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Abstract

A self-Airy membrane shell is a special type of shell structure whose shape coincides with the shell’s Airy stress surface. It
provides the convenient property that any polyhedral discretization of such a surface will automatically generate a mesh in funicular
equilibrium. A self-Airy shell designed for a uniform vertical load would simply have a constant isotropic Gaussian curvature.
However, a challenge in implementing a self-Airy shell in architecture is the lack of a design method, especially in designing
unreinforced boundaries. Those are singular planar curves, where the two principal curvatures approach 0 and oo individually. This
paper presents methods for designing unreinforced boundaries of self-Airy shells, including both smooth and discrete methods.
These methods work for both positively and negatively curved surfaces. The proposed methods work linearly without iteration.

The preliminary results show that the seemingly very restrictive conditions admit a variety of non-trivial surfaces.
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1. Introduction

For visual simplicity, an elegant structure tends to have max-
imum agreement between its form and its internal forces. This
paper discusses the agreement between the shell structure’s
form and the underlying Airy stress function, which encodes
the stress tensor field [1} 2, 13]. When the shapes of a shell and
its Airy stress function coincide, it is called a self-Airy shell [4]]
(Fig.[T).

In designing curved surface structures (e.g., masonry vaults,
concrete shells, steel-glass grid-shells), designers can choose
different degrees of agreement between the form and forces.
Any misalignment of form and forces will result in additional
structural elements for reinforcement, which reduces architec-
tural appealing. For instance, an arbitrarily designed vault
would require boundary walls for support and an arbitrarily de-
signed shell would require boundary beams for reinforcement
[L]. To get rid of the cumbersome walls or beams, designers
should align the stress flow with the boundary. Heinz Isler de-
veloped the design technique by hanging clothes and nets to
form-find the desired shape that is free from reinforcing beams
[5]. As a result, the form-found shells can fully expose the thin-
ness of concrete shells (see Fig. [2).

Designers can also ask for the alignment of the orientations
of principal stress and principal curvature; such a surface can
easily be built with CNC-cut planar quadrilateral panels without
the need of diagonal bracing [6].
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Figure 1: Two self-Airy surfaces meet at the same unreinforced boundary. The
surface on the left side of the narrow skylight is positively curved, meanwhile
the right-hand side is negatively curved.

This paper is asking for even more alignment: curvature and
stress have not only the same principal orientation but also mag-
nitudes. Or, more precisely, the Airy stress function and the
shell have the same shape. Thus, any polyhedral surface dis-
cretizing the shape is also a polyhedral discretization on the
Airy stress function. Therefore, the resultant mesh is funicu-
lar (i.e., structural equilibrium only relies on axial forces of the
mesh edges) and has planar faces (Fig.[I).

When the load per horizontal area is constant, a self-Airy
shell has a constant isotropic Gaussian curvature (K). This sur-
face is the basis for the design of all other isotropic linear Wein-
garten surfaces [7]], which are the shells that have the isotropic
principal stress and curvature aligned [8l 9]. Strubecker [10]
has provided great insight into constant isotropic Gaussian cur-
vature surfaces. This paper extends Strubecker’s method to dis-
crete meshes and includes singular points to create more com-
plex yet interesting designs for such surfaces.
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surfaces into polyhedral forms but also in the statics. Mini-
mal surfaces, for example, resemble soap Ims and can be el-
egantly realized as tensile structures [11]. Constant mean cur-
vature surfaces and constant Gaussian curvature surfaces can
be constructed as funicular structures using planar quadrilater-
als and torsion-free nodes [30, 31]. These surfaces belong to the
family of “linear Weingarten surfaces”, which have the constant
weighted sum of mean and Gaussian curvatures. Remarkably,
both scaled and et copies of a linear Weingarten surface also
remain within the same surface family [7].
For shallow shells under vertical loadsptropic geometry
0 ers valuable insights (see § 2.3). A shell structure shaped as
anisotropiclinear Weingarten surface possesses an Airy stress
function whoseisotropic principal orientations of curvatures
align with those of the surface [8, 9]. This alignment means
that anisotropic principal mesh discretization of such a sur-
face is automatically funicular (a desirable equilibrium condi-
tion [32]) without the need for diagonal bracing when subjected
to a uniform vertical load. Pellis and Pottmann [6] also explored
the alignment of principal stress and curvature orientations, al-
though their work was situated in Euclidean space rather than
isotropicspace.
Millar et al. [4] as well as Chiang [25, 33] had tried to merge
the shape of the shell and the Airy stress function even further.
They had sought the shells that have the same shape as their
Airy stress function. They call such cases “self-Airy” shells.
The self-Airy shells presented in Millar et al. [4] are all well
supported and no unsupported boundaries are left. The cases in
Chiang [33] contain unsupported and unreinforced boundaries.
However, the numerical cases were solved by solving the bilin-
ear Pucher's equation iteratively. Furthermore, the results were
Figure 2: A form-found shell with unreinforced boundaries by Isler (top) limited to positively curved surfaces.
and. a hyperbolic parabol_oid shell with boundary beams (bottom) [Sources: Under a uniform vertical load, a self-Airy shell is a con-
ChriushdCC-BY-SA-3.0; Linda SpashéaC-BY-3.0] stantisotropic Gaussian curvature surface. Strubecker [10,
pp.554-559] extensively discussed how to generate a smooth
1.1. Related research isqtropicGaussian curvatu_re §urface from a par_ameterized ana-
lytical curve. Strubecker's insights serve as an important build-
As Aish et al. [11] suggest, form-nding is the process jng block of this paper. However, his method is limited to the
of seeking “good” shapes. There are various ways to quarsyrface of a regular parameter net.
tify what constitutes a good shape, one of which is based on gpe may connect regular parameter nets to form a semi-
structural equilibrium. Pottmann et al. [12] refer to this ap-regular net. Shearman and Venkataramani [34] noted that, for
proach as “statics-aware design”. Notable research in this arggatively curved constant Gaussian curvature surfaces with a
includes dynamic relaxation [13], the force density methodsemi-regular asymptotic net, the asymptotic curves will be only
[14], trust network analysis [15]. Most of these studies focuscl-smooth across the boundaries between the regular patches.
on utilizing membrane stresses to balance the external loadgeanwhile, at the junctions of the borders, one can observe the
[16, 17, 18, 19, 20], while some also incorporate transversgingular or “branch point” of the asymptotic net. Their insights

shears and bending moments [21, 22]. Some studies expreggo bene t this paper greatly when we look into how to deliver

Another way to quantify good shapes is based on manufac-
turability, referred to as “fabrication-aware design” [12], con- I .
o . . . 1.2. Contributions and overview
sidering how easily the components can be fabricated. Since
the fabrication of free-form surfaces often relies on industri- The structure of the paper and its contributions can be sum-
ally mass-produced planar panels, it is practical to discretizenarized as follows:
free-form surfaces into planar components, including surfaces
consisting of planar quadrilaterals [26, 27, 28, 29] or even with =~ We review the theories of membrane shells, self-Airy sur-
planar parameter lines [29]. faces, metric duality, and constasbtropic Gaussian cur-
Geometry plays a crucial role not only in discretizing curved vature surfaces (8 2).
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Subsequently, smooth constaswtropic Gaussian curva- Conditions for unreinforced boundaried¥hen a segment of a
ture surfaces are constructed from arbitrary unreinforcedhell's edge is free from structural support, structural engineers
boundaries (8 3). conventionally call it a “free edge”. In this paper, we call it an
unreinforced boundaryprovided that the term “edge” will be
We show how to construct discrete constasutropic  confused with the border lines between faces of a polyhedral
Gaussian curvature meshes in a set of linear process@grface. At such a boundary, there should be no normal stress
without iterative computation (8§ 4). transmitting across the boundary nor shear stress acting along

. . . the edge. These two conditions can be expressed as
Regular quadrilateral meshes are combined into semi-

regular ones, which have much more architectural design Ny, = Fo = O; Ni= Fp=0; 3)
freedom (8 5). ’ ' ’ ’

We present some architectural designs with these meshhere the subscriptgj: and [];n denote

(8 6), conclude the current ndings, and set out some fu- e second-order directional der_lvat|ves,
ture research directions (§ 7). n andt are normal and tangential vec-

tors of the boundary. These conditions
require the stress functioR(x;y) to be

2. Theories of self-Airy shells and constanisotropic Gaus- ~ tangential to a plane at the boundary [1, 39].
sian curvature surfaces

2.2. Self-Airy membrane shells
In this section, we rst review the classical theories of gen- . ) L )
eral shell structures (§ 2.1). Readers who are already familidf©verning equation.When the shape of a shell coincides with
with mechanics of shells can proceed to § 2.2 for the discussiofi® AllY stress functionF(xy) = Fo Z(xy), Puchers equa-
on self-Airy shells, § 2.3 for a brief introduction fsotropic 10N (2) turns into
geometry, or § 2.4 for Maxwell's duality. D,

ZuxZy Ziy= g @

2.1. General membrane shells
The left-hand side of equation (4) is the determinant of the Hes-

Shells that carry load only with membrane stresses (i.e., tensi;n matrix of the shap&(x;y). This determinant is also the

sion and compression) without bending moments are callefl i qnic Gaussian curvature of the shell [40, 41]. When the
membrane shells In the absence of body forces, horizontal | tical load per horizontal arep, is constant, the self-Airy

components of stress per unit horizontal len§in(i; | 27 ¥9 g rface has a constaisbtropic Gaussian curvature.
of a membrane shell in an equilibrium state can be represented Similar to a smooth Airy stress function that can be dis-

by second derivatives of a smooth Airy stress funcd®y) . atized into a polyhedral surface [42], the self-Airy surfaces

[35, 36]: § } can also be discretized [4, 25]. The resulting surfaces have pla-
No. N # E. E. # nar faces and are all funicular nets at the same time. This is a
oY= W o (1)  desired feature because the need for diagonal bracing of such a
Nxy Ny Fxy  Fix

surface is minimized, which can improve the visual clarity of

where the partial derivatives are expressed by the subscript@€ structure.

such as [i; = (@=@@)[]. This expression automatically _ . o .

satis es the equilibrium equations of the horizontal directions:Constant p. This paper remains within the assumption of con-

Nixx + Nyyy = 0, Nyyx + Nyyy = 0[35, 37, 38]. stantp,, although a uniform thickness shell shqyld have the re-
The equilibrium in the vertical direction is governed by alistic gravitational loagp, / = 1+ s?, wheres= 72+ 2;32/ is

the slope. This suggests that where the slope is 20%, the realis-
tic gravitational load is approximately 2% higher than the sim-
pli ed assumption. In engineering practices, an approximate
error below 5% is acceptable. More importantly, gravitational
load is just one of many factors to consider when approving a
structure. Therefore, the assumption of a conspatig largely
valid, especially for a conceptual design phase.

ZxxNxx+ 2Zxy Ny + Zyy Ny = p;

whereZ(x;y) is the elevation of the shell ang is the vertical
load per horizontal unit area.

Governing equation.By expression (1), the vertical equilib-
rium becomes Pucher's equation [37, 38]:

ZoxFyy 2ZoyFoy+ ZyyFox= Py ) Conditions for unreinforced boundaries:or a self-Airy shell,
T R o the unreinforced boundaries are planar and singular. Conditions
This single equation (2) governs the equilibrium of all three(3) apply to its shape, therefor when a point in a self-Airy shell
directions. It also suggests that the vertical lgacequals the ~a@pproaches an unreinforced boundary,
bilinear form of the two scalar functions: the shaf{g;y) and
the Airy stress functiofr (x;y). Zy! 0 Zn! O (5a)



Since equation (4) should be satis ef};, must approachin n-  Gauss map and shape operator of Euclidean surface theory:
ity: Given a surfaces, the isotropic Gauss map maps a point
| _ p2 Stoapoint (p) 2 insuch away that the tangent planes
Zm!l (5b)  of s at p and of at (p) are parallel. The derivative of this
By (5a), we can infer that the unreinforced boundaries of 4nap is thesotropic shape operator, from which curvatures are
self-Airy shell must be planar. By (5b), we know that such deduced as in the Euclidean case. In particular, its determinant
boundaries are also singular. Taken together, the boundary Coﬁ_thelsotrgp|c§auss curvaturl. If the surfaceS is given in
ditions (5) require that an unreinforced boundary be tangent t§1€ formz= f(xy), one has
a plane and possess one in nite principal curvature. i
P P princip K= fae fyy 2 8)
2.3. Isotropic geometry
The right geometric framework for studying the Airy stress
surface is so-calletsotropic geometry
Be aware that the terisotropichere has a dierent meaning
from “having the same properties in all directions”. In classical
geometry, it refers to lines on whichthg length measurement de- K =4 K= (1+)? K; 9)
generates. Those are not real in Euclidean geometry, but other
geometries may contain reiabtropiclines. An example is pro-  wherefn, is thezgeomponent of the normalized Euclidean nor-

vided by so-calledsotropic geometry, which has rst been set _ > o
out by Strubecker [43, 44, 45, 46], who has been the rstto re—maI vector,s = Zi+ Zy is the slope (see e.g,, [51], p. 36).

alize that the graph of the Airy stress function should be studied NS suggests that when the slope is 0%atropic Gaussian
within isotropicgeometry [47], as explained below. curvatureK has the same value as its Euclidean countefgart

Let us consider a body in they-plane, in equilibrium with When the slope is 20%, the value'fis approximately 8.2%
forces only applied at its boundary. Then, its associated Ainfigher tharfK.
stress functionF(x;y) is only determined up to the addition
of a linear function, since that does not in uence the Hessiar2.4. Maxwell polarity and metric duality
H(F) of F, which is the adjoint of the stress tensor and contains
the essential mechanical characteristics. Since the mechanica{
characteristics of the 2D stress state should not depend on the

showing that the self-Airy surfaces discussed above have con-
stantisotropic Gaussian curvature [4].

One can also relate thisotropic Gaussian curvatur with
its Euclidean counterpafK:

Maxwell also used via its polarity. It is a projective duality
hat maps a point= (; ; )toaplane

Cartesian system chosen in the plane, a geometric study of the (Y=P:z+ = x+y
Airy stress surface = F(x;y) should be based on concepts that
are invariant under the following gros of a ne transforma-  and vice versa: (P) = . For geometric interpretations of this
tions: polarity, readers are referred to Crapo and Whiteley [52] and
= . Konstantatou et al. [53].
=a+xcos ysin; . : . . o .
) This polarity realizes ametric duality in isotropic space
y’=b+xsin +ycos; 13, which has no counterpart in Euclidean geometry. Since
P=c+eox+ Gy+z (6) isotropic motions appear in the top view as Euclidean 2D
motions, theisotropic distance of a pair of points; =

wherea; b; c are constants of translation aog c,; are con-
stants ofisotropic rotation. These are thisotropic motions,
and the geometry based on that group is knowis@tsopicge-
ometry. Geometry irisotropic 3-space ® has been developed N . - et - Whoseisotropi | Il
by K. Strubecker in a series of papers [43, 44, 45, 46, 10], whic (): z= ix+ iy ; Whoseisotropicangle equals.

led to many further contributions. Most of them are contained hus, metrlq duality turns the d|§tance of two points into the
angle of the image planes, and vice versa.

in the monograph by Sachs [41]. Here, we just outline some Metric duality maps a surfac® (as a set of contact elements,

basic facts on self-Airy surfaces that are useful for the appllcal-_e_, points and tangent planes) to a surfa@ (as a set of con-

tion in structural design. We also add a few remarks to provid . . A
L . act elements, i.e., tangent planes and their contact points). A
a deeper insight into the presented constructions. I . ;
contact element of with isotropic Gauss curvatur corre-

Maxwell paraboloid and curvaturesMaxwell already used the SPONdSs to a contact element ¢f) with Gauss curvature=K.
following rotational paraboloid in his studies on reciprocal Hence, self-Airy surfaces as those wih= 'K, = const cor-
diagrams [48, 49, 50]: respond in metric duality to self-Airy surfaces wikh= 1=K,.

As in any projective duality, asymptotic tangents correspond to

2= 1 X2+ y2 @) asympﬁc& tangents. The asymptotic curves of constant tor-

2 sion p‘K get mapped to asymptotic curves of constant tor-

In isotropic geometry, it plays the role of a unit sphere. Thesion 1= K, in agreement with the constant Gauss curvature

isotropic surface theory uses the following counterpart to thel=K.

4

(i; i i), 1 = 1;2ispaturally de ned as Euclidean distance
inthe topview,d = (1 22+ (1 22 Applying met-
ric duality to these pair of points, one obtains two planes




Figure 3: A surfaceéS and its dual surfac& . The red planar singular curve in
(a) is dual to the red conical singular point in (b).

Under metric duality, a planar singular curve (unreinforced
boundary) corresponds to a cone singularity and vice versa
(g.3).

Remarkably,metric duality maps a plan€él, to a point

(Tp) which has the same top view as the image of the plane
under theisotropicGauss map. Let (T,S) denote the image
of a tangent plang& ,S with a tangency poinp 2 S on the sur-
faceS under themetric duality . Let (p) denotes the image of
the pointp under thesotropic Gauss image. The two points
(ToS) and (p) are contained in the same vertical line. Since
the duality shares the same top view as the Gauss image
we will extensively use duality in the following sections. The
readers are advised to bear in mind that the distances in the dual

surface correspond to angles in the primal surface. Figure 4: Strubecker's construction of an isoparametric curve of the self-Airy
surface with a given curve(t) in the planez = 0 as the singular curve. (a) The

top view of the self-Airy surfac&(u; v) is the midpoints ot(u) andc(v). (b-c)
The height of the surfac8(u; v) is proportional to the area(u; v) bounded by
the curvec and the line segmefu)c(v). Note that the areas shown in (b) have

. . . . . .. been scaled down for brevity.
In this section, we present a simple introduction to explicit

construction methods for self-Airy surfaces with constant ver-
tical loads. In the classical geometric literature, they go back
to Darboux's solution of the Monge Ampere equation, but the One picks any two points on the planar cutysayc(u) and
deeper geometric roots of this construction have been unco(V) and considers the midpoim(u; v) = [c(u) + ¢(v)]=2 of the
ered by K. Strubecker in a series of papers that study therfitraight line segmen€(u; v) with these pointsq(u) andc(v))
within isotropic geometry [44, 45, 46, 10]. lisotropicspace, as end points. Then, one takesoordinate atn(u;Vv) propor-
these surfaces possess constant Gaussian curvature. tional to the oriented area(u;v) of the segment which is cut
While we are also addressing the general construction d® by C(u; V) from c (see Fig. 4). With varying choices of the
self-Airy surfaces, we emphasize those having an unreinforceBarametersy,v) oge obtains the announced solution surface
boundary, i.e., possess a planar singular curve. Their constru&(u;v) = m(u;v);  'K=2 A(u;v) of equation (4). Analyti-
tion does not require any knowledgeisbtropicgeometry. Our ~ cally, we do not obtain it in explicit fornz = Z(x;y), but in a
focus is on proposing discrete versions (§ 4) that are not foungarametric representation:
in the classical literature.

3. Simple construction of constantK surfaces

1h i 1h [
S(u;v) = > Cx(U) + cx(V) ; > cy(u) + ¢(V) ;

3.1. Strubecker's construction b -

In a paper on relations between the so-called paratactic map K c)c,()  cx(t)ey(t) dt
and the theory of closed planar convex curves, Strubecker 4 u |
[10] presented the following geometric construction of surfaces o
which solve equation (4) with constapy, and thus constafi€, cU)ey(v)  ex(Viey(W) 5 (10)

and possess a given planar cucgg = cx(t); c,(t);0 as a sin-

gular curve. The restriction of this curve onto the plareOis  where dots above the functions indicate derivatives. The for-
easily removed later by adding a linear function to the solutionmula can be applied to any choice ofandv. In all cases,
which is equivalent to an ane shearing ire-direction (x,y,z)  A(u;V) is the oriented area of the domain swept out by the line
7! (X y;z+ ax+ by + d). segmenOd(t) for t 2 [u; V] (O being the origin) minus the ori-



ented area of the triang@c(u)c(v) ( g. 5). 3.2. Negatively curved constaKtsurfaces

Strubecker's construction (10) is readily applied to nega-
tively curved surfaces whefé < 0, therefore the-coordinate
stays as a real number. Let us consider cases'vith 1.

Example 2. A simple example is provided by a parabola
(cxicy) = ( t%1), which yields the primal and dual surfaces

(9.6 b-c):
Swy) = w+v2 u+v 0 v3+ uv UV
T 2 7 2 12 4
S V) = u v ou voow v3+ v uv
T 2 0 2 ' 12 4

Figure 5: The calculation of areu; v)
Example 3. We can also take curve c as an ellip@g; c,) =

It is remarkable that Strubecker's Simple construction yieldS(acost; bsint)' y|e|d|ng prima| and dual surfaces ( g. 6 d_e):
all solutions:

Theorem 1. Application of a ne maps of the forrfx;y; 2) 7! S(U;V) = = COSu+ COSV ; k_) sinu+ sinv ;

(x;y; d+ax+ by+ e2 to surfaces $u; V) in equation (10) yields 2 |
all possible negatively curved self-Airy surfaces with constant ab . '
vertical loads and an unreinforced boundary curve c. 4 utv+sinu V)
Proof. We only sketch the proof, since it would require more . b . a )
details on the paratactic map that underlies the construc- S (uv) = 2 sinu-sinv, 2 Cosu+ cosv;

tion. The paratactic map takes surface elements (pdints ab !
(X1; X2; X3) plus their tangent planeB(X) : z= px+ qy+r, 7z u v+sinu v) :

with X3 = px + X + r) as input and maps them to two points
;('_ 0(X>1<| a[r); dx;( a?éog;{; ?jxlreft ;)r:l 4 ri(gq:]’hxtzimség)pl)rc])irti p}fgin This surface is an ane image of a rotational surface that is
- . r . = . _ . . . .
eral surface has a left and right image domain that are related talned_ fora = b. ltis a sp.emal ".’Sta?”ce of the following
act, which follows from (10): Application of an ane map

by an area-preserving map. Exactly for a surface that solves " | ] .
equation (4) with constant right-hand sid&, the left and right %rzszzjrf‘aé:x by, abg maps a self-Airy surface to another self-

images are curves. Exactly if we put the unreinforced boundary
into the planez = 0, these curves agree and constitute a singular
curvec of the surface. This is the case described by equatioB.3. Positively curved constafit surfaces
(10). To get another constant on the right-hand side of (4), we

multiply the z-coordinate with a factoe. To move the singu- Self-Airy surfaces of positive curvature can be obtained anal-
lar curvec to a more general position, we add a linear function®9ously to those with negative curvature. However, since their
ax+ by + d to thezcoordinates. 0 asymptotic curves are not real, we must use the complex exten-

sion [44]. WherlK > 0, real parametens; v leave Strubecker's

lity of Ker' . ) h construction (10) a non-real surface. However, inserting conju-
Duality of Strubecker's constructionAs stated in § 2.4, the du- gate complex parametensv = T via

ality is convenient for us to discuss the curvature of the surfaces . . . . .

since the top view of the image under duality is the same as the u# 11+i 1 i# r# r# H u#

top view of the image of the Gauss map. vo31 i v 12
The slopes of the tangent plafigS for a tangency point

p = S(u;v) can be de ned via the cross product of the rst \ye obtain a real surfad®(r; s) for realr; s. We assume here that

derivativesS, and S, which are included in Appendix A the jnvolved functions; (i 2 fx;yg are real analyticci(T) =

(éq. A.6). LetS denote the dual 08, so thatS = (S).  G(u). Since the parameters are conjugate = T, we have

o) V) oe(U) + ox(V). 2 Re(i(u)). Therefore, the rst two coordinates &{r; s) are

2 1

1+i s’ s 1 i

S (yv) = IOi_K

real. The third coordinate is of the tyffg(u) g(t)g= ifg(u)

N Zy 2 g(u)g= if2i Im(g(u)))g= 2Im(g(u)), whereg(u) represents
1 c(t)oy(t)  cut)e,(t) dt the re_sults of algebraic and analytic operations; oHence, all
4 u | coordinates oR(r; s) are real.

o After a rming the surfac®(r; s) is real wherK > 0. Let us
(UG, (V) exviey(W)  : (11) consider the cases with simply = 1.



Figure 6: Self-Airy surfaces with a parabola (b) or a circle (a degenerate ellipse) (d) as the singular curve and their dual surfaces, resp. (c) & (€). The real parame
net (blue and green) is associated with the negatively curved surfaces (see Examples 2 and 3). The blue and green iso-parameter lines are asymptotic curve:
form a translation net in the top view. The complex parameter net (red and yellow) is associated with the positively curved surfaces (see Examples 4 and 5).

Example 4. For the case of a parabolécy;c,) = ( t%t), we  which suggest that the determinaR; Rs; Rys = 0, and thus

can have the primal and the dual surfaces the parameterizatioR(r; s) is conjugate. This conjugacy can
— . 5 also be found in other positively curved examples, but we did
by - WHVurv VA u not nd it in the literature. We discuss it in greater detail in
S(uv) = ; ;o + ;
2 2 12 4 remark 8.
u v o.uw Vv Vv v _
S (uv) =i N T i : Example 5. For the case of an ellipses(t) = acost;c,(t) =

2 bsint, yielding the surfaces

which after the parameter change have the real parameteriza-
tion ( g. 6 b-c) S(u;v)

a b . .
— Ccosu+cosv; = sinu+sinv;

3 2 2 |
N r+s. (r 9° I
R(r;s) = rs; — 1 iazb (u v+sinu Vv) ;
rs @+ s ( 9r’+rs+9)
R(r9 = ; ; : _ _ . .a
2 2 6 S(uv)= i= sinu+sinv; 5 cosu cosv;

The surface contains the parabolaffor s = 0. Itis a singu- !

: .ab .
lar curve, sincdR; Rg = (0;0;0) alongr s= 0. The sur- IZ u v+sinu v) ;
face is a translation surface, obtained by translating the parabola
( $°50) (whenr  s=0)along the cubicg; 0; $°=3) (When \yhich after the parameter change have the real parameteriza-
r+s=0), which has a cusp at s= 0. This surface is found in
the classi cation of all translation surfaces with constant Gauss

curvature inisotropicspace [54]. RIS = acosr + Scoshr S, bsin r+ Scosbr S,
This parameterized surface has the derivatives T 2 2 2 C2
|
2 ab . '
R;r = S 1', u : (13) Z r s Slnh(l' S) ;
2 4
1 (r 5)2 . _ r+s . r S_ . r+s . r S_
= = R(r;9=  bcos—— sinh——; —— sinh——;
Rs r: > yu (14) (r;9) cos 5 sin 5 asin 5 sin 5 '
r s '
Ris= 1,0 5 (15) aZb (r 9 sinhf 9



The real parameterizatioR(r; s) is also illustrated in g-
ure 6d-e.

3.4. Remarks on Strubecker's construction

We make a few observations on Strubecker's construction

(10). These remarks can help us later extend Strubecker's co
struction to discrete curves.

Remark 6. Strubecker's constructioi10) gives an overlap-
ping net in the top view for both negatively and positively

curved surfaces:
S(upv) = S(viu); S v) = §(v;u); (16a)
R(r; s) = Re(s;1); Ry(r;s) = R(s;r): (16b)

Proof. According to Strubecker [44], the parameterization
S(u;v) is asymptotic, and thus the rst and second partial
derivatives satisfy
detSu; Sv; Suu) = detSu; Sy; Sw) = 0; (19a)
Which can also be veri ed with the derivatives included in Ap-
pendix A.

By the chain rule (17), we can nd
1 1

det Ry Rs; Rys = s det Sy; Sy; Suu + 2det Su; Svi Sw

2
= 0; (19b)

expressing that the parameterizatiR(n; s) is conjugate. [

The foIIowing observations are based on the rst and SeCOﬂ(FlQemark 9. For the negative|y curved surface, the top view of

derivatives of the primal surfacg(u;v) and the dual surface
S (u;v). The derivatives o5(u; v) andS (u;Vv) can help us ex-
press the derivatives di&(r; s) andR (r; s) via the chain rule.
The useful ones are listed below:

1+ 1 i
Ry = Tlsu + TIS,V; (17a)
1 i 1+i
Rs = TIS” + T'sv; (17b)
i i
Ry = Es,uu +Swt Es,vv; (17¢)
1 1
Rys = Es,uu + 0 + ES,W; (17d)
i i
R;ss: Es,uu + S,uv+ ES,VV: (176)
1+i 1 i
R, = TIS:H + TIS;V; 17)
1 i 1+i
R;S = TS;H + TS;VZ (179)

The explicit expressions of the derivatives 8{u;v) and
S (u;v) are included in Appendix A. Here we succinctly point-
ing out the crucial observations.

Remark 7. In the top view, such a negatively curved surface

tangent vectors .§ S, of the primal surfaces @; V) after ro-

tating by 90 and scaling up by K coincide with the top
view of the corresponding tangent vectorg, $,, of the dual
surfaces S(u; v):

"S # p ) 0 1 .
sh= K o (20a)
n y;u# n 1 O# |§/;u#
S,y pf 0 1 Su

' K R 20b
Sy 1 0 Sy (200)

Equations (20) can easily be veried via equations (A.1),
(A.2), (A.7) and (A.8).

Remark 10. For the positively curved surface, the top view
of tangent vectors R R of the prjmal surfaces (®; s) after
rotating by 90 and scaling up by KK coincide with the top
view of thereversecorresponding tangent vectors;RR, of the
dual surfaces Rr; 9):

R, o 1 R

R;?f =K ;g R;fs ; (21a)
R Foe o 1R #

s = K X 21b
Rys 1 0 Ry (210)

has a translation net, while a positively curved one has a harProof. From equations (17f) & (17g), we can express te

monic net.

Proof. From Strubecker's construction (10), we can simply nd

that the top view has the mixed second derivative equal to zero:

Swv=(0; 0; :::); (18a)
which suggests th&8(u; v) is a translation net in the top view.

From equations (17c) and (17e), we can assoCi&g; ) with
S,uv:

R(r;9) =Ry +Rss=2 Syuw=(0; 0; ::2); (18b)
which points out thaR(r; s) is harmonic in the top view. [

Remark 8. For negatively curved surfaces, Strubecker's con-
struction gives an asymptotic parameterization [44]. For the
positively curved ones, the parameterization is conjugate.

andy-components oR, andRg as the linear combination of
S, andsS,;

. 0 10 03,

2 180 1+i o0 1 i,

TE_ T viug.

32 i o0 1+i oib.d @@
. 0 10 0 1+,

Equations (20) can be combined as one matrix equations:

o

b

K

o

. (23)

0

u
ug.
oY

S’;V

Equations (17a) & (17b) state the linear relation between the

[oNeoNeN -
= O OO

0

vectorsRs, Rt and the vector§,, Sy. By inverting the linear



coe cient matrix, we get

u
. 180 1 i 0 1+i
ug_ — r
A 3B+i o0 10 0iRg @
;\, 0 1+i 0 1 i Rys
By equations (22-24), we arrive at
r 0 O 0 0 1 ot
) —d0 0 1
= K 5 25
XS o 1 0 XS (29)
s 1 0 0 0 Ry
which is equivalent to equations (21). O

In the remarks 7-10, the positively curved surf&(e;t) in-
herits the properties from the negatively curved surfagev)
via the conjugate complex parameters (12). To be much more
SpeciC, Sxuw = Syw = 0 transforms intoRyss + Ry =
Ryss+ Ry = 0 (remark 7). Secondly, d&(;Sy;Suw) =
detSy; Sv; Sw) = 0 transforms into de;; Rs; Rrs) = 0 (re-
mark 8). Finally, equations (20) transform into equations (21)
(remarks 9 & 10).

Figure 7: Construction of a self-Airy mesh with a given discrete cuerivethe

. . . . lanez = 0 as a singular curve.
4. Construction of constantisotropic Gaussian curvature P g

meshes
o ) i The resulting point is the verte(i; j) of a quad mesB, which
The midpoint and area associated with a segmented curve a5 giscrete version of a self-Airy stress surface with unrein-
straightforward to calculate. Therefore, it would be no problenyg cqq boundang. This discrete construction is not found in

at all to apply Strubecker's construction (10) for a negativelye jiterature. Remarkably, we obtain all essential properties
curved mesh on any arbitrary segmented curve. directly in the discrete model.

However, for a positively curved mesh, the complex exten-
sion for such a midpoint and area is anything but straightforTheorem 11. The discrete version (26) of Strubecker's con-
ward. There is no obvious method to a create complex exterstruction (10), illustrated in gure 7, yields quad meshes S
sion of an arbitrary segmented curve. § 4.2 proposes a methathich have planar vertex stars (edges through a vertex are
based on the mathematical observations we have just discussegplanar) and thus are discrete asymptotic nets (A-nets). Their
in 8 3.4. Before that, we shall rst discuss the easy cases: nedaces appear in the top view as parallelograms and thus the top

atively curved meshes. views are translation nets. Both diagonal meshes have planar
faces and are funicular. Provided that the input polyline has a
4.1. Negatively curved constdtmeshes constant edge length, both diagonal meshes of S have circular

We will now show that Strubecker's construction directly ap- meshes as top views.

plies to the discrete setting (g. 7). Instead of prescribing a

smooth curvec, one prescribes a polyline (discrete curve) Proof. We pick a segmerd(i); c(j), its midpointm(i; j) and cor-
with verticesc(1);: ::;¢(N) in the planez = 0, Now, the con- responding mesh poir(i; j) at heightA(i; j)=2. The edges
struction is the same as above. Pick two verticg)c(j), of S which emanate fronS(i; j) arise from the four seg-
compute the midpoinm(i; j) = (c(i) + c(j))=2 and lift it up  ments shown in g. 8. All of them have eithex(i) or c(j)

to thez-coordinateA(i; j)=2 which is equal to half the area cut as an end point, while the other end point is a neighbor of
o from c by the line segmer(i; j) with end pointsc(i); c(j).  c(j) or c(i), respectively. The-coordinates of the neighbor-
A(i; j) is the oriented area of the closed polyline with verticesing mesh vertice$(i; j 1);S(>i + 1;j);S(i; j + 1);S( 1))

c(i); c(i + 1);:::5e()); ci), are obtained by either adding or subtracting half the area of
_ a triangle with verticex(i);c(j) and one of the four points
o 1( X1h i ci + 1);c(j L1)c(j+ 1);c(i 1) as third vertex. Let (l)
AN =5 okelk+ 1) cxk+1)e,K) be the signed distance ofl) to the base line(i) c(j). Then,
k=i ) with Lp: ke(i)  c(j)k, the z-coordinate of vertexS(i;j 1)

hcx(i)cy(j) cx(j)cy(i)i . (26) equals TK:2[ Q L (j 1)=2],thez-coordinate of vertex
S(i+1;j)equals K= [A(i;j) L (i+1)=2], and analogous



Figure 9: Two funicular meshes generated via the A-nets based on the same
curve yet sampled in derent intervals. (Parts of the meshes are extended and
truncated to connect to the ground plane. The truncated parts are shown in

Figure 8: lllustration for the proof of Theorem 11. In the top view (a), a mesh -
9 p p @ dotted lines.)

vertexS(i; j) appears as midpgimi(i; j). A vertex and its neighboring points
lie in the plane with slope of 'K=2, whereL is the distance betweai)
andc(j). The axonometric view (b) depicts this slope.

the parameterized surfacBf; s) andR (r; s), rstly, the mesh

R(i; j) should be overlapping and harmonic in the top view (re-
expressions hold for the other two vertices. Introducing a locamarks 6 & 7). Secondly, the mesh should have planar quadrilat-
(; )frame asin Fig. 8, verteR(i; j) and its four neighbors lie  erals since the parameterizatiB(r; s) is conjugate (remark 8).
in the plane with equation= =~ K=2 [A(i;j) L ]. Hence, Thirdly, in the top view, the edges of the primal meRfi; j)
the mest5 is a so-called A-net, a quad mesh with planar vertexand their corresponding edges in the dual mRdf j) are or-
stars. A-nets are a discrete counterpart to asymptotic paranhogonal and have a constant length ratio (remark 10). By these
eterizations and well studied in discrete diential geometry properties, we can create a quadrilateral mesh from a segmented
[55]. The planes of vertex stars $iare face planes of the di- curve and derive the slope of each quadrilateral, then get the
agonal meshes. As polyhedral meshes of a self-Airy shape, thg/erall shape of the mesh.
diagonal meshes are funicular. If the edges have constant length
d in the top view, the direct neighbors of(i; j) lie at distance
d from m(i; j) and thus on a circle, showing that the top viewsDetermine the top view of the primary meshhe rst step is
of diagonal meshes are circular. O  todetermine the top ViewR(i; J); R(i; j) . As highlighted in

remarks 6 & 7, the top view of Strubecker's construction should

Figure 9 illustrates the constructions with the same basee overlappingR«(r; s) = R«(s;r), R/(r; s) = R/(s;r)) and har-
curve, yet sampled into derent polylines. They show the re- monic. When discretized, we can interpret the rst condition as
sulting A-nets and their diagonal meshes. Note that the disthe mesh is folded along the singular curive (j):
crete parameterization (set of edge lengths in the polyline) de-
termines the shape of the diagonal nets. This is a simple way to R(i; j) = R(j;1); Ry(i; ) = R(j:): (27a)
get a variety of funicular nets via diagonal nets of A-nets.
Additionally, the vertexR(i; j) should sit at the barycenter of

4.2. Positively curved constaht meshes the four adjacent vertices in the top view:
Since there is no obvious method to extend an arbitrary seg-
mented curve(t) from the real domain = a; a2 f1;2;:::;ng R(i: j) = }hRX(i +L) ARG L)
to the complex domairt = a+ bi; ab 2 f1;2;:::;ng 4 )
Strubecker's construction (10) may not immediately be appli- +R(i; ]+ 1)+ Ry(i; j 1)|; (27b)
cable to segmented curves for positively curved meshes. In- h
stead, we can generalize the observations (Remarks 6-10) for S P
the parameterized surface to the positively curved meshes. Ry(i ) = 4 RU+LN+RA L)) _
A discrete parameterized surface would be a quadrilateral SR+ 1)+ R 1)|: 270)

meshR(i;j), i;j 2 f1;2;:::;ng From the understanding of
10
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