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Kirigami, the traditional Japanese art of paper cutting and folding generalizes

origami and has initiated new research in material science as well as graph-

ics. In this paper we use its capabilities to perform geometric modeling with

corrugated surface representations possessing an isometric unfolding into a

planar domain after appropriate cuts are made. We initialize our box-based

kirigami structures from orthogonal networks of curves, compute a irst

approximation of their unfolding via mappings between meshes, and com-

plete the process by global optimization. Besides the modeling capabilities

we also study the interesting geometry of special kirigami structures from

the theoretical side. This experimental paper strives to relate unfoldable

checkerboard arrangements of boxes to principal meshes, to the transforma-

tion theory of discrete diferential geometry, and to a version of the Gauss

theorema egregium.
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1 INTRODUCTION

Folding lat sheets of paper along straight creases is called origami,

which famously is both a traditional craft and a medium of art. It has

attracted quite a lot of attention in Mathematics, Computer Science,

and lately also Material Science. A treatment from the viewpoint of

computational geometry and algorithms is contained in the textbook

[Demaine and O’Rourke 2007]. Generalizing origami, the term kiri-

gami refers to the traditional Japanese art of papercutting, which

combines folding with incisions along straight edges or even cutting

out holes. Like origami, it has a long history and the word nowadays

is employed without the original cultural context; in this paper we

use it to indicate the making of structures by cutting and subsequent

folding of lat sheet material.

Both origami and kirigami are of great interest for material sci-

ence because of their capability of modeling microstructures. An

important question asked here is the relation between the local
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Fig. 1. Closing all star-shaped holes in a 2D domain by folding along pre-

scribed edges produces a corrugated watertight box kirigami surface repre-

sentation. It is initialized from an orthogonal network of curves on a smooth

design surface, and is computed by global optimization.

geometry of the structure and its mechanical properties, see e.g.

[Sefen 2012; Wei et al. 2013]. Kirigami structures in particular can

be seen as mechanical metamaterials exhibiting auxetic behaviour.

This refers to the counterintuitive property of expansion under

tensile forces.

The work presented in this paper is about patterns of cuts and

folds in a 2D domain which exhibit a certain degree of combinato-

rial regularity. In fact our patterns are governed by quad meshes

which are combinatorially regular except for a limited number of

extraordinary vertices, see Fig. 1. We want to fold the planar pattern

into a three-dimensional structure which follows a design surface

such that the original holes close ś we aim at watertight kirigami

representations of free forms.

This is not the only way surfaces can be represented by kirigami

structures. For instance, the local combinatorial symmetries of the

cut and fold pattern might be those of a hexagonal lattice rather than

those of an orthogonal grid. Instead of closing cuts via deployment

as we do, one can also open them. Opening cuts to the maximum

extent possible even is a way of eliminating unwanted degrees of

freedom in deployment, just as closing holes is in our case. For a

detailed discussion of prior work we refer to ğ2 below.

There is generally a great variety of potential kirigami structures.

One motivation to investigate this particular class is fairness and

the fact that cuts and folds are based on smooth curve networks,

as explained below. Other reasons are eicient use of material (see
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Fig. 2. A folding sequence of a freeform box kirigami structure. The spatial state M is at right, the unfolded planar state M̄ is at let.

Figures 14, 15), and a solid connection between individual elements

(e.g., compared to the auxetic structures mentioned above).

The structures treated in this paper besides their interesting geom-

etry can be used directly for applications. Rigid and stable kirigami

objects of smaller size can be made from paper, sheet metal or acrylic

glass. Folding from lat sheets is the very method of fabrication. At

a larger scale our work is applicable to modules to be assembled

later, e.g. for a suspended ceiling like in Fig. 24. We do not claim

that folding is a viable method of fabrication for buildings at the

architectural scale, but we point out the use of folding as a distinct

design language, as exempliied by the recent Théâtre de Vidy in

Lausanne, Switzerland.

1.1 Contributions

The main goal of this paper is to provide preliminary results and

research. Some important questions, in particular on existence, are

left open. The contributions of this paper are the following.

• We experimentally solve the inverse design problem for sev-

eral classes of watertight kirigami structures with quad combina-

torics, each ofering diferent degrees of lexibility. For the most

lexible structures, the user can design the appearance of the 2D

pattern together with the resulting 3D structure.

• We work with optimization, initialized by mappings from the

design surface to a 2D domain whose principal distortions are being

controlled. We show how to compute such mappings (in general,

not conformal) between so-called base meshes and how to derive

kirigami structures from them.

• We outline relations to discrete diferential geometry, in par-

ticular to principal meshes and Combescure transformations. We

also show how Gauss curvature can be read of the 2D unfolding of

kirigami structures.

• By allowing curved cuts, we extend our constructions to the

case of kirigami with rounded edges.

• Due to the nonlinear and non-convex nature of the optimiza-

tion tasks we encounter, success of our procedures cannot be guar-

anteed mathematically. Results can however be veriied a posteriori.

We also check the feasibility of our computational models via ac-

companying physical models.

• The main contribution of this paper is to identify kinds of

kirigami that allow systematic initialization and subsequent compu-

tation.

2 PREVIOUS WORK

Compared to origami, the mathematical and algorithmic treatment

of shapes obtainable by both cutting and folding lat sheets is more

recent. For example, Castle et al. [2014; 2016] treat the regular 2D

hexagonal lattice and explore rule sets for cutting and folding. Kiri-

gami with rotational symmetry are studied by Wang et al. [2017],

while cut and fold patterns in general are explored from the view-

point of mesostructures / material science by Zhang et al. [2015].

Actuation of small kirigami elements and of periodic patterns de-

rived from them has been studied by Tang et al. [2019].

A very important task to be solved in connection with both

origami and kirigami is the backward problem, i.e., designing a

cut and fold pattern which will deploy into a prescribed three-

dimensional shape. It also comes under the heading of programming

curvature by means of the pattern imposed.

For the folding-only case, which is not the subject of the present

paper, we only mention a few examples: Miura-ori type patterns on

lat sheets and their generalizations can be folded to assume certain

curved forms [Dudte et al. 2016; Tachi 2009]. łWaterbombž fold-

ing patterns can be used to construct actuated tube-like structures

[Mukhopadhyay et al. 2020]. It is not surprising that dispensing

with cutting and allowing only folding makes the backward problem

highly constrained. This can also be observed in the case of folding

along curved creases studied by Jiang et al. [2019a]. Relevant to

the present paper, Tachi [2010b] proposed a method of approximat-

ing any surface by means of origami, which is implemented as the

łorigamizerž software and is also the subject of the follow-up papers

[Demaine and Tachi 2017; Tachi 2010a]. This method identiies parts

of a 2D domain that cannot contribute to a desired 3D shape and

tucks them away. There are two major diferences to our method.

One is our emphasis on fairness, which has not been addressed so far

in the pure origami case. Thus the results obtained via łorigamizerž

are not related (as ours are) to special parametrizations of surfaces.

The other diference is that we do not need 180 degree folds, even

for such special kirigami that constitute seamless surfaces with

tucked-away material. This helps real-world applications.

For kirigami constructed by means of both cutting and folding,

the backward problem was addressed by Konaković et al. [2016].

They employ conformal geometry to model lat sheet material with

small incisions along line segments whose combinatorics is that of

a bamboo weaving pattern (hexagonal kagome pattern). These inci-

sions allow the material to expand with a point-dependent scaling

factor, and to assume free forms. Follow-up work, likewise based

on conformal geometry, treats the process of deployment of a more

general class of cut/fold patterns. [Konaković-Luković et al. 2018]

construct structures that are fully deployed exactly when the limit

of expansion is reached. The class of possible shapes achievable

in this way includes nonconvex ones and is only restricted by the

ACM Trans. Graph., Vol. 39, No. 6, Article 1. Publication date: December 2020.



Freeform quad-based kirigami • 1:3

M1

type B

−−−−−−→
unfolding

M̄1

M2

type CB

−−−−−−→
unfolding

M̄2

M3

type C

−−−−−−→
unfolding

M̄3

Fig. 3. Diferent types of kirigami structures Mj and their unfolding M̄j . From let: Box (B) kirigami M1; checkerboard-box (CB) kirigami M2; checkerboard

(C) kirigami M3. Both the spatial arrangement and the unfolding must exist for a true kirigami. Any node in the kirigami structure where n boxes meet

corresponds to a 2n-sided hole in M̄ . Typically a B kirigami has 8-sided holes, a CB kirigami has 4-sided kite-shaped holes, and a C kirigami has rhombuses.

condition that the method of deployment works only for surfaces

where mean curvature does not change sign. We point to a major

diference between our kirigami structures and those of Konakovic

et al.: Theirs consist of elements connected only at single vertices,

which may be problematic for manufacturing.

Choi et al. [2019] start from the regular square grid, deform it, and

cut along edges. This allows deployment to checkerboard patterns

formed by the original quads alternating with quadrilateral holes.

They generate both 2D patterns and patterns following surfaces in

3D by optimizing the above-mentioned deformation.

The contributions mentioned above are, loosely speaking, con-

cerned with a correspondence between a lat domain and a surface

in space which is expanding. That expansion is realized by the open-

ing of holes cut into the planar unfolding. In this paper we consider

the reverse, namely creating watertight surfaces by the closing of

holes.

Previous work in that direction includes [Guseinov et al. 2017].

They do not consider cutting and folding in the sense of kirigami,

but cut shapes into small pieces and arrange them on an elastic sheet

whose release recreates the shape. The computational problem here

is tile layout. This principle wasmuch extended in work by Guseinov

et al. [2020] on shells that self-actuate in a controlled way over time.

Watertight kirigami representations of surfaces are explored by

Sussmann et al. [2015] who cut holes into a regular hexagonal lattice

which is subsequently folded in the shape of prescribed discrete

height ields over the original base lattice.

Xie et al. [2015] study in detail the geometry of cube-type and

eggbox-type patterns and are able to create kirigami structures

which follow special surfaces. Apart from the lack of generality in

the shapes that can be achieved, this is the previous work which is

closest to our own.

3 GEOMETRY OF KIRIGAMI STRUCTURES

This chapter discusses geometric properties of kirigami structures.

Their diferent kinds are introduced in ğ3.1, where also the relation

to curve networks on surfaces is presented. This forms the geomet-

ric basis of the initialization procedures of ğ4.1. ğ3.2 discusses the

degrees of freedom in the construction of kirigami structures, which

has direct implications on the solvability of the optimization tasks

of ğ4.2. Sections 3.3 and 3.4 on relations to diferential geometry do

not concern the algorithmic part of this paper.

3.1 uad-mesh based kirigami

The kirigami structures treated in this paper and their unfolding

can both be modelled as quad meshes ś see Fig. 3 which is in detail

discussed below. It is convenient to use a meshM representing the

spatial structure that is combinatorially equivalent to the mesh M̄

representing its unfolding, even if inM many vertices coincide. We

symbolically write M̄ = (V̄ , Ē, F̄ )
folding
−−−−→M = (V ,E, F ).

The unfolding M̄ is contained in the plane R2. The deployment

mapping (folding) is isometric when restricted to faces, see Fig. 2.

The holes occurring in M̄ will be closed in the inal kirigami structure

M .

Our description of diferent types of kiri-

gami starts by deining a box as a polyhedral

surface which has the combinatorics of a cube

with one face removed. We require that the remaining 5 faces are

planar, but the edges around the missing face do not have to lie in a

common plane. Such a box can be isometrically lattened to a plane

after cutting along the four edges emanating from the boundary.

The requirement of planarity is necessary, if we want manufacturing

by folding lat sheets along straight lines ś see the appendix.

Box (B) kirigami. We start from a quadrilateral base mesh BM ,

where we replace all faces by boxes glued in instead. Boxes are cut

open as described above. If the result can be isometrically unfolded

into the plane (valence n vertices of BM opening up to form 2n-

sided holes), this arrangement is called a box kirigami structure ś

see Fig. 3, left.

We wish to relate the base mesh to a curve network on a smooth

surface, and the kirigami structure is seen as a corrugated watertight

approximation of that smooth surface. Therefore it is understood

that most vertices of BM have valence 4, with the exception of a

small number of extraordinary vertices, cf. Fig. 1.

Checkerboard-Box (CB) kirigami. The box kirigami introduced in

the previous paragraph can be modiied and specialized in diferent

ways. One is the following. If the base quad mesh BM is coloured in

a checkerboard pattern and only faces of one color are replaced by

boxes, the result is a checkerboard-box kirigami structure, provided

an isometric unfolding exists, cf. Fig. 3, center.

A valence n vertex of the base mesh is contained in n/2 boxes

and unfolds to a hole with n sides (the checkerboard property im-

plies that n is even). The typical value is n = 4. Since unfolding is

isometric, this quadrilateral hole has the shape of a kite.

Checkerboard (C) kirigami. We deine checkerboard kirigami by

additionally requiring that boxes share an edge whenever they are

adjacent, see Fig. 3, right. Such kirigami are highly constrained. In

this paper we show their existence only by numerical experiments.
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Fig. 4. Highly constrained box kirigami: Type C kirigami (let) and support

structure kirigami, both shown with unfolding, require neighbouring boxes

to fit seamlessly together. They thus contain discrete-developable surfaces

transverse to the base mesh BM . If boxes emerge from BM approximately

orthogonally, then the edges of BM follow principal curvature lines.

Further kinds of kirigami structures. The basic principle of box ki-

rigami can be modiied and specialized in further ways. For example,

boxes could be added not just on one side of the base mesh but on

both. For any box whose base is planar, we can apply a relection

to move it to the other side of the base mesh without changing

the unfolding. Figure 7, center, shows an example where additional

constraints have been imposed: Here the two faces incident with

any edge of the base mesh are forced to lie in a common plane, thus

creating lat hexagons.

Other specializations are pyramid-shaped boxes deined by the

top face shrunk to a point (Fig. 20). An entirely diferent kind of

requirement is that boxes incident with a base mesh vertex are to

share an edge, see Fig. 4. This yields almost a support structure in

the sense of Pottmann et al. [2007]. Its existence is only shown by

numerical experiments.

3.2 Existence of quad-mesh based kirigami

While type B kirigami exhibit quite a lot of degrees of freedom,

kirigami of CB type are more constrained. In the following we give

a detailed description of their geometric properties, and we also

count their degrees of freedom.

Figure 5 shows both the unfolded and the spatial state of a small

CB kirigami structure consisting only of the 1-neighbourhood of a 4-

sided hole. We call this a node, and we introduce angles αi , βi ,γi , i =

M̄ M

α1

α1 v1

β1

γ1

α2 v2 = v4

γ2

β2
α3

α3

γ3
β3

α4
β4

γ4

Fig. 5. Folding a node in a CB kirigami. If all faces are thought rigid, the

closed form of the node consists of four rigid bodies (2 boxes, 2 flat quadri-

laterals) connected with hinges and thus is flexible with 1 degree of freedom.

The angles αk , βk , γk around the 4-sided hole play a role in our d.o.f. count.

α 00
2

α 00
1

α 00
3

α 00
4

α 10
2

α 10
1
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3
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2
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1

α 01
3

α 01
4

α 11
2

α 11
1

α 11
3

α 11
4

row 0

row 1

col 0 col 1 col 2

Fig. 6. Unfolding a combi-

natorially regular CB kiri-

gami. In row i and column

j four vertices v̄
i j

k
form the

4-sided hole whose closure

defines the folding. Faces

incident to v̄
i j

k
have angles

α
i j

k
, β

i j

k
, γ

i j

k
, see Fig. 5.

1, . . . , 4 at vertices v̄1, v̄2, v̄3, v̄4 (which are not labelled in the igure).

The folding of boxes is possible only if appropriate edgelengths of

the 4-sided hole are equal.

To be precise, the two edges emanating from vi must have the

same length, and so do the edges emanating from vi+2 (indices

modulo 4), where either i = 1 (this is the case in Fig. 5) or i = 2.

Consequently, one of the two following equalities must hold:

boxes at v̄1, v̄3: =⇒ |v̄1v̄2 | = |v̄1v̄4 |, |v̄3v̄2 | = |v̄3v̄4 |, (1)

boxes at v̄2, v̄4: =⇒ |v̄2v̄3 | = |v̄2v̄1 |, |v̄4v̄1 | = |v̄4v̄3 |.

Obviously, (1) ensures that under the assumption of rigid faces

and edges acting as hinges, we can close the hole. With the hole

closed, the node consists of 4 rigid bodies moving in the manner of

a spherical 4-bar linkage, with 1 degree of freedom, see Fig. 5.

3.2.1 Existence of checkerboard box (CB) kirigami. We now discuss

the construction of larger CB kirigami by extending the node around

a single hole which is shown by Fig. 5. We assume a combinatorially

regular unfolding as in Fig. 6, with vertices v̄
i j

k
of the 4-sided hole

at position (i, j), angles α
i j

k
and so on.

• We assume that the node (the 1-neighbourhood of the hole)

in position (0, 0) has already been constructed and try to proceed

by induction.

• For the construction of vertices v̄10
k
, observe that v̄101 , v̄

10
2 as

well as the angle α102 already occur in the (0, 0) node. By rigidity

of boxes, also β102 is already deined. Otherwise we can choose the

(1, 0) node arbitrarily, only subject to condition (1). After folding it

becomes a mechanism, indeed a spherical 4-bar linkage (cf. Fig. 5,

right), whose degree of freedom is used to join it to the (0, 0) node.

• Propagation to position (0, 1) is analogous. Angles α012 and

γ 012 are determined by the (0, 0) node.

• Propagation to position (1, 1) meets an obstacle. Since angles

α112 , β
11
2 ,γ

11
2 are determined by nodes at (1, 0) and (0, 1), the shape

of the hole at position (1,1) is determined, and the kite condition

(1) acts as a global constraint on the entire previous construction.

Having folded the (1,1) node into space, we need to operate its 1-

parameter lexion to join it with both neighbours. Obviously, we

are 1 d.o.f. short.

This shows that we can construct a full CB kirigami structure

if we can meet 2 conditions every time a node is added (fewer at

the boundary). Forcing the structure to follow a reference surface

amounts to another condition per forward step. On the other hand,

every time we propagate, we add 3 vertices with a total of 6 d.o.f.

(more at the boundary).
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(a) (b) (c)

Fig. 7. Diferent kinds of Box kirigami based on the same network of curves on the reference surface, here the network of principal curvature lines. We show

both the unfolding and the final state (not to scale). (a) a general box kirigami structure, (b) a kirigami structure where boxes are lying on both sides of the

base mesh in an alternating way. We additionally impose the condition that for each edge of the base mesh, the two adjacent faces, each belonging to the side

of a box, must form a planar hexagon. Note that the unfolding does not significantly difer from the first example. (c) A type CB kirigami.

Thus, CB kirigami cannot be constructed inductively by propaga-

tion, but rather by solving a system of constraints. It is reassuring

that there are twice as many variables as constraints.

3.2.2 Existence of checkerboard kirigami. Those are a specialization

of CB kirigami. Continuing the d.o.f. count from the previous para-

graph, in each propagation step we need 3 d.o.f. for the constraint

that neighbouring boxes have a common edge. This implies that the

construction of C kirigami is considerably harder than CB kirigami,

and proper initialization of optimization becomes important. Our

numerical experiments indicate that C kirigami exist.

3.3 Diferential geometry of checkerboard kirigami

Checkerboard (type C) kirigami structures exhibit some interest-

ing geometry. Imposing fairness as an optimization goal, we see

our structures as discretizations of parametric surfaces including

derivatives.

3.3.1 Relations to principal parametrizations of surfaces. Each edge

of the basemeshBM contains a face of a box in the kirigami structure

M , and we typically require that those faces are approximately

orthogonal to BM .

For a succession of edges along a mesh polyline in BM , the above-

mentioned faces of boxes constitute a discrete developable surface

along thatmesh polyline, implying that the basemeshBM discretizes

a principal parametrization [Bobenko and Suris 2009]. This has

an important consequence for initialization of our optimization

procedure: The base mesh must follow principal curvature lines of

a surface.

Note that this follows already from the requirement that the

boxes involved in the checkerboard kirigami are approximately

orthogonal to the base mesh BM . The fact that mesh polylines in

BM must be approximately orthogonal to each other, as well as faces

are approximately lat, are consequences of it.

Fig. 8. A pair of edgewise parallel type C kirigami structures with their

respective unfoldings. The property of existence of an isometric unfolding

is invariant w.r.t. such Combescure transforms.

3.3.2 Combescure transforms. Note that in an unfolding of a type

C kirigami, all edges of a hole have the same length. For a 4-sided

hole as in Fig. 5 this means

α1 + β1 + γ1 = α3 + β3 + γ3 =: δ13, (2)

α2 + β2 + γ2 = α4 + β4 + γ4 =: δ24, δ13 + δ24 = 3π .

The last equation follows from the angle sum 2π of quadrilaterals.

Obviously (2) implies that the hole is a rhombus, meaning the imme-

diate neighbourhood of a vertex can be unfolded. This unfoldability

propagates throughout the mesh, provided the base mesh is simply

connected and vertices have valence 4. The fact that existence of an

unfolding is expressed via angles, has an interesting consequence:

If such a checkerboard kirigami is modiied such that combina-

torics is maintained, and such that edges remain parallel to their

original state, then the kirigami property (existence of an unfolding)

is preserved. Borrowing a term from discrete diferential geometry

[Bobenko and Suris 2009], this means that this class of checkerboard

kirigami is closed under Combescure transforms.

3.3.3 Programming curvature and the Theorema Egregium. ByGauss’

theorema egregium, Gaussian curvature is unchanged under iso-

metric deformations and is uniquely determined by the intrinsic

metric of a surface. For an orthogonal parametrization f (u,v) with

a = ∥ fu ∥ and b = ∥ fv ∥ (subscripts indicate derivatives) we have

abK = (bu/a)u + (av/b)v , see [do Carmo 1976, p. 237].

The base meshes used in this paper are seen as samples of such a

parametrization at intervals ∆u resp. ∆v . So the edgelengths ℓ1, ℓ2 of

BM in the discreteu andv directions can be interpreted as a ≈ 1
∆u ℓ1

resp. b ≈ 1
∆v ℓ2. From this, we get bu ≈

1
∆u∆v ∆1ℓ2, where ∆1 and

∆2 refer to the increment in the discrete u and discrete v directions.

Further,bu/a ≈
1
∆v ∆1ℓ2/ℓ1 and (bu/a)u ≈

1
∆u∆v ∆1(∆1ℓ2/ℓ1).With

the analogous expression for (av/b)v we arrive at

ℓ1ℓ2K ≈ ∆1(∆1ℓ2 / ℓ1) + ∆2(∆2ℓ1 / ℓ2). (3)

For a checkerboard kirigami structure, assuming fairness, the quads

on top of boxes are of the same size as the quads in the base mesh

those boxes are attached to. In consequence, edgelengths ℓ1, ℓ2 can

be read of the unfolding, and so can Gaussian curvature, cf. Fig. 9.

3.4 Special cases and the Gauss-Bonnet Bonnet formula

A natural deinition of Gauss curvature concentrated in a vertex

of a polyhedral surface is 2π minus the angle sum in that vertex

[Cohen-Steiner and Morvan 2003]. Box-based kirigami structures

ACM Trans. Graph., Vol. 39, No. 6, Article 1. Publication date: December 2020.
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Fig. 9. The Gaussian curvature K of a checkerboard kirigami surface can be

computed from edgelengths, the approximate theorema egregium (3) giving

a quantitative meaning to the words programming curvature sometimes used

in connection with kirigami. E.g. that part of the unfolding where the blue

colour dominates has K > 0, because of a local maximum of edgelengths.

M

ω1

ω2

ω3

ω4

Fig. 10. Kirigami enjoying a seamless sur-

face formed by the tops of boxes display

Gaussian curvature in their unfolding: The

sum of signed angles ωi in gaps equals

the total Gauss curvature of a surface

patch, lending a quantitative meaning to

the words programming curvature.

M ′

∑
ωi =

∫
K

where the tops of boxes form a seamless quad mesh allow a direct

application. Examples are provided by the support structure kiri-

gami of Fig. 4 and the generalized support structure kirigami of

Fig. 10 where a less strict condition is enforced (namely, each box

must share a common side-face with its neighbours). Obviously,

the sum of angles ωi shown in Fig. 10 equals the Gauss curvature

concentrated in the central vertex, if we use the convention that the

angle ωi is positive if the gap it occupies opens up then traveling

away from the central vertex.

By summation, an analogous formula holds for rectangular patches

ofM × N faces. The sum of signed gap angles along the boundary

of the unfolding equals the total Gauss curvature concentrated in

the interior of the patch, This statement is reminiscent of the local

Gauss-Bonnet formula [do Carmo 1976, p. 269]. The symmetries

w
w̄

BM ,M B̄M , M̄
Fig. 11. Base meshes

BM , B̄M associated

with a kirigamiM and

its unfolding M̄ . The

vertices of B̄M sit in

the centers of holes.

present in the unfolding imply that in the spatial kirigami structure,

angles 1
2ωi can be observed.

4 COMPUTING KIRIGAMI STRUCTURES

The computation of a kirigami structureM together with its unfold-

ing M̄ relies on base meshes BM , B̄M . We already deined the relation

between B and M . As to the base mesh B̄M , it is combinatorially

equivalent to B and has vertices in the holes of the unfolding M̄ , see

Figure 11.

ğ4 is devoted to our computational pipeline. It starts with a cross

ield resp. orthogonal curve network on a reference surface Φ, pro-

ceeds to the base mesh BM , the base mesh B̄M , initial guesses at

M, M̄ , and inally to the computation ofM, M̄ by optimization:

cross ield, or
curve network

base mesh BM ,
aux. mesh C

aux. mesh C̄ ,
base mesh B̄M

initial guess
at M , M̄

kirigami M ,
unfolding M̄

generates (ğ4.1.1)

initializes
computa-
tion of

(ğ4.1.3) (ğ4.2.1) initializes

is optimized
to become

(ğ4.2.2)

matches

4.1 Seting up base meshes of kirigami structures

4.1.1 Base meshes from curve networks. We are generally initial-

izing the base mesh BM as a quad mesh following an orthogonal

network of curves on a smooth surface Φ. Equivalently it can be

aligned with a smooth cross ield [Bommes et al. 2009].

In some cases special curves are required, e.g. principal curvature

lines are necessary to produce checkerboard kirigami, see ğ3.3.1.

Otherwise the orthogonality requirement is for reasons of aesthetics,

and the choice of curve network is a design decision.

For kirigami based on a checkerboard colouring of the base mesh,

even valences are required. In that case the curve network guiding

BM can have only singularities whose index is an integer multiple of

1/2. Principal curvature lines enjoy this property provided umbilics

are isolated, see e.g. [Cazals and Pouget 2004]. For general box

kirigami there are no restrictions on the indices, cf. Figure 12.

Orthogonal networks of curves can be produced easily by con-

formal parametrizations, but otherwise conformal mappings do not

play a role in our work. This is diferent for the kirigami structures

based on hexagonal combinatorics proposed by Konaković et al.

[2016; 2018].

4.1.2 Base mesh correspondence as a discrete expanding mapping

between curve networks. The next step is to construct the base mesh

B̄M associated with the unfolding M̄ . Since we wish to construct

boxes that are as symmetric as possible, also the edges of B̄M are

approximately orthogonal to each other. The mapping BM → B̄M
then discretizes a smooth mappingψ : Φ→ R2 which transforms

the given curve network on Φ to an orthogonal curve network in

the plane. These networks are thus aligned with the directions of

minimum and maximum distortion of the mapping.

ACM Trans. Graph., Vol. 39, No. 6, Article 1. Publication date: December 2020.
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Fig. 12. Cuts enable us to extend our mapping-based method of initializing

box kirigami to more complex geometries, while keeping distortions small.

Since the mappingψ corresponds to the unfolding of boxes, it is

expanding, with principal distortions ≥ 1. The limit case of an exact

isometry, which corresponds to paper folding without cutting, has

principal distortions equal to 1. While box-based kirigami structures

can simulate mappings with quite high distortions, it is nevertheless

advisable to make use of the freedom ofered by cutting open the

design surface and achieve lower distortion. This in turn makes box

heights smaller. Figure 12 shows an example of this. Such cuts are

invisible in the inal kirigami structure but are, of course, very much

visible in the unfolding.

4.1.3 Computing the base mesh correspondence. For computing the

discrete mapping BM → B̄M it is convenient to employ a trick

motivated by [Jiang et al. 2019b]: The inset igure below explains

how the edges of BM can be expressed as one half of the diagonals of

an auxiliary mesh C (yellow). An analogous relation holds between

B̄M and a corresponding auxiliary mesh C̄ . With this setup, we do

the following.

•

�
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�
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�
��

�
��
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Deine the mesh C according to the combina-

torics speciied above. Each vertex wi of BM will

be a vertex of C . For each face fl of BM , add its

center of mass as a vertexw face

l
of C .

• Set up a mesh C̄ combinatorially equivalent to C . The combi-

natorial relation between C̄ and B̄M is analogous to the relation

between C and BM . For the computation of vertices of C̄, B̄M , re-

call the relation between the base mesh B̄M and the unfolding, see

Fig. 11. Passing from BM to B̄M corresponds to unfolding the boxes

glued into faces. All faces become larger in that process, see Fig. 13

for a computation regarding very symmetric boxes.

• We model the expansion of a face fl in an extremely simple

manner. We think of it growing on all four sides by the same non-

negative amount η2
l
. Consequently, an edgewiwk = fj ∩ fl of the

base mesh causes associated diagonals of the auxiliary mesh to

expand. These arewiwk (the edge itself) andw face

j w face

l
(across the

edge). Their expansion obeys

∥w face

j −w
face

l
∥ + η2j + η

2
l
− ∥w̄ face

j − w̄
face

l
∥ = 0, (4)

∥wi −wk ∥ + η
2
j + η

2
l
− ∥w̄i − w̄k ∥ = 0.

Equ. (4) is only a rough approximation of the true expansion of the

boxes contained in a kirigami structure. This does not matter at this

stage, since our only goal is to compute an initial guess at B̄M , to

be optimized later.

For the checkerboard kinds of kirigami, where only half of the

base mesh’s faces are replaced by boxes, we let η2
l
= 0 whenever

the face fl stays lat.

• In addition we require that the edges of B̄M are approximately

orthogonal to each other. We do this by requiring diagonals of C to

be exactly orthogonal:

(w̄i − w̄k )
T · (w̄ face

j − w̄
face

l
) = 0. (5)

In this way we never actually impose strict orthogonality between

any edges of B̄M , and we also avoid to specify an approximate

version of orthogonality. Instead we leverage the additional degrees

of freedom provided by the auxiliary mesh C̄ .

• The actual computation of B̄M is done by optimization. We

create an initial guess using the ARAP method [Liu et al. 2008;

Sorkine and Alexa 2007] and optimize an energy which is the sum,

over all edges, of squares of constraints (4) and (5). The optimization

method is the one of ğ4.2.2.

4.2 Building kirigami from a base mesh pair

4.2.1 Initializing optimization. Having established a preliminary

correspondence of base meshes BM , B̄M , we need to construct initial

guesses at the kirigami structureM and its unfolding M̄ , reversing

the process which for a simple box geometry is shown by Fig. 13.

For any face fj of the base mesh B, the variable η2j speciies how

much it extends. The formula of Fig. 13 then yields a set of valid

values for box height h and inclination angle β . We are still in the

stage of initializing optimization, so we construct only simple boxes

whose top is parallel to the bottom (so their height is well deined).

For most examples in this paper, the choice of box height is guided

by a point dependent factor sf indicating the ratio between the

size of the top of the box to the size of the bottom face. We can go

from sf = 0 as in Fig. 20 to sf = 1 as in Fig. 4, and we can make

sf face-dependent as in Fig. 18. In some examples, the minimum

feasible height was used, like in Fig. 15. These parameters sf are

chosen by the user.

We also initialize M̄ by deforming the regular unfolding of Fig. 13

so that it its the given faces of B̄M . As it turns out, this crude method

of initializing BM , B̄M is suicient.

4.2.2 Global optimization of kirigami structures and unfoldings. We

start this section by setting down conditions meshesM , M̄ have to

satisfy to be a kirigami structure and its unfolding. We are going to

meet these constraints by global optimization.

✁
✁ ❆

❆r❜ r❜
β

↑
↓

h

✑✑✡✡

◗◗❏❏
✑✑✡✡

◗◗❏❏

r❜ r❜

r❜ r❜

←→

η2 = h
1−cos β
sin β

Fig. 13. Unfolding a symmetric box

glued into the face of a base mesh

BM . The unfolded box is bigger by

an amount computable from height

and inclination angle of the box.

ACM Trans. Graph., Vol. 39, No. 6, Article 1. Publication date: December 2020.



1:8 • Jiang, C. et al

M1 M2 M̄1 M̄2

Fig. 14. Eficient use of material. The kirigami M1 is improved by remeshing along the principal directions of distortion of an as-rigid-as-possible mapping to

the plane. This yields a kirigami M2 whose unfolding is smaller than M̄1 and has smaller holes, due to the fact that ARAP mappings have distortions close to 1

(the ARAP method is used anyway in our computing pipeline, but here it is additionally used to create a cross field which initializes the base mesh BM ).

Our setup, described above, is a pair of combinatorially equiva-

lent quad meshes M, M̄ with planar faces, and M̄ contained in R2.

Corresponding faces ofM , M̄ are supposed to be isometric, which

is expressed by equality of lengths of corresponding edges and

diagonals. These equalities are true if and only if the energy

Eiso(M, M̄) =
∑

f ∈F

∑
v,w ∈f

(∥v −w ∥2 − ∥v̄ − w̄ ∥2)2

evaluates to zero. Here the symbols v̄, w̄ indicate the vertices of M̄

corresponding to the vertices v,w ofM .

Note that the isometry constraints already imply planarity of the

faces ofM (since the faces of M̄ are planar by default). It turns out

that also in practice, our optimization produces suiciently planar

faces, and no further constraints expressing planarity are needed.

For the closing of holes present in M̄ , we deine a listG of pairs of

vertices inM which are required to be in the same position. Typically

50% of the vertices of a hole are required to coincide. Also cuts made

in the initialization phase (e.g. in Fig. 12) are dealt with by this list.

Vertex positions coincide if and only if the following energy is zero:

Eclose(M) =
∑
(v,w )∈G

∥v −w ∥2.

Regularization. In view of the applications we have in mind, we

also need a way to express fairness. It can be conveniently expressed

in terms of fairness of the base meshes BM and B̄M , thus implicitly

penalizing uneven dimensions of boxes:

Efair(M, M̄) =
∑

wiwjwk succes-

ive vertices of BM

∥wi − 2wk +wk ∥
2
+

∑

w̄i w̄j w̄k succes-

ive vertices of B̄M

∥w̄i − 2w̄ j + w̄k ∥
2
.

Fig. 15. Eficient use of material. By using boxes of small height we achieve

a type C kirigami structure where only a small area of the unfolding con-

tributes to the boxes’ sides. This kirigami is initialized from the network of

principal curvature lines of an isothermic surface, which means quads are

close to squares, cf. [Bobenko and Suris 2009].

The sum is over all triples of successive vertices of mesh polylines.

In case the base mesh has been cut open as in Fig. 12, fairness ofM

(not of M̄) is also enforced across the cuts.

The optimization algorithm. Summing up, we compute the kiri-

gami structureM by determining vertices ofM , M̄ such that

E = Eiso + Eclose +wfairEfair

is minimal. Herewfair is a small weight. This energy is minimized

by a Levenberg-Marquardt method according to [Madsen et al. 2004,

ğ3.2], using a damping parameter of 10−6. We should add that we

could just as well have used other optimization methods. We per-

formed a ixed number of 10 iterations. Our implementation in C++

uses the data structures of OpenMesh [Botsch et al. 2002] and the

Taucs library for sparse linear solvers [Toledo 2003].

Detailed statistics are provided by the table in Fig. 17. The com-

putation times refer to an Intel Xeon E5-2687W 3.0GHz processor

without parallel processing or other acceleration techniques.

5 DISCUSSION

5.1 Examples

We start by giving some examples how the methods described above

can be used and generalized. Several such examples are contained

in the explanatory igures in previous sections.

Kirigami with speciic shapes of boxes. It should be emphasized

that the initialization of M, M̄ in ğ4.2.1 can be used to model the

appearance of boxes, as shown by Fig. 18. A more drastic method to

deine a speciic shape is to use constraints to achieve that all four

vertices on top of each box coincide, see Fig. 20.

Kirigami with eicient use of material. Small heights of boxes

means that the holes to be cut out in the unfolding are small. Fig 15

shows that this is possible even with a highly constrained type C

kirigami structure. The low heights are irstly achieved by adding

the energy
∑
fl ∈F η

2
l
(with a low weight) in the optimization pro-

cedure which produces the base mesh correspondence in ğ4.1.3,

and secondly using the smallest heights which are possible in the

initialization procedure of ğ4.2.1.

Remeshing according to principal distortions. The heights of boxes

and size of holes directly correspond to the expansion factor in the

correspondence between base meshes BM and B̄M . If that mapping

is close to isometric, factors are close to 1 and box heights are small.
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M
M̄ N̄

N

Fig. 16. A coarse CB kirigami structure M is modified by applying subdivision to its unfolding M̄ , creating a planar domain N̄ exhibiting holes with curved

boundaries. We close these holes in an isometric way, simulating gluing. The resulting piecewise-developable surface N has been created by the method of

[Jiang et al. 2020]. The figure at right shows a paper model.

Fig. |VB | |VM | |FM | wfair T L-Err Pl-Err (max/av.) Pr-Err (max/av.)

1 1.4k 10k 6.3k 1E-4 17 3.7E-6 6.6E-4 / 2.1E-4 3.4E-4 / 5.3E-5

2 0.44k 3.9k 2.3k 1E-4 3.7 5.9E-6 9.2E-4 / 2.3E-4 1.1E-3 / 7.3E-5

7a 0.45k 3.2k 1.9k 1E-4 3.2 2.6E-6 4.0E-4 / 1.7E-4 6.1E-4 / 1.1E-4

7b 0.45k 3.2k 1.9k 1E-4 4.5 9.2E-7 2.2E-5 / 3.5E-6 2.7E-3 / 5.5E-4

7c 0.45k 1.5k 1.0k 1E-4 1.1 3.7E-6 6.8E-4 / 1.9E-4 6.1E-3 / 5.7E-4

9 0.67k 2.5k 1.8k 1E-2 3.8 3.4E-5 3.0E-4 / 4.9E-5 3.1E-3 / 3.1E-4

12 5.1k 50k 25k 1E-4 115 4.9E-6 3.0E-4 / 1.1E-4 1.2E-3 / 5.4E-5

14 1.5k 11k 6.9k 1E-4 29 1.6E-5 3.2E-4 / 4.9E-5 2.3E-3 / 2.2E-4

15 1.9k 3.4k 2.4k 1E-2 5.3 1.3E-6 2.7E-4 / 6.6E-5 1.6E-3 / 1.5E-4

18 0.40k 2.9k 1.8k 1E-4 3.0 3.4E-6 6.2E-4 / 1.9E-4 2.5E-4 / 1.1E-4

21 1.3k 10k 6.3k 1E-4 15 1.1E-5 2.2E-4 / 3.6E-5 1.0E-3 / 7.6E-4

22 2.3k 17k 10k 1E-4 44 3.8E-6 3.2E-4 / 1.8E-4 1.5E-3 / 5.9E-5

Fig. 17. Optimization statistics. We show the size of base mesh BM and

kirigami structure M , the weight wfair, and the time in seconds needed

for optimization. The quality of the isometric relation between M and its

unfolding M̄ is measured via the relative L2 error of edgelengths, ∥L̄ −

L ∥/∥L ∥. Here L, L̄ refer to the vector of edgelengths of meshes M, M̄ , and

∥ · ∥ is the Euclidean norm. The column łPl-Errž shows the maximal/average

deviation from planarity of faces; the figure given refers to the distance

between diagonals of quadrilateral faces divided by average edge length.

The last column illustrates maximal/average deviation of the base vertices

from the reference surface (as a fraction of the bounding box diameter).

We can therefore achieve low box heights by choosing an as-rigid-as-

possible correspondence [Liu et al. 2008; Sorkine and Alexa 2007].

The singular value decomposition of a local linearization of the

mapping yields the directions of minimal and maximal distorsions.

We use the libigl implementation of mixed-integer quadrangulation

[Bommes et al. 2009; Jacobson et al. 2018] to ind a quad mesh BM
aligned with this cross ield and proceed with optimization from

there. Fig. 14 shows an example.

5.2 Extensions

The kirigami principle employed so far can be generalized and

extended. One extension is the passage to curved cuts. Figure 16

gives an example where the unfolding M̄ of a box kirigami structure

undergoes Catmull-Clark subdivision modiied such that for each

top of a box, the four vertices stay ixed. We subsequently use the

method of [Jiang et al. 2020] to ind a surface in space isometric to

this modiied unfolding, such that opposite edges of holes are glued

together. Examples of this kind are already shown by Jiang et al.

[2020], the diference to our work being that we can prescribe the

shape of the inal surface as well as the pattern of cuts.

Another extension of our basic principle for generating kirigami

is a generalization of our kirigami support structures as explained

by Figure 19. An example was already contained in Fig. 10.

5.3 Limitations and Future Research

• An obvious limitation is that the distortions of the mapping

between base meshes must be implicitly encoded in the dimensions

of the boxes which make up the kirigami structure. The extent of

distortions we can handle is demonstrated by means of the examples

in this paper e.g. Fig. 21. If distortions are too large, or the two

principal distortions are too diferent from each other, the method

can fail. Figure 12 would already have been a fail case without

cutting. Another fail case are collisions between boxes when we try

to model sharp concave features.

• A limitation on the theoretical side is that due to the non-

convex nature of optimization, success of our procedures cannot

Fig. 18. Kirigami with diferently shaped boxes. Optimization has been

started from the same base mesh pair, but a diferent initialization of boxes

obviously impacts the shape of the unfolding.

Fig. 19. A generalized support structure.

For each edge of the base mesh, the two

adjacent boxes are required to share a

face. The holes present in the unfolding

close in a manner diferent from other

box-based kirigami structures. The sides

of boxes form flaps useful for model

building.
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Fig. 20. This CB kirigami structure features pyramid boxes with degenerate top face. In the unfolding, holes touch each other. The unfolding has been

modified by applying subdivision, creating a planar domain with curved holes. By closing these holes, with the method of [Jiang et al. 2020], we create a

piecewise-developable surface. Compared to previous work, the main advance of the present paper is that we can design both the shape of this curved-crease

kirigami as well as the patern of cuts.

be guaranteed mathematically. Planarity of faces, isometry to a 2D

domain, and absence of collisions can only be veriied a posteriori.

• We also did not discuss the possibility of a continuous isomet-

ric folding path from the lat to the inal state. This is a particularly

interesting question and would be highly relevant to transformable

design in architecture.

• An important topic of further future research, closely linked

to the success guarantees mentioned above, is existence. While

type B kirigami seems not too diicult, this is diferent for type

C and support structure kirigami. Numerical experiments conirm

existence, but the explicit construction of nontrivial special cases

does not appear to be easy.

• Further connections to discrete diferential geometry, e.g. on

the meaning of mean curvature, would be very interesting.

5.4 Physical Properties and Fabrication

ğ 1 already discussed some aspects of fabrication on the small and

medium scale. We did some practical experiments ourselves with

box kirigami structures of diferent types made from paper (Figures

4, 10, 16, 19, 20, 23) and from plywood (Fig. 24).

As to physical properties of spatial kirigami structures, we ex-

perienced unexpectedly high stifness of type C kirigami like the

one in Fig. 23, which also goes hand in hand with very small error

tolerances in manufacturing. We believe this occurs because the ar-

rangement of quads in a type C kirigami prevents buckling in faces.

Fig. 21. Here one half of a head is represented as a box kirigami structure.

A reflected copy completes a kirigami representation of the entire head.

We are also envisioning kirigami made from sheet metal whose ac-

tual fabrication however was beyond the authors’ capabilities. Any

structure should be feasible as long as folding can be done manually

and the sheet can be handled by two persons.
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Fig. 22. A cross field on the reference surface defines a quad mesh, and by cuting the mesh along a closed mesh polyline we achieve low-distortion mappings

into the plane that can initialize a box-based kirigami structure approximating the original cross field. That cross field has been designed using the libigl

implementation of the method of [Ray et al. 2008]. The image at right shows planarity of faces, cf. the table in Fig. 17.
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APPENDIX

Hypothetical box kirigami with nonplanar faces. Our deinitions

of box kirigami require planar faces. This is necessary, if we want to

keep the property that the kirigami is made by cutting and folding a

lat sheet along straight lines (which is the most practicable method).

The reasoning is as follows. When isometrically mapping a lat

cut/fold pattern M̄ , two faces f̄1, f̄2 to either side of a fold c̄ become

developable surfaces f1, f2, while c̄ becomes a curve c . Another

situation that occurs is that two straight boundary segments c̄1, c̄2
of faces f̄1, f̄2, are isometrically mapped to the same curve c which

is the common boundary of developables f1, f2. In both cases, c

remains a shortest path on fj , j = 1, 2. If c is actually curved, then its

osculating plane is orthogonal to fj [do Carmo 1976], implying that

tangent planes of f1, f2 coincide and there is no fold. The alternative

is that c is straight. Since all faces in a box kirigami have four

boundaries of the kind described here, and straight lines on non-lat

developables are rulings, this is possible only if faces are lat.

Fig. 23. Box kirigami structures are here made from paper that has been

cut and perforated by a laser. We show a type B kirigami (let) and a type C

kirigami (right) which is particularly rigid.

Fig. 24. This small piece of box kirigami has been optimized to periodically

fill a horizontal layer of space. It serves as a 1:10 small scale model of a

building block for a suspended ceiling for acoustic dampening. We laser cut

1.5mm plywood and laminated a pre-cut felt sheet onto it. The width of

cuts has been adapted to the angle of the plywood hinges ater deployment.
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