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Fig. 1. Snapping deployable toroid structure. Concept of a lightweight pavilion of multistable toroidal modules. Each individual module is a polyhedral torus
that admits two isometric configurations: the deployed state as depicted but also a flat-folded state (see Figs. 2 and 21). In both states corresponding faces are
congruent to each other, only the angles at the edges (hinges) are different. There is no continuous motion from one state to the other but a snapping motion
is possible due to the flexibility of the material.

We introduce a novel class of polyhedral tori (PQ-toroids) that snap between

two stable configurations – a flat state and a deployed one separated by an

energy barrier. Being able to create PQ-toroids from any set of given planar

bottom and side faces opens the possibility to assemble the bistable blocks

into a thick freeform curved shell structure to follow a planar quadrilateral

(PQ) net with coplanar adjacent offset directions.
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A design pipeline is developed and presented for inversely computing

PQ-toroid modules using conjugate net decompositions of a given surface.

We analyze the snapping behavior and energy barriers through simulation

and build physical prototypes to validate the feasibility of the proposed

system.

This work expands the geometric design space of multistable origami for

lightweight modular structures and offers practical applications in architec-

tural and deployable systems.
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1 Introduction
The construction of doubly curved surfaces has long been a cen-
tral challenge in architectural geometry, especially when targeting
lightweight, buildable, and geometrically controlled forms. While
traditional approaches often rely on tiling such surfaces with repeat-
able components, our focus shifts toward assembling shell structures
from modules that are individually tailored to the geometry. This
approach o�ers greater design �exibility and curvature resolution,
enabling structurally expressive forms that go beyond conventional
repetition.

Deployable structures have emerged as a compelling solution in
this context, enabling spatial systems that can fold, compress to en-
hance the transportability, or transform to suit a variety of functional
and environmental demands. Origami, in particular, has proven to
be a powerful functional design strategy, o�ering a rich geometric
vocabulary for folding mechanisms that embed both structure and
motion. Beyond its visual appeal, origami provides a precise geomet-
ric framework for shaping surfaces, enabling localized movements
and coordinated global transformations, particularly when extended
into three-dimensional con�gurations.

Origami structures can broadly be classi�ed intorigid andnon-
rigid systems. In rigid origami, the faces are assumed to be non-
deformable panels connected via ideal hinges, allowing the structure
to fold without stretching or bending any surface elements. This
property is especially useful for applications involving thick mate-
rials or precise kinematic control. Non-rigid origami, on the other
hand, permits elastic deformation of panels and/or hinges during
motion, which enables a wider range of transformations, but intro-
duces mechanical complexity. In the latter case, recent interest has
focused on structures that exhibitmultistability. This is the ability to
stably hold multiple con�gurations, often realized through geomet-
ric frustration or elastic snap-through behavior. Such multistable
systems have been explored for their potential in shape morphing,
mechanical memory, and deployable mechanisms. Our work builds
on this foundation by developing bistable origami modules that are
individually �at-foldable, geometrically programmable, and capable
of tessellating curved surfaces.

1.1 Contribution and overview
This paper presents a geometric investigation into a new class of
deployable, snapping origami toroids, which we termPQ-toroids.
Our work builds upon the framework established in [Lee et al. 2024],
where T-toroidsare introduced as a class of multistable origami
modules derived from T-hedral tubes. These T-toroids were shown
to be �at-foldable and could be assembled into positively curved
surfaces. However, as discussed in [Lee et al. 2024, Sec. 3], the
design space of T-toroid assemblies islimited to convex geometries,
signi�cantly restricting their architectural potential.

In contrast, thePQ-toroidsintroduced in this work o�er a sub-
stantially broader design space. While retaining multistability and
deployability, they impose far fewer geometric constraints. In Sec-
tion 2 we show how a PQ-toroid can be constructed from a general
hexahedron with planar faces where the top and the bottom face
are parallel.

Consequently, PQ-toroids conform to any quadrilateral mesh with
planar faces and coplanar o�set directions. We show in Section 3
how this allows us to approximate any given surface with a PQ-
toroid tessellation.

Mechanically, PQ-toroids are bistable: they exhibit a zero-energy
�at state and a deployed state, with the transition involving elastic
deformation of material and a characteristicsnapping behavior, ana-
lyzed in detail in Section 4. Their in�nitesimal �exibility is discussed
in Section 2.4.

As a demonstration, we fabricated a desktop-scale structure com-
posed of sixty PQ-toroids. Each module can be folded �at by pressing
two opposite sides inward and can snap back to its deployed form
via gentle tension (see the supplemental videos).

We discuss the design pipeline which allows for surface-guided
module generation and give more digital examples in Section 5. We
conclude with a discussion of the limitations in Section 6.

1.2 Previous and related work
1.2.1 On the conceptual level.

Deployable structures.Deployable structures are spatial systems
that can transition between compact and expanded con�gurations,
typically for the purposes of storage, transport, or on-demand de-
ployment. They have long been of interest in aerospace, architecture,
and civil engineering. Early innovations in the �eld include Hober-
man's mechanical linkages and expandable domes [Hoberman 1990].
With a similar mechanism, Ren et al. [2022] introduce a bistable
structure that deploys into a surface with structural thickness. Pi-
oneering structural studies by Guest and Pellegrino established
theoretical models for deployability, structural sti�ness, and trans-
formability in large-scale systems, including in Guest's doctoral
work [Guest 1994] and in Pellegrino's monographDeployable Struc-
tures[Pellegrino 2001].

More recently, origami has been adopted as a geometric frame-
work for deployable structures, particularly in architectural contexts,
o�ering both material e�ciency and precise control over form. Some
notable works include the development of Miura-ori�based fold-
able shelters [Curletto and Gambarotta 2016; Thrall and Quaglia
2014], rigid-foldable canopy [Ando et al. 2020], thick-panel deploy-
ables [Zhu and Filipov 2024], and mechanisms incorporating snap-
through behavior [Melancon et al. 2021]. These systems leverage
folding kinematics to achieve deployability without the need for tra-
ditional mechanical joints, making them lightweight and fabrication-
friendly. Our work builds on this trajectory, introducing multistable
modules that combine geometric deployability with architectural
curvature and modularity.

Modular systems.Having a system of prefabricated modules can
bring considerable advantages such as faster, safer and more pre-
cise manufacturing and construction as well as having lower en-
vironmental impacts [Thai et al. 2020]. Architectural modularity
enables the discretization of complex surfaces into constructible
units, which may vary locally to conform to curvature and structural
requirements. In computational design, modularity allows curvature
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Fig. 2. Flat-folding of a deployed toroid.Le� to right: PQ-toroids number
18, 4 and 14 of the desktop model illustrated in Figure 20 in fully deployed,
half-folded and flat-folded states. The deployed and flat-folded states have
planar faces with zero stored energy, while the unstable half-folded state in
the middle exhibits deformation of the faces.

approximation using deployable [Wei and Pellegrino 2017], volu-
metric [Bechert et al. 2021] or panel-based [Eigensatz et al. 2010;
Pottmann et al. 2007a] primitives.

Lightweight gridshells.Doubly curved shell structures bene�t
from lightweight, deployable, and tessellated design strategies. Such
systems minimize material use while o�ering expressive spatial per-
formance. While many recent works on deployable lightweight grid-
shells consider elastic or active bending structures [Lienhard et al.
2013; Lienhard and Gengnagel 2018; Panetta et al. 2019; Pillwein and
Musialski 2021], in our work we demonstrate how snapping origami
modules can realize curved surfaces in deployable architecture.

Rigid and non-rigid origami.Rigid origami assumes panels re-
main undeformed during motion, allowing analytical modeling and
structural predictability. Kinematics and geometry of rigid origami
as well as its folding simulation have been studied widely, pioneered
by the works of Tachi et. al [2009b; 2011]. Non-rigid origami relaxes
this constraint, introducing elastic deformations and enabling multi-
stable behavior [Liu et al. 2021]. The work of Liu and Paulino [2017]
and Bertoldi et al. [2017] establishes multistability as a design fea-
ture, rather than a byproduct, with applications in shape morphing
and structural recon�guration.

1.2.2 On the module level.

Non-Euclidean origami.conventional applications of origami in
engineering [Koryo 1985] often consider a fully developable sheet to
start the folding process. This is not only an inspiration from the art
of paper folding, but rather a fabrication and manufacturing choice
due to the thin materials often being produced in sheets. Towards
recent years, and along with the advances in additive manufacturing,
this paradigm has shifted and non-developable yet �at-foldable
systems [Tachi 2009a] capable of embedding negative or variable
Gaussian curvature have drawn interest and have been studied
from a geometric and kinematic point of view [Foschi et al. 2022;
Waitukaitis et al. 2020].

Tubular origami.Miura-ori pattern and its tubular variants [Fil-
ipov et al. 2015; Tachi and Miura 2012] form the geometric core of
several recent multistable tubular origami structures [Fang et al.
2017; Wang et al. 2024; Yasuda and Yang 2015]. An approach based
on Monge surfaces and so-called cone nets was taken by [Vidulis

et al. 2025] to obtain 3D tubular structures composed of developable
surface strips. Sharifmoghaddam et al. [2023] presented a generaliza-
tion of rigidly foldable origami tubes to T-hedral [Sharifmoghaddam
et al. 2020] design space. Based on that, Lee et al. [2024] introduced
multistable T-toroids for constructing positively curved surfaces.

Multistability analysis.The multistable origami modules are often
analyzed to understand their interesting behavior, such as snapping
transition, shape stability, using the geometric or mechanics per-
spective. Jianguo et al. [2015] modeled bistable origami as the bar
elements and estimated the energy barrier by bar stretch, and Melan-
con et al. [2021] and Lee et al. [2023] estimated the energy barrier
as a metric for the incompatibility between multiple rigid origami.
Mechanics-based analysis of multistable origami modules often uses
a bar-and-hinge model-based snap-through energy computation,
�nite element analysis, and experimental validation. Filipov and Red-
outey [2018], also Liu et al. [2019] analyzed metastable transitions
using the experiments and bar-and-hinge model, and Almessabi
et al. [2024] analyzed reprogrammable multistable origami mod-
ules using �nite element analysis and experiments. These form the
background of the analysis methods of geometry and mechanics
for the bistable behavior studied in this paper. Beyond the methods
discussed above, [Chen et al. 2021] analyzes deployment energy bar-
riers and sti�nesses of a bistable deployable material system around
the deployed state using a �nite element numerical homogenization
approach.

1.2.3 On the surface level.

Discrete conjugate nets and o�set meshes.PQ-toroid structures are
typically materializing two layers of quad meshes where each quad
is planar. Such nets are well studied in discrete di�erential geometry
under the name `conjugate net' or Q-nets. Already Sauer [1970]
de�ned discrete conjugate nets as quad nets withZ2 combinatorics
such that each quad is planar. Smooth conjugate nets have been
studied extensively with respect to transformation theories in the
last two centuries. Bobenko and Suris [2008] have laid the ground
for discretizing this transformation theory in a systematic way. Q-
nets, in particular if they follow principal directions on the surface,
have become increasingly important in applications. They appear
within multilayer structures to control `thickness' of a mesh (as our
toroidal structures do) in [Liu et al.2006; Pottmann et al.2015, 2007b].
The o�set mesh is also important for the snapping property of the
toroids. Also of interest are special o�set properties like face-o�set
and edge-o�set properties [Pottmann et al. 2010, 2007b].

2 Snapping Toroids
We are aiming for discrete toroidal structures that can snap between
two stable states; namely a �at-folded one and a deployed state.
Note that the existence of a �at state in combination with theBel-
lows Theorem[Connelly et al. 1997] implies rigidity of the toroidal
structure. However, we design our toroids such that they become
rigid foldable tubes after one cut, see Figure 7. On the one hand, this
ensures that every corner is �at-foldable (compare Theorem 2.1),
and on the other hand, it provides a useful design tool to construct
a globally �at-folded state. Moreover, the rigid movement of the cut
open parts of the toroid allows us to precisely measure the gap that
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Fig. 3. Top:A non-developable degree-4 vertex,¹0º in a singular config-
uration, where a dihedral angle (betweenU1 and U2) is zero,¹1º a val-
ley fold is introduced, and¹2º close to a flat-folded state demonstrating
U1 � U2 ¸ W� V = 0. Bo�om: Similar degree-4 vertex,¹3º in a singular con-
figuration, ¹4º a mountain fold is introduced, and¹5º close to a flat-folded
state demonstratingU1 � U2 � W¸ V = 0.

has to be closed through material deformation, see Section 4.1 for
details.

This idea was already used in [Lee et al. 2024] where the authors
introduced the so-called T-toroids. The foldable tube closing up to
form a T-toroid is of the T-hedral type described in [Sharifmoghad-
dam et al. 2020]. Although the high symmetry of these tubes makes
them attractive for manufacturing, we will see in Section 3 that
the design space of T-toroid-only structures satisfying the assembly
conditions given in [Lee et al. 2024] is limited to convex shapes
discretized by edge-o�set-meshes.

Consequently, we need to base our toroids on a more general
�exible tube. In Section 2.1, we show that such a tube can be carved
out from a hexahedron with planar faces and parallel top and bottom
face, aPQ-hexahedron(see Fig. 4). This allows for a wide variety of
shapes as basically any surface can be approximated by a grid shell
of PQ-hexahedra; see Section 3.

In general, the tube carved out from a PQ-hexahedron does not
close in its �at state. We show in Section 2.2 that this can be achieved
by adding two extra foldlines. The shape space of PQ-hexahedra is
9-dimensional if one cancels out similarities by �xing one side of the
hexahedra. The �nal T-toroid is then uniquely determined by two
more parameters: the width, of the parallelogramic cross-section
of one side of the toroid and one parameter\ for the position of
the extra foldlines. Hence, the class of the resulting PQ-toroids is
11-dimensional.

2.1 Geometric construction implied by local flat-foldability
We consider a hexahedron with planar faces, where the top and
bottom face are parallel and refer to it as a PQ-hexahedron; compare
Fig. 4. We show that a locally �at-foldable toroid with parallelo-
gramic cross-section can be carved out of this hexahedron with
exactly one degree of freedom.

By having parallelogramic cross-section, the toroid can be cut
in four prisms that each �at fold with one degree of freedom. For
the entire tube to �at fold, an adapted version of theKawasaki's
theorem[Foschi et al. 2022] has to hold:

Theorem 2.1.LetU1• U2•WandV be the angles of a �at-foldable
corner in a PQ-toroid, like in Fig. 3¹0º. Then eitherV� U1 = W� U2

(valley fold; Fig. 3¹2º) or V¸ U1 = W̧ U2 (mountain fold; Fig. 3¹5º)
has to hold.

Therefore, the anglesU8• V8•W8 in a corner of the top face of the
hexahedron (compare Fig. 4) already determine the anglesU1

8 and
U2

8 of the PQ-toroid by

U1
8 =

U8 � V8 � W8

2
and U2

8 =
U8 � V8 � W8

2
” (1)

The choice of sign determines whether the foldline is a mountain
fold or a valley fold, which has to be consistent throughout the
toroid. Due to the edge parallelity of top and bottom face, the angles
at the bottom corner areU8• c � V8• c � W8. Thus, we obtain coplanar
foldlines for the bottom corner with the same anglesU1

8 andU2
8. A

valley fold angle in the top corner corresponds to a mountain fold
angle in the bottom corner, and vice versa.

With the foldlines prescribed, the toroid seems overdetermined
as the width, 8 of one prismatic tube determines the width, 8̧ 1 of
the next tube by

, 8̧ 1 = , 8
sinU1

8̧ 1

sinU2
8̧ 1

” (2)

However, the next lemma shows that the anglesU1
8 andU2

8 meet a
loop-closure condition.

Lemma 2.2.The anglesU1
8 andU2

8• 82 f0• ” ” ” •3g determined by
Kawasaki's theorem in a PQ-hexahedron naturally meet the loop-
closure condition

3Ö

8=0

sinU1
8

sinU2
8̧ 1

= 1 (3)

with all indices taken modulo4.

Proof. We give a geometric reason why the above formula holds.
Assume that we have a valley fold at the top corners, i.e.U1

8 =
¹U8 ¸ V8 � W8º•2 andU2

8 = ¹U8 � V8 ¸ W8º•2. Then, the foldlines are
also the lines along which a sphere( , tangent to the two side faces
and the top face, touches the top face. This is due to the fact that
the touching points of( form equal angles with the edges of the
hexahedron, compare Fig. 5. We can assume that all side faces of
the PQ-hexahedron touch the same sphere( , since the loop-closure
condition is not a�ected by parallel translation of the side faces. This
implies that all foldlines meet at a single point forming four triangles.
In this con�guration the loop-closure condition is obviously met
and thus it is met in the original PQ-hexahedron as well. Switching
from valley folds to mountain folds only exchanges the role ofU1

8
andU2

8. Consequently, the loop-closure condition holds in the case
of mountain folds as well. ƒ

2.2 Extra foldlines for global flat-foldability
So far, we have only taken care of the local foldability of the PQ-
toroid. The existence of the global �at state is achieved by adding
two extra foldlines. To do this, we cut the PQ-toroid open through
the foldlines at corner zero and compute the �at-folded tube. Let us
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