NUCLEI OF NORMAL RATIONAL CURVES

Johannes Gmainer* and Hans Havlicek

A k—nucleus of a normal rational curve in PG(n, F') is the intersection over all k—dimensional
osculating subspaces of the curve (k € {—1,0,...,n —1}). It is well known that for charac-
teristic zero all nuclei are empty. In case of characteristic p > 0 and #F > n the number of
non—zero digits in the representation of n + 1 in base p equals the number of distinct nuclei.
An explicit formula for the dimensions of k—nuclei is given for #F > k + 1.

1 INTRODUCTION

Non-zero characteristic of the (commutative) ground field F' heavily influences the geometric
properties of Veronese varieties and, in particular, normal rational curves. Best known is
probably the fact that in case of characteristic two all tangents of a conic are concurrent.
This has lead to the concept of a nucleus. However, it seems that there are essentially
distinct definitions. Some authors use the term “nucleus” to denote a point which completes
a normal rational curve to a maximal arc (F' a finite field of even order), others use the same
term for the intersection of all osculating hyperplanes of a Veronese variety.

In the present paper we restrict ourselves to the discussion of normal rational curves in n—
dimensional projective spaces over F'. It turns out that in the ambient space of a normal
rational curve there is a family of distinguished subspaces which will be called k-nucles.
Their definition is natural: A k—nucleus is the intersection over all k—dimensional osculating
subspaces of the curve. The two types of nuclei mentioned above are just particular examples
fitting into this general concept.

Our major result is a formula expressing the dimension of the £—nucleus of a normal rational
curve in n—dimensional projective space for characteristic p > 0. For kK = n — 1 such a
formula has been established by H. TIMMERMANN [16, 4.15]; cf. also [15]. Other results
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on nuclei are due to H. BRAUNER [1, 10.4.10], D.G. GLYNN [3, 49-50], A. HERZER [§],
H. KARrzEL [12], J.A. THAS [14], and J.A. TuAs — J.W.P. HIRSCHFELD [11, 25.1].

It turns out that the geometric properties of a k—nucleus are closely related to binomial
coefficients that vanish modulo p and, on the other hand, to the representations of the
integers n, n + 1, and k in base p. The zero entries of Pascal’s triangle modulo p fall into
various classes. The corresponding partition gives rise to three functions (7', ®,3) which
form the backbone of our considerations. All this is discussed in Section 2 and then applied
to geometry in Section 3.

Throughout this paper it will be assumed that the ground field has sufficiently many el-
ements. Otherwise, our results on nuclei would become even more complicated, because
one has to take into account that the elements of F' are satisfying non-trivial polynomial
identities.

2  ON PAscAL’sS TRIANGLE MODULO
D

Throughout this section p denotes some fixed prime.
The representation of a non—negative integer n € N := {0,1,2,...} in base p has the form
n="> mp*=:(n,)
A=0
with only finitely many digits n), € {0,1,...,p — 1} different from 0. The following is

well-known; cf., among others, [2, 364]:

LEMMA 1 (Lucas) Let (ny) and (jy) be the representations of non—negative integers n
and j in base p. Then
(n) =1] (n)‘> (mod p).
J A—0 \JA

Since we are mainly interested in binomial coefficients that vanish modulo p, we adopt the
following definition:

DEFINITION 1 Given a prime p then define a half order on N as follows:

(Ja) 2 (na) = ja<ny forall A € N.

Thus we have

(?)EO (mod p) <= jZ&n.

In the sequel the (infinite) Pascal triangle modulo p will be denoted by A. In addition, we
introduce an (infinite) Pascal square modulo p written as L. Its (n, j)—entry is given by (’;)



modulo p, where n and j are non—negative integers. So the numbering of rows and columns
will always start with the index 0. Clearly, L is an infinite lower triangular matrix

U=AV,
where each entry of V is zero.

Moreover, let (I° be the submatrix of (1 that is formed by the rows and columns 0,1,...,p'—1
with ¢+ € N. All entries of [ that are above the main diagonal give rise to a triangle V¢,
the remaining part of the matrix is a subtriangle of Pascal’s triangle modulo p which will be
written as A’. Observe that the baseline of A? has p’ entries, whereas the top line of V? is
formed by p’ — 1 entries. So V° is empty.

For example, let p = 3 and consider the triangle A3:

121212121212121212121212121

It is easily seen from Lemma 1 that each triangle A (i > 0) has the following form, with
products taken modulo p:

The binomial coefficients on the left hand side of the A%’s are exactly the entries of A'. None
of them is congruent 0 modulo p. If i > 2, then each subtriangle (?) A from above can be

decomposed into subtriangles proportional to A*~! and non-empty subtriangles V=1, and
so on. See also, among others, [9, 91-92] or [13, Theorem 1].

Thus we get a partition of the zero entries of Pascal’s triangle modulo p into maximal
subtriangles V* (i € NT). If we add the infinite triangle V, then a partition of the zero
entries of Pascal’s square modulo p is obtained. We get a coarser partition, by gluing
together all triangles V' of same size to one class. A formal definition of this partition is as
follows:



DEFINITION 2 Let p be a prime. A pair (n,7) = ((ny), (jx)) of non—negative integers
with j A n and
L:=max{A\ e N|jy>n\} €N
is in class i, if
i=1inf{\ | A > L, jx <n,} € NT U {oo}.

If we are given a fixed n € N, then i(n) denotes the set of all elements j € N with (n, j) € 1.

In the definition above the maximum L exists, since j A n. The infimum ¢ is well-defined
by the usual convention inf () := oco. It is easily seen that for each i € N* U {co} the set 7 is
non—empty, whence we actually have a partition.

A pair (n,j) is in &0 if, and only if, j > n. The conditions, in terms of digits, for (n,j) to
be in i # 50 are as follows:

jx < p—1 forallAe{0,1,...,L—1}

jL > ng for one L € {0,1,...,i—1}

Jx = ny foral N\ e {L+1,L+2,...,i—1} (1)
Ji < n

in < ony fOI‘aH)\G{l‘f‘l,l—f‘Q,}

In fact, the first line of (1) could be omitted. It simply says that there is no restriction on
the dlgltS jo,jl, e ajL—l-

The essential properties of the classes 7 and the sets i(n) are described in the following
Lemmas. We start with a “horizontal” result by counting the number of elements of class
1 # 0 belonging to a fixed row n of Pascal’s square modulo p.

LEMMA 2 Given n = (ny) € N and i € NT then

wm:%W=W4—§mﬂm&ﬁmwu )

Proof. We just have to count how the digits of j = (j,) can be chosen so that (1) holds true.
If we fix one L < i, then there are

ph(p—1—ny)- """ I (na+1)
A=it+1

possibilities for j; the factors in the formula above are corresponding to (jo, j1,---,Jr-1), jL,
(Jr+1sJr42s -+, Ji-1), Ji, and the remaining digits jy, respectively. Summing up gives then

1—1 e’}

oG,n) = (Y pp—1-ns)) ni [] (a+1)
L=0 A=i+1
1—1 e’}

= (pi—l—ZanL)'m" ]___[ (na+1),

L=0 A=i+1



as required. O

Note that ®(i,n) remains undefined for i = 0 and i = oo.

As an immediate consequence of Lemma 2 we obtain that
O(i,n) =0<=mn;=00rn;_1=...=ny=n9=p— 1, (3)

where ¢ € N*. This result may be reformulated as follows:

LEMMA 3 Let n=(ny) € N, i € N, and put
n+1=:b=(by), M :=min{\ | by # 0}. (4)
Then

. - b1 = f 1 J 2, ..., ,
o) = =0 = { P 2 eI o)

Proof. We infer from the definition of M that
b="{(..,byys1,00,0,...,0) and n = (..., nyo1,np,p—1,...,p— 1).
Therefore, byy =ny + 1,0 < ny <p—1, and
by=nyforal e {M+1,M+2,...}. (6)

So, by (3), the assertion holds true. O

The major advantage of formula (5) is that one has only to look at the non—zero digit by,
and the zero—digits of b in order to decide whether a set i(n) is empty or not.

Next we investigate a “vertical” property of a class i # o:

LEMMA 4 Letn €N, i € NT, j €i(n), and put

i—1
T:=n->Y nypt (7)
A=0
Then j =T —1 and j €i(x) for allz € {T,T +1,...,n}.
Proof. We adopt the notations of (1). If x runs from n down to

L
n—Zn,\p’\:(...,niﬂ,ni,...,nLH,O,...,O), (8)
A=0

then clearly j € i(z) by (1).



Ifn,1=...=npio=nr1 =0, then we are finished, as

L
T—lzn—l—Zn,\p’\:(...,ni“,ni—1,p—1,...,p—1)
A=0

and j < T —1.

Otherwise, put L' := min{\ € {L+1,L+2,...,i — 1} | ny # 0}. Subtracting 1 from both
sides of (8) gives

L
n' ::n—l—Zn,\pA:<...,ni+1,ni,...,ny—1,p—1,...,p—1>.
A=0

By jr = ny, we obtain jr» > ny — 1, whence j € i(n/). If 7" is defined according to (7) by
replacing n with n’, then 7" =T,

So, if we proceed with n’ and j as above, then the required result follows after a finite number
of steps. O
With the settings of the previous Lemma put 7" =: (T)). Then j € i(T) implies j; < T; = n;
and jy <Th=mny forall A e {i+1,i+2,...}. Hence

i—1
Y::j_Zj)\p/\:<"'7ji+1’ji70"”70> jT
A=0

and .
Y+p'=(.ji+1,0i +1,0,...,0) 2T,

whereas {Y +1,Y +2,....Y +p' — 1} C i(T). By the well known recurrence (;) + (;J =

(ZE), it follows that line 7" of Pascal’s triangle modulo p is the top line of a subtriangle V*
which is surrounded by non-zero entries. Observe that the number T does not depend on

the choice of j € i(n).

From here the following is easily seen: Given an i € N and n,j € N then (n, j) € 1 if, and
only if, the (n, j)—entry of Pascal’s square modulo p is in one maximal subtriangle V*. The
class B0 corresponds to the infinite triangle V of Pascal’s square modulo p.

Obviously, the definition of 7" in (7) still makes sense if n,7 € N are arbitrary. However, as
in Lemma 3, we change from n to n + 1 =: b, as we prefer to use (5) rather than (3) when
characterizing non—empty sets i(n). So we put

R-1
T(R,b) :==b— Y byp" for all R € NU {oc}. (9)
A=0

We read off from (4) and (5) that the “top line function” T'(R, b) satisfies
0="T(c0,b) <...<T(M+2,0) <T(M+1,b) <T(M,b)=...=T(0,b) =0b.  (10)

In fact, if R € N is chosen sufficiently large, then T'(R,b) = 0.



For each non—empty set i(n) # o0 it follows from (5) that ¢« > M. So, by (6), the number
T(1,b) coincides with the corresponding bound (7). Moreover, we have

T(G,b)—1={(..,ni,n—1,p—1,...,p—1) = max i(n), (11)

since i(n) # () implies that at least one of the digits ng, ni, ..., n;_1 is smaller than p— 1 and
b; = n; > 0. Finally, by (5),

Zl(n) # 0 §£ Zg(’n,) and i1 > iy 1mphes T(il, b) < T(ig, b) (12)

Ifi € {1,2,...,M}, then i(n) = 0 and T'(i,b) = b > n expresses the fact that line n of
Pascal’s triangle modulo p does not meet a subtriangle Vi Forie {M+1,M+2,...} with
i(n) = 0, formula (5) implies T'(¢,b) = T'(i + 1,b).

The following result gives the essential information on zero—entries in line n of Pascal’s
triangle modulo p:

LEMMA 5 Letn €N andi € N*. Then

Y(i,n) = i d(n,n)

= #(imuGE+DHmuU...) (13)
= n+1—(1+§nup“)lo__0[(n>\+1)-

Proof. (a) We are going to determine all integers j = (j)) such that j < n. Clearly, each
digit 7, can be chosen in exactly n) + 1 ways to meet this condition. Hence there are

e}

[[(na+1)=n+1-3%(1,n) (14)

A=0
such elements and (13) holds true for ¢ = 1. In fact, (14) is well known; cf., e.g., [9, 98].
(b) Suppose that (13) has been established for ¢ > 1. We infer from (2) and (13) that

Yi+1,n) = X(i,n)— q)(i,.n)

i—1 00 i—1 ©
= n+1- (1—|—Zn5p£) I, +1)— (pi -1- Znup“)ni IT (na+1)
£=0 i =0 A=i+1
= n+1—(1+2n5p5) IT (n+1)
£=0 v=i+1
which completes the proof. O

Formula (13) has the nice property that with increasing i one digit after another moves
from the product on the right to the sum on the left where it is then multiplied with the
corresponding power of p.



3 NUCLEI

Let PG(n, F) be the n—dimensional projective space on F"™! where n > 2 and F is a
(commutative) field.

Each normal rational curve (NRC) is projectively equivalent to the NRC
I:={F(,t,...,t") |t € FU{o0}}. (15)

Note that t = oo yields the point F'(0,...,0,1). The subsequent exposition follows [5] and
uses the non-iterative derivation of polynomials due to H. Hasse, F.K. ScHMIDT, and
O. TEICHMULLER,; cf., e.g., [4] or [10, 1.3].

The column vectors of the matrix

() 0 0 ... 0
G () 0 ... 0
Cy = (g) t? (f) t

Oe O @ )

with ¢t € F are (from the left to the right) written as ¢, ..., ¢, ™ and yield
the derivative points of the parametric representation (15). Moreover, we put ¢ :=

(00.n—ks -+ s Onm—k). The osculating k-subspace (k € {—1,0,...,n — 1}) of I at the point
Fey is

span {Fey, Fey,. .., Fcl(tk)} = S
All osculating subspaces at F'¢; form a chain with dim Sgk)F =k.

We infer from C;' = C_, that the osculating subspace S%k)F (t € F) equals the set of all

points F'(xy,...,z,) satisfying the following linear system:
(It o+ (T (0 4+ () men -0
(52 (=0 2ag + (") (=t o+ + (2w =0 an
() (=tmme+  (P)(=t)" wa+ ... + (N, = 0
On the other hand, § g;)F is given by the linear system
To=x1 = ... =Tp—fk-1— 0. (18)

REMARK 1 Each semilinear bijection 7 € I'L(2, F') acts on the NRC (15) in a well-known
way: A point Fe, with t = t1t5", (to,t1) € F2\ {(0,0)} goes over to Fc;, where t := #;¢,"
and (fo,%;) := 7(to, t1). This bijection of I" extends to an automorphic collineation of I' that



preserves all osculating subspaces. Thus a collineation group G~ isomorphic to PT'L(2, F)
is obtained.

In fact, the NRC (15) gives rise to a family G®) (k € {0,1,...,n—1}) of collineation groups
of PG(n, F) as follows: G is defined by the property that the system of all osculating
r—subspaces with r < k remains invariant.

Hence G is the group of all collineations fixing I, as a set of points. If #F > n + 2
or n = 2, then G = G~V Otherwise, there are automorphic collineations of the NRC
that do not preserve all osculating subspaces, whence the concept of osculating subspaces
depends on the parametric representation of the NRC rather than on the points of the NRC
6], [7, 2.4].

Instead of a parametric representation one could also use a generating map in order to define
osculating subspaces. This point of view has been adopted in [5] and [7]. Cf. also [8] for
further remarks on the phenomena arising for a “small” ground field.

In all results of the present paper a NRC I' is understood as a set of points endowed with a
fixed parametric representation which arises from (15) by applying a projective collineation.

DEFINITION 3 The k-nucleus N®T (k € {—1,0,...,n—1}) of a normal rational curve
" in PG(n, F) is the intersection over all its osculating k—subspaces.

The nuclei of a NRC I yield an ascending chain

-1
P=NCUL=NOP=...=NOTC...cNOIT (ri= 2= ]), (19)
because SETNSET = = N®T for all k € {~1,0,...,7}.

In the following result nuclei of a NRC are linked with binomial coefficients that vanish
modulo the characteristic of F'.

THEOREM 1 If F has at least k + 1 elements, then the nucleus N®T of the normal
rational curve (15) equals the subspace Q spanned by those base points P; of the standard
frame of reference, where j € {0,1,...,n} is subject to

(=057

Proof. (a) Let F(xq,21,...,7,) be a point of N®T. By (18) and #F > k + 1, every left
hand side term in (17) is a zero-polynomial in ¢. Hence z; # 0 implies (20), whence the
point belongs to Q.

(b) Suppose that (20) holds true for some j. As (’:1) = (’;) = 0 (mod char F') implies
(T_l) =0 (mod char F'), it follows that

()= (== (00

(?) =0 (mod char F). (20)

0 (mod char F)



foralll € {0,1,....,.n—k—1}. Soj>n—Fk—1.

(c) Let F(zg,1,...,2,) be a point in Q. By (b), xg =21 = ... = z,,_x—1 = 0 in accordance
with (18). If x; # 0, then (20) shows that (zo,z1,...,2,) is also a solution of (17) for all
t € F. So the point lies in N®)T. O

By Theorem 1, char F' = 0 implies N DT = ), whence here the nuclei of a NRC cannot
deserve interest. Thus we assume in the remaining part of this section that

char ' =: p>0,
n =: (ny) (in base p),
n+1 =: b=:(by) (in base p).

We shall frequently use the “top line function” T'(R, b) together with the “cardinality func-
tions” ®(z,n) and X(i,n) that have been defined in Section 2.

THEOREM 2 Let I" be a normal rational curve in PG(n, F). If k is an integer satisfying
#F >k+1 and

R—1 Q-1
T(Rb)=b—> b <k+1<b—> byp*=T(Q,b) (21)
u=0 A=0

with at most one by # 0 for A\ € {Q,Q+1,..., R—1}, then the k—nucleus of ' has dimension

R—1 )
dmN®T =n— (14 Y np") [T (ma+1) = S(R,n) — 1. (22)
n=0 A=R

Proof. There is exactly one N € {Q,Q + 1,..., R — 1} with by # 0, because of the strict
inequality in (21). Consequently,

T(Rb) =T(R—1,b) =...=T(N +1,b) < T(N,b) = ... = T(Q,b). (23)

By Theorem 1, dim N®T + 1 is equal to the number of elements j € {0,1,...,n} with
property (20). If we are given an integer ¢ > 1, then the conditions

i(n) # 0 and T(i,b) < k+1 (24)

together are equivalent to the existence of an element j € i(n) satisfying (20). By Lemma

4, if (20) holds for at least one j € i(n), then it is true for all elements of i(n). There are
three possibilities:

For 1 < i < N we read off from (10), (23), and (21) that k+1 < T(Q,b) = T(N,b) < T'(i,b)
which contradicts (24).

For N +1<i< R -1 we obtain i(n) = ) by virtue of (5). Hence (24) does not hold true.

Given an i > R then T'(i,b) < T(R,b) < k+1 by (10) and (21). So the class 7 yields exactly
®(i,n) > 0 distinct solutions of (20).



Thus the number of elements j which satisfy (20) is given by

O(i,n) = X(R,n).

00
i=R

This completes the proof. O
Next we establish an easy formula for the number of distinct nuclei:

THEOREM 3 Let I' be a normal rational curve in PG(n, F) and assume that F' has at
least n elements. Then the number d of non—zero digits in the representation of b = n + 1
in base p is equal to the number of distict nuclei of .

Proof. Let Ny < Ny < ... < Ny be the positions of the non-zero digits of b in base p. From
(10) and (12), 0 =T (Ng+ 1,b) < T(Ng, b),

T(Noi1,b) = T(No + 1,b) < T(Nayb) foralla € {d —1,d — 2,...,1},
and T'(N1,b) = b. Thus we obtain d distinct “consecutive” inequalities
T(Noy+1,0) <k+1<T(Nyb) (xe{dd—1,...,1}). (25)

So each k € {-1,0,...,n — 1} is a solution of one and only one inequality (25). It is
immediate from (5) and (13) that

0=%2(Ng+1,n) <E(Ng—1+1,n) <...<E(Ny +1,n),

whence distinct inequalities (25) correspond to distinct dimensions of nuclei. O

There is always at least one inequality (25). Put
J := Ng = max{\ | by # 0}.
It follows from (25), with a := d, and (22) that
N®D =0 for all k € {~1,0,... byp? =2} (#F>k+1). (26)

This improves the bound given in formula (19).

The number k :=n — 1 is a solution of the inequality (25) obtained for o := 1. As before,
let
M := Ny = min{\ | by # 0}.

By (5), ¥(1,n) = 3(2,n) = ... = (M + 1,n). Now (14) implies that (22) can be rewritten
as
dm NI =n — J[(ny+1) (#F >n). (27)
A=0

Cf. [16, 4.15].



REMARK 2 The following example illustrates Theorems 2 and 3: Let p = 3, n = 305 =
(1,0,2,0,2,2), and assume that the ground field F" has at least n elements. Then b = 306 =
(1,0,2,1,0,0) and we get the following table for dim N'*)I";

(0,0,0,0,0,0) = 0<k+1<243=(1,0,0,0,0,0) = dimNP®T = —1
(1,0,0,0,0,0) =243 < k+ 1 < 297 = (1,0,2,0,0,0) = dim N'®T' = 179
(1,0,2,0,0,0) =297 < k +1 < 306 = (1,0,2,1,0,0) = dim N®T = 251

REMARK 3 The NRC I' admits a group G~ of collineations preserving all osculating
subspaces; see Remark 1. The group GV acts 3-fold transitively on I'. All nuclei and the
entire space are G~ Y-invariant subspaces. However, there may be other G~ Y-invariant
subspaces:

Suppose that p =2, n =4, and #F > 4. By (16), we have

1 0 00O
t 1000
C,=|t 0100
2t 10
t* 0 0 01

with ¢t € F. The bottom line of the matrix shows that dim N®T = 2, whereas all other
nuclei are empty. Obviously, all derivative points F'¢, (t € F'U {oco}) are on the line joining
the base points P, and P;. There is a unique transversal line for three skew lines spanning
PG(4, F'). The tangents of I' at F¢, Fcp, and Fey, are mutually skew and spanning the
entire space. Hence there is no line other than P, P; that is meeting all tangents of T
Therefore, the line P, P; € N®T is G"~Y-invariant.

REMARK 4 Let R > ) > 0 be integers with

bR#OIbelz...:bQ+17ébQ

and put
k:=T(R,b)—1={(...,ngr1,ng—Lp—1,....,p—1).

So k is a minimal solution of the inequality (21). By assuming #F > k+1, Theorem 2 shows
that N®T is a non-empty nucleus. We aim at characterizing the osculating k-subspaces of
I' among the k-dimensional subspaces passing through N T

Theorem 1 describes a basis of N*¥)T'. By (11) and (12), the greatest index j of a base point
P; appearing in that basis is T'(R,b) — 1 = k, whence k € R(n). We define

U:=max{jeN|j<kandj=<n}=(..,ngt1,ng— L,ng_1,...,n0).
The osculating U-subspace S(()U)F at Py is spanned by the base points Fy, P, ..., Py so that

ST v NG = sFT.



Here the minimality of k is essential. By virtue of the collineation group G~ this property
carries over from Py = F¢y to all points of I'. Therefore, for our specific choice of k, the
following holds true:

A k-dimensional subspace through N®T" is an osculating subspace of T if, and only if, it
contains an osculating U-subspace of T'.

In particular, for n = p = 2 and k = 1 this is well known. Here U = 0 and a characterization
of the tangents of a conic I' among the lines through the nucleus AT is obtained. Cf. also
[8, Satz 2].

REMARK 5 Let #F > k. If N®)T consists of one point only, then necessarily ®(i,n) = 1
for some ¢ € NT. Thus all factors in (2) are equal to 1 which is easily seen to be equivalent
to

n=2p' —2. (28)

Conversely, (28) implies b = n + 1 < p"! so that (i + 1,n) = 0 by (5). Hence, ®(i,n) =
Y(i,n) = 1, as required. Thus (28) implies that there is a point off the NRC which is fixed
by all collineations of the group G"~Y. This point is the base point P,_;. Cf. also [14] and
3, 49-50].
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