other nets in class (ii), we observe
the same zig-zag phenomenon as for deformable nets [22, §3.2.2]: the top views of the
parameter lines have a “zig-zag” shape. A similar phenomenon is known in Euclidean
geometry, e.g. for Miura-ori [32, Figure 12].

4.4 An auxiliary classification

Theorem 1 will be obtained by the metric duality from the known classification of
deformable m x n nets from [22], which we recall now.

We need the following notions. A pair of quadrilaterals in I? with a common side
is called affine symmetric with respect to the common side if there is an affine map
taking the first quadrilateral to the second one and keeping the points of the common
side fixed.

The ratio of the areas of triangles AQB and CQD in a quadrilateral ABCD with
the diagonals meeting at @ is called the opposite ratio of ABCD with respect to the
side AB. It equals AQ - BQ/(CQ - DQ) and also [ AQ]|; - [ BQ|/(ICQl; - | DRI if

the plane of the quadrilateral is non-isotropic. See Figure 9 on the right.

Theorem 2. (See [22, Theorem 9|.) An m x n net is deformable if and only if one of

the following conditions holds:

(i*) in each 1 X 2 sub-net or in each 2 x 1 sub-net, the two faces are affine symmetric
with respect to their common edge;

(ii*) each pair of faces with a common edge has equal opposite ratios with respect to
that edge.

Within class (i*), there is a sub-class of cone-cylinder nets (4) with particularly
nice properties. They are characterized geometrically as follows.

Proposition 6. (See [22, Proposition 11].) An m x n net has form P;; = a; + 0;b;
forall0 <i<m, 0<j<n, if and only if the m+1 lines Py Py j41,-- -, Pm,jPm j+1
are parallel for each 0 < j < n and the n+1 lines P, gPit1,0, ..., PinPiy1,n are either
parallel or concurrent for each 0 < i < m.

4.5 Proof of the classification

In this subsection, we prove Propositions 2, 4, 5, Theorem 1, and Corollary 2. We use
the terminology from [22, Sections 2.1 and 3.1]. We start with a few lemmas.

Lemma 9. A dual-convex m x n net is flexible in I® if and only if it has a nontrivial
isotropic isometric deformation consisting of v-parallel m x n nets.
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Proof. The “if’ part follows from the definition of a flexible net in I3. Let us prove
the ‘only if’ part. Let Fj;(t), where 0 < i < m,0 < j < n, be a nontrivial isotropic
isometric deformation of a dual-convex m x n net Fj;. Then the top view F;;(t) is a
Euclidean isometric deformation of Fj;. Clearly, any m x n net in the plane is rigid,
i.e., all planar Euclidean isometric deformations are trivial. (Indeed, let Cy;(¢) be the
unique planar Euclidean congruence taking a face py;(t) of the Euclidean isometric de-
formation Fj;(t) to the face py; of the net FTJ and preserving the indices of the vertices.

Since F;;(t) depends on ¢ continuously, Cy;(t) does, hence C; () preserves orientation.
The images of the common vertices of neighboring faces coincide under the corre-
sponding maps, hence the orientation-preserving congruences Cy;(t) for neighboring
faces coincide as well. Thus all Cy, () are equal and the deformation is trivial.) Thus
there is a Euclidean isometric deformation C;: R? — R? such that F;;(t) = Ci(F;;)
forall 0 <3 < m,0 < j < n. Extend C, to an isotropic isometric deformation of I3
preserving the z-coordinate; it is still denoted by C;. Then C; '(F;;(t)) is the desired
nontrivial isotropic isometric deformation consisting of v-parallel m x n nets. O

Lemma 10. There exists a unique m X n net with a given pair of parameter lines
from distinct families and a given planar m X n net in the top view.

Proof. Without loss of generality, assume that the two parameter lines contain vertices
Fi; with i = 0 or j = 0. We then determine the remaining vertices inductively. Suppose
that the points F; ;i1, Fj;, Fip1; have already been determined. Then the point
Fit1,+1 is uniquely determined because its top view is given and it lies in the plane
through F; j11, Fij, Fiy1,;. The resulting face is convex because the top view is. [
Lemma 11. Let the planes of the faces of an m x n net be non-isotropic. Then the
m X n net is deformable if and only if its top view is.

Proof. Assume that an m x n net F;; is deformable, and Fj;(¢) is a family of its

noncongruent area-preserving Combescure transformations. Then Fj;(t) is a family of
noncongruent area-preserving Combescure transformations of the top view FTJ
Conversely, if the top view F;; is deformable and F;;(¢) is a family of its non-
congruent area-preserving Combescure transformations, then we may assume that
Foo(t) = Foo. Set Foo(t) = Foo and construct Fyg(t) for i = 1,...,m inductively as the
unique point with the top view Fj(t) on the line passing through F;_; o(t) parallel
to F;_1,0F;0. Analogously, construct Fy;(t) for j =1,...,n. Lift Fj;(t) to a net Fj;(t)
using Lemma 10. By induction, F;;(¢) is a family of noncongruent area-preserving
Combescure transformations of the m x n net Fj;. O

Proof of Proposition 2. Let us prove the equivalence (I)< (D). By Lemma 9, condi-
tion (I) is equivalent to having a nontrivial isotropic isometric deformation consisting
of v-parallel m x n nets. The face condition holds automatically for such an isotropic
isometric deformation, and the metric dual nets are parallel. The vertex condition is
equivalent to the condition that the corresponding faces of the metric dual nets have
the same areas, hence to condition (D). We get (I)< (D).

Let us prove the equivalence (I)<(R). Clearly, a flexible dual-convex m x n net
in I3 is also infinitesimally flexible in I? (this follows, e.g., from (I)< (D), Proposi-
tion 1(I,K), and [22, Corollary 4]). Then, by Proposition 1, it has a reciprocal-parallel
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net. By Corollary 1 the top views of the reciprocal-parallel and the metric dual nets
are related by a rotation through m/2 followed by the Christoffel duality. By the
equivalence (I)< (D), the initial m x n net is flexible if and only if the metric dual,
or, equivalently (by Lemma 11), its top view, is deformable. By [22, Corollary 4],
the rotation and the Christoffel duality preserve the deformability, and the result
follows. O

Proof of Theorem 1. According to Proposition 2, a dual-convex m x n net with faces
pij is flexible in I? if and only if the metric dual (m —1) x (n—1) net pj; is deformable.
The latter is equivalent to one of conditions (i*) or (ii*) of Theorem 2. Consider the
two possibilities separately. Notice that no two neighboring faces of the metric dual
net p;; are coplanar, otherwise their metric dual neighboring vertices of the original
m X n net p;; coincide, contradicting the definition of an m x n net.

Case (i*): the net pj; satisfies condition (i*). By [22, Proposition 2|, this is equiv-
alent to py 0Pk o0 | PhiPrsor || -+ || Prn_1Prion_1 for each 0 <k < m —3, or
P00 142 | P1apTaga |+ | Pru_14P5 1140 for each 0 <1 <n — 3, because neighbor-
ing faces of the net pj; are not coplanar. Several non-isotropic lines are parallel if and
only if their metric duals lie in one isotropic plane because the metric dual of their
intersection point (at infinity) is an isotropic plane containing the metric duals of the
lines. We arrive at equivalent condition (i).

Case (ii*): the net pj; satisfies condition (ii*). This means that any two neighboring
faces have equal opposite ratios with respect to the common side. The opposite ratio of
a face with respect to an edge equals the opposite ratio of the metric dual vertex with
respect to the metric dual edge because the metric duality takes isotropic distances to
isotropic angles and reverses inclusions. We arrive at equivalent condition (ii).

Hence, both cases indicate that the net is flexible if and only if at least one of the
conditions (i) or (ii) of the theorem holds. O

Proof of Corollary 2. Consider the metric dual of the wide L-shaped net. It is an
(m —1) x (n— 1) L-shaped net sufficiently close to the L-shaped net with the vertices
(2 + 1,25 +1,i2 + j2 + i+ ), where i € {0,1}, 0 < j <norj€ {0,1},0<i < m.
The top view of the former is sufficiently close to the top view of the latter, which
has square faces. By [22, Corollary 3 and Proposition 2|, the top view of the former is
contained in a unique deformable (m—1) X (n—1) net. By Lemma 10, that deformable
net lifts to a unique (m — 1) x (n — 1) net containing the L-shaped net. The lifted
net is deformable if and only if its top view is (Lemma 11). By Proposition 2, we are
done. O

Proof of Proposition 4. An m x n generalized T-net Fy; (with 0 <i<m, 0<j <n)
is metric dual to some (m + 1) X (n + 1) cone-cylinder net P;; (where 0 <i <m+1
and 0 < j < n + 1) by Proposition 6, because a parameter line lying in an isotropic
plane corresponds to parallel edges, and a planar parameter line corresponds to edges
contained in either parallel or concurrent lines. Here all the non-boundary vertices of
the net P;; are determined by the net Fj; so that the non-boundary faces are convex (by
Lemma 1), and the boundary vertices can easily be chosen so that the boundary faces
are also convex (by taking oy and 0;,,41 in (4) close enough to oy and o, respectively).
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Since the resulting net P;; has convex faces, it follows that oy, ...,0m41 in (4) have
the same sign. Assume that all o; > 0, otherwise reverse the signs of all o; and b;.

Thus, it suffices to find the metric dual Fj; of each face of the cone-cylinder net
P;;. The plane containing the points P;;, Pi11 j, Pit1,j+1, P j+1 is given by

N - €1 N - €2 N - Pij
2= = T - y ;
N - es3 N - €3 N - €3
where N = (Pi,j+1 — PZ--) X (Pi+1,j — R--) is the normal vector and we use the

Euclidean dot and cross products. By the identity (a x b) -¢ = det(a, b, ¢), the metric
dual of this plane is the point
det(el, Pi,j+1 — Pij; Pi+1,j — R)
1
Fij=- det(e2, Pij+1 — Pij, Pip1,; — Pij
! det(es, Piji1 — Pij, Pip1,; — Py) ( " 7T )
det(Pij, Pi’jJrl — Pij, Pi+1’j — Pz)

Substituting P;; from (4) and canceling common factors o; # 0 in the numerators and
denominators yields the desired formula.

Finally, we show that Fj;(t) defined in (6) is a non-trivial isotropic isometric de-
formation. It is straightforward that F;;(0) = F;; and the corresponding points Fj; ()
have the same top view, implying the face condition. By (1), their isotropic Gaussian
curvatures of corresponding vertices coincide as well, because

QFy(1)) i= Area (P(0) P13 () Py (D) Pogia(h)) =
= Area (EPFFL]‘ Pi-l—l,j-‘rl Pi,j-l—l) = Q(FZ])

Here the areas are equal because P;;(t) is area-preserving by Proposition 3. The
isotropic isometric deformation Fj;(t) is nontrivial because P;;(t) are not translations
of each other. O

Proof of Proposition 5. By Lemmas 5 and 6, the metric duality takes a pair of (non-
planar) v-parallel dual-convex m X n nets with vanishing mixed curvature of the
corresponding vertices to a pair of Christoffel dual (m — 1) x (n — 1) nets. The m x n
nets have, in addition, opposite curvatures at the corresponding vertices if and only
if the (m — 1) x (n — 1) nets have the same (unoriented) areas of the corresponding
faces (their oriented areas have opposite signs automatically). By [22, Proposition 13],
the (m — 1) x (n — 1) net satisfying condition (ii*) of Theorem 2 and only they are
included into such pairs. By the metric duality, the result follows. O

5 Smooth flexibility
5.1 Definition

Now we proceed to smooth flexible nets in 12 and recall their definition, essentially
given in [21]. We focus on finite flexibility; the infinitesimal one is discussed in [21].
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Fix a rectangle U = [a, 8] x [v,8] C R2. A conjugate net is a smooth function
f: U — I® such that for each (u,v) € U the derivatives f,(u,v) and f,(u,v) span a
plane and fy, (u,v) is parallel to the plane. A conjugate net is admissible if the plane
spanned by f,(u,v) and f,(u,v) is non-isotropic. A family of admissible conjugate
nets is a continuous function f: U x [0,1] — I® such that f(u,v,t) is an admissible
conjugate net for each ¢ € [0, 1].

Definition 6. (Cf. [21, Definition 20].) An isotropic isometric deformation of an
admissible conjugate net f(u,v) is a family of admissible conjugate nets f(u,v,t) with
f(u,v,0) = f(u,v) such that for each (u,v,t) € U x [0, 1] the two points f(u,v,t) and
f(u,v) have the same top view and the same isotropic Gaussian curvature.

An isotropic isometric deformation is trivial if for each t € [0, 1] there is an isotropic
congruence Cy such that f(u,v,t) = Cy(f(u,v)) for all (u,v) € U. An admissible
conjugate net is flexible in I if it has a nontrivial isotropic isometric deformation.

5.2 Statement of the result

Analogously to the discrete case, the classification of smooth flexible nets in I? reduces
to the classification of smooth deformable nets. Note that the latter is more challenging
than the discrete one; see Conjecture 1 below.

We now give the relevant notions. Two conjugate nets f, f*: U — R3 are parallel or
Combescure transforms of each other if f,(u,v) || fif (u,v) and f,(u,v) || f;F (u,v) for
each (u,v) € U. A Combescure transform f* of a conjugate net f is area-preserving,
if determinants of the first fundamental forms agree,

at each point (u,v) € U, where a - b denotes the Euclidean scalar product of vectors
a and b. Two conjugate nets f, f¥: U — R? are congruent, if f+ = C o f for some
(isotropic or Euclidean) congruence C': R3 — R3.

Definition 7. [22] A conjugate net f(u,v) is called deformable if it belongs to a
continuous family of pairwise non-congruent (in Euclidean or isotropic sense) area-
preserving Combescure transforms f+(u,v,t), where t € [0,1].

For an admissible conjugate net f: U — I3, its metric dual is the function
f*: U — I® that takes a point (u,v) € U to the point f*(u,v) metric dual to the
tangent plane at f(u,v) (i.e., the plane passing through f(u,v) parallel to f,(u,v)
and f,(u,v)). The metric dual f* is also an admissible conjugate net if the isotropic
Gaussian curvature of f vanishes nowhere. (This follows from the equivalent defini-
tions of conjugate directions in [33, Section 60].) We have the following analog of
Propositions 1 and 2; cf. [21, Proposition 21].

Proposition 7. An admissible conjugate net with nowhere vanishing isotropic
Gaussian curvature is flexible in I if and only if the metric dual net is deformable.
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Note that vanishing isotropic Gaussian curvature (at each point of a non-planar
surface) implies developability in Euclidean geometry and flexibility in I3: a non-
trivial isotropic isometric deformation is then obtained by the composition with the
transformation (z,y, z) — (z,y, (1 —t)z2).

5.3 A class of flexible nets

Let us introduce a class of smooth nets flexible in I3.

The desired nets are metric dual to the so-called scale-translational surfaces. Recall
that a smooth cone-cylinder net, or scale-translational surface with base curves a(u)
and b(v) and scaling function o(u), is

f*(uv U) = a’(u) + U(U)b(’l))7 (u7 ’U) ev, (7)

for some smooth functions a: [a, 5] — R3, b: [7,6] — R3, o: [, 8] — R such that
f¥(u,v) i f2(u,v) for each (u,v) € U, i.e., a'(u) 4+ o' (u)b(v) }f o(u)b' (v). In particular,
o(u) # 0 everywhere. Assume without loss of generality that o(u) > 0, otherwise
change the sign of both o and b. We see that f*(u,v) is a conjugate net; here [, =
o' (u)b' (v) is even parallel to f = o(u)b’(v). Smooth cone-cylinder nets are a particular
case of double cone-nets studied in [24].

Proposition 8. (See [22, Proposition 15]) Any regular cone-cylinder net (7) is
deformable. For o(u) > 0, it is embedded into a one-parameter family

“a/(w)o(w) dw

a At+o(w)?

of cone-cylinder nets which are related to each other by area-preserving Combescure
transformations.

[ (w0, 1) :=ala) + +Vi+oW)?b(v), tel0,1], (uw,v)el, (8)

Analogously to the discrete case, we introduce the following class of nets: admis-
sible conjugate nets with planar parameter lines, where one family of parameter lines
lie in isotropic planes, and the Gaussian curvature vanishes nowhere. We call them
generalized T-surfaces or gemeralized smooth T-nets. Their properties are parallel to
the ones of generalized T-nets discussed in Section 4.3: Generalized T-surfaces are
metric dual to smooth cone-cylinder nets. Generalized T-surfaces can be viewed as
the isotropic counterparts and a generalization of T-surfaces, a known class of smooth
flexible nets in Euclidean geometry [32, Definition 4.1]. As we shall see now, all gen-
eralized T-surfaces are flexible in 1. As usual, denote e; = (1,0,0)T, e5 = (0,1,0)7,
e3 = (0,0,1)T.

Proposition 9. Any generalized smooth T-net is flexible in I>. Such a net has the
form

1 det(e1, a’'(u) + o’ (u)b(v), V' (v))
flu,v) = det(ez, a’'(u) 4 o’ (u)b(v), V' (v)) ,
b ) ),V (v))

~ det(es, a’ (u) + o' (w)b(v), b/ (v))
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where (u,v) € U and a: [a, B] — R3, b: [y,6] = R3, o: [a, B] = (0, +00) are smooth
functions such that ez, V" (v),a” (u) + ¢” (u)b(v) & span(a’(u) + o’ (u)b(v), b (v)).
It has a montrivial isotropic isometric deformation

1 deer 1)+ D(0).5(0)
P00 = et + o T | ger s e o oo oy

where f*(u,v,t) is given by (8).

The same expression can be compactly written in the homogeneous coordinates in
terms of the triple cross product in R*:

F(u,v) = (F1(u,v),..., Fy(u,v)) = F*(u,v) x F;(u,v) X Fy(u,v),

where F*(u,v) := (—ff,—f3,1, f5) are the homogeneous coordinates of the plane,
metric dual to a point (f, f5, fa) := a(u) + o(u)b(v) of the metric dual net, so that

fu,v) = (F1(u,v), Fa(u,v), F5(u,v)) /Fy(u,v).

5.4 Proof of the results

Proposition 7 follows from the following stronger assertion.

Lemma 12. A family of nets f(u,v,t) is a nontrivial isotropic isometric deforma-
tion of an admissible conjugate net f(u,v) with nowhere vanishing isotropic Gaussian
curvature if and only if the metric duals f*(u,v,t) are area-preserving Combescure
transforms of the metric dual f*(u,v) = f*(u,v,0), not all being congruent.

Proof of Lemma 12. The metric dual f*(u,v) is also an admissible conjugate net with
nowhere vanishing isotropic Gaussian curvature (by the equivalent definitions of con-
jugate directions discussed in [33, Section 60] and the relation between the isotropic
Gaussian curvatures of metric dual nets discussed in [21, Lemma 14] and [34].) Both
isotropic isometric deformations and area-preserving Combescure transforms preserve
the isotropic Gaussian curvature [22, Remark 6], thus we may assume that both
flu,v,t) and f*(u,v,t) also have nonvanishing isotropic Gaussian curvature. Then
one of the nets f(u,v,t) and f*(u,v,t) is an admissible conjugate net if and only if
the other one is. In what follows assume that both are.

Consider the two conditions on the points f(u,v,t) and f(u,v) in Definition 6.

Two points f(u,v,t) and f(u,v) are parallel for each (u,v,t) € U x [0, 1], if and only
if the tangent planes at f*(u,v,t) and f*(u,v) are parallel. The latter is equivalent to
the parallelism of the conjugate nets f*(u,v,t) and f*(u,v), because their isotropic
Gaussian curvature vanishes nowhere.

Further, since the net f(u,v,t) has nowhere vanishing isotropic Gaussian curvature
K (u,v,t), it has a locally injective isotropic Gauss map. As noted in the introduction,
then the total isotropic Gaussian curvature | ~ K (u,v,t) dudv of a small enough neigh-
borhood N C U equals the oriented isotropic area of the dual surface f*(N x {t}).
Thus the isotropic Gaussian curvature at two parallel points f(u,v,t) and f(u,v) is
equal if and only if f*(u,v,t) is an isotropic-area-preserving Combescure transform of
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f*(u,v). Since Combescure transforms have parallel tangent planes at corresponding
points, this is equivalent to being area-preserving.

Finally, if for some ¢, the admissible nets f(u,v,t) and f(u,v) are related by
an isotropic congruence, then the latter preserves the top view and thus has form
(z,y,2) = (x,y,z+ c1x + coy — c3) for some c1,ca,c3 € R. Then f*(u,v,t) and
f*(u,v) are related by the translation (z,y,2) — (x + c1,y + ¢2, 2 + ¢3). Conversely,
it f*(u,v,t) and f*(u,v) are related by an isotropic (or Euclidean) congruence C, then
flu,v,t) and f(u,v) are, because C' can only be a translation. O

Proof of Proposition 9. Consider a generalized smooth T-net f(u,v) and its metric
dual f*(u,v). The metric duality takes a parameter line u = const of f(u,v) to the set
of tangent planes along a parameter line u = const of f*(u,v). If the former parameter
line is planar, then the tangent planes have a common point (an improper one if the
parameter line lies in an isotropic plane). By the equivalent definition of conjugate
directions in [33, Section 60], the tangents to the parameter lines v = const at the
points of the parameter line u = const of f*(u,v) pass through this common point. By
[22, Proposition 14| and Proposition 8, the net f*(u,v) has form (7) and is deformable.
By Proposition 7, the net f(u,v) is flexible in I3.

Since f(u,v) is an admissible conjugate net with nowhere vanishing isotropic Gaus-
sian curvature, f*(u,v) is. Thus det(es, f¥, f¥) # 0. By [11, Equation (5.1)], the
isotropic Gaussian curvature of f*(u,v) is given by

:det( :’ ;7 ;u)det( :7 :7 ;v)_det( :7 :7 ;U)Z
(7 72) (7 78) - (7 7o)

Thus det(fr, £z, fr) det(fr, £, fr,) #0. So, f(u,v) is a generalized smooth T-net if

vv

and only if f*(u,v) has form (7) with a’(u) + o’(u)b(v) §f b’ (v) and

K (11)

e3,0"(v),a" (u) + 0" (u)b(v) ¢ span(a’(u) + o’ (w)b(v), V' (v)).
By a straightforward computation, we have (see e.g., [35, Equation (53)])

1 det(ehf;:’f:)

“aetles J 00 \ g B ) "

u?Jv

flu,v) =

Substituting (7) and (8) into (12) and canceling o(u) # 0, we obtain the desired
formulae (9) and (10). The latter is a nontrivial isotropic isometric deformation by
Proposition 8 and Lemma 12. O

6 Conclusion and open problems

In the previous sections, we classified flexible and infinitesimally flexible m x n nets
in I3, and constructed examples of smooth flexible nets in I°. The infinitesimally
flexible nets are essentially the same in isotropic and Euclidean geometry. The clas-
sification of flexible m x n nets in I® is much simpler: we get just two classes with
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visual geometric descriptions, in sharp contrast to the Euclidean case. An example of
a flexible net in I® from the first class (“ower”) is shown in Figure 2 to the top.

Using the resulting isotropic flexible net to initialize a numerical optimization, we
produce an approximate Euclidean flexible net in Figure 2 to the bottom. Surprisingly,
the optimization leads to a very small (although not neglectable) shape change to
achieve Euclidean flexibility to a very high precision (enough for any practical applica-
tions). So, the isotropic flexible net seems close to some Euclidean one. The discussion
of the used optimization algorithm goes beyond the scope of the present paper and is
going to be presented in a subsequent publication [27] based on earlier work [6].

Let us list a few open questions. First, it would be interesting to drop the con-
vexity assumptions made throughout this work. For a general Q-net, the definition of
flexibility in I? is literally the same, as long as the planes of the faces are not isotropic.
We expect the classification theorem (Theorem 1) to remain the same under a minor
restatement of condition (i). However, the proof will require additional steps because
the convexity was essentially used in the previous work [22] we rely on.

Problem 1 (Non-dual-convex nets). Characterize all Q-nets that are flexible in I3.
In particular, it is interesting to characterize isotropic origami.
Problem 2 (Isotropic Origami). Characterize all planar nets that are flexible in I3.

Among nets with planar faces, the ones with faces inscribed in circles are of special
interest. These circular nets are discrete analogs of principal nets. Isotropic circular
nets are Q-nets with the faces inscribed in isotropic circles [29]. Isotropic conical nets
are defined analogously to conical nets [29].

Problem 3 (Flexible isotropic circular nets). What flexible nets in I3 are isotropic
circular or conical?

One can easily adopt the definition of flexibility in I® beyond square-grid combi-
natorics, in particular, introducing flexible polyhedra in I3; cf. [36]. They are closed
polyhedral surfaces whose metric duals admit continuous families of noncongruent
area-preserving Combescure transformations. The latter is not possible for a poly-
hedron with a convex metric dual, by Minkowski’s theorem on the existence and
uniqueness of a convex polyhedron with given directions and areas of faces. This im-
plies isotropic Cauchy’s rigidity theorem: a polyhedron whose metric dual is convex is
not flexible in I3 [22, Section 1.1].

Problem 4 (Flexible polyhedra). Construct examples of flexible polyhedra in I3.
Characterize all flexible octahedra in I3.

The famous bellows conjecture (Sabitov’s theorem) asserts that the volume of a
flexible polyhedron is preserved under a Euclidean isometric deformation. In other
words, one cannot make bellows from a flexible polyhedron (with rigid faces). In
Euclidean geometry, this was proved by I. Sabitov in the 1990s. The same was proved
in hyperbolic geometry by A. Gaifullin [37] and disproved in spherical geometry by
V. Alexandrov [36, 38|.

Problem 5 (Isotropic bellows conjecture). Is the volume of a flexible polyhedron in
I3 preserved under an isotropic isometric deformation?

30



In this paper, we focused on one-sided flexibility, meaning that the family pa-
rameter ¢ assumed values in [0, 1] with ¢ = 0 corresponding to the original net. See
Definitions 4 and 6. Two-sided flexibility is defined analogously, only the condition
t € [0;1] is replaced with ¢ € [—1;1] and we require all the nets in a nontrivial two-
sided isometric deformation to be pairwise non-congruent. This applies to smooth
and discrete setups, as well as Euclidean and isotropic geometry. See [32] and [22,
Remark 5|.

Problem 6 (One- vs two-sided flexibility). Prove that one-sided flexibility of m x n
and smooth nets implies a two-sided one in isotropic geometry, and does not imply a
two-sided one in Euclidean geometry.

As observed in Section 4.3, any T-net, after an appropriate Euclidean rotation, is
flexible in both isotropic and Euclidean geometries.

Problem 7 (Both isotropic and Euclidean flexibility). Are T-nets the only Q-nets
that are flexible in both isotropic and Euclidean geometries?

Yet another promising direction is the second-order infinitesimal flexibility, both in
the smooth and discrete setup. In the Euclidean setting, Schief et al. [2] characterized
it in terms of so-called Bianchi surfaces and their discrete counterparts.

Problem 8 (Second-order isotropic flexibility). What nets are second-order infinites-
imally flexible in I3? Is there a characterization similar to the Euclidean one? Are all
second-order infinitesimally flexible smooth conjugate nets in I® finitely flexible in I3?

Another interesting problem is the characterization of all deformable smooth nets,
which is equivalent to characterizing all flexible smooth nets in I® via the metric
duality. Recall that a reparametrization of a smooth net f(u,v) is a net F(U, V') such
that F(U(u),V(v)) = f(u,v) for a pair of smooth functions U(u) and V(v) with
nowhere vanishing derivatives. Set f; h(z)dz == — [," h(z)dz for b < a.

Conjecture 1 (Classification of smooth deformable nets). A net f(u,v) is a de-
formable conjugate net if and only if in a sufficiently small neighborhood of any generic
point (up,vo), the net f(u,v) is scale-translational or has the following form up to
translation and reparametrization:

1 —u)z u v—1Uu)z)lo z —Z)\U—Uu
ORI, 3 IS B ESTR TR LIRS ) P

Vz— 22

h(u,v)

where ® and ¥ are arbitrary smooth vector-functions, possibly depending on (ug,vo).
Moreover, net (13) belongs to the following continuous family of pairwise non-
congruent area-preserving Combescure transformations in a neighborhood of (ug,vo):

f(u,v,t) = h(u,v)\/(t +u)(t + v)—t/u \/ zighu(ﬁ, v) du—t /U \/ tt—:_lg) ho (ug, D) do.
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This conjecture is paradoxical: the variety of smooth deformable nets is much
larger than the smooth limits of discrete deformable nets (those limits are just scale-
translational nets). Conjecture 1 is related to the Euler—Poisson-Darboux equation.
It is interesting to bridge deformable nets with the discretization of the latter [39].

It may be possible to identify a deeper underlying reason for the existence of only
two classes of flexible 3 x 3 nets in 12, whereas the Euclidean counterpart, as classified
by Izmestiev [1], includes a significantly larger variety.

The idea of initializing a numerical optimization algorithm for the computation of
a Euclidean structure by an isotropic counterpart goes beyond the context of flexibility
and deserves to be investigated for other difficult problems as well. For instance, see
[27, 35, 40, 41]. Further, one can try to apply this idea to non-Euclidean structures as
well; cf. [42].
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