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Encounters with Helmut Karzel

This talk is a token of gratitude for the influence of

on my scientific work.

However, | am unable to express myself properly in a foreign

language when speaking about non-mathematical topics.

These slides contain abridged and simplified translations of my

presentation, which is delivered in German throughout.
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Seminar on Geometry

FINITE PROJECTIVE PLANES

Seminar Report Winter Term 1975

Joint seminar of Walter Wunderlich and
Heinrich Brauner, Institute of Geometry,
Vienna University of Technology.



One section of my seminar talk was about cyclic projective

planes, a topic that goes back to James Singer [23] and
Marshall Hall jr. [5].

Let me go on by presenting an example from my seminar talk,

because it will pave the way to the work of Helmut Karzel.
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A cyclic projective plane of order three

Yol

The points of this projective
plane are the 13 elements of
the cyclic group

FO\ | (Z13, +),

: N the lines are the 13 translates

2 of the difference set
® D:={0,2,5,6},
that is, lines are the sets
D+ x with x € Z13.

\_/" | learned about building “disk models”
i of finite cyclic projective planes from

, who had supported me
in preparing my seminar talk.

TR




Literatur:

1. D. R, Hughes - ', C. Piper: Projective Planes; Graduate
Texts in lMathematics VI, New York 1973: Springer Verlag.

2, G, Pickert: Projektive Tbenen; Lie Grundlehren der
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The name of Helmut Karzel cannot be found in the list of
references of my seminar paper [6].
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Page 27 of my seminar paper

5. Zum Abschluf zeigen wir folgende Aussage:

Satz 1.6.3: Jede endliche Desarguesebene ist eine zyklische
projektive Ebene.

Bemerkung: Man vermutet, dapB jede endliche zyklische Ebene
desarguessch ist. KARZEL hat 1964 gezeigt, daf jede un-
endliche zyklische Ebene notwendig eine Nichtdesargues-
ebene sein muf.

Remark: It is conjectured that any finite cyclic projective plane
is desarguesian. KARZEL established in 1964 that any infinite
cyclic projective plane is necessarily non-desarguesian.

This short remark in the textbook of and
[18] about Karzel’s paper [19], raised my keen
interest in the work of our jubilarian.



| asked Heinrich Brauner to be the advisor of my thesis in
Descriptive Geometry. My suggestion was to continue the
studies of my seminar talk with a focus on Karzel’s work about
group spaces and incidence groups, and related topics.

Brauner’s answer was affirmative, and | started to work.



There is one feature of Karzel’'s work that has fascinated me

ever since: It is the interplay of geometry and algebra. For

example, the theory of incidence groups links
@ incidence spaces,
@ collineations,
@ projective spaces,
@ groups,

@ near fields.



During my work | asked my advisor the following question:

Heinrich Brauner did not know an answer, and so he wrote a

letter to Helmut Karzel.
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June 1976: A reply from Munich

TECHNISCHE UNIVERSITAT MUNCHEN
INSTITUT FUR GEOMETRIE
PROFESSOR DR HELMUT KARZEL

wien/Usterreich

Tieber Herr 3raunerl

chtung der &rbeit wvon Horwn Sachs

Tiir die Beg

Journals of Geometry.

7

aur 2108 183 9

danke ich Ihnen

ademmenge transitiv operi

nickt des:

der

Fit herzlichen Griifen

Tk W ek

NzoEn 3.6.76

On the left hand side you can
see Karzel’s reply:

I thought about your question in
the past. Our considerations so
far have shown that finding an
explicit example appears to be
an extremely intricate task . ..

| expressed my thanks to
in a letter dated
June 23, 1976.
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1978 to date

Even though | never made an explicit contribution to the theory
of incidence groups, this topic has played a prominent role in
numerous of my papers, some of these co-authored by

, , and

The story starts with an article on chain geometries [7] in the
year 1983, continues with a paper on orbits of collineation
groups [8], and leads us to ongoing work on Clifford parallelism
and its generalisations [9], [10], [12], [13], [14], [15].

The book of and ,
Geschichte der Geometrie seit Hilbert [21], summarises the
development of this topic up to the year 1988. See also the
thesis of [22].



Veronese varieties
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Oberwolfach 1986

Algebraische Geometrie:V m ) n rmrjl"} en Standpunkt

Front: Wefelscheid, Burau, Karzel.
Middle: Havlicek, Herzer, Sérensen, Windelberg.
Back: Timmermann, Kroll, Hotje, Schréder, Kist, Kreuzer.
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Oberwolfach 1986: A contribution by Karzel ...

Journal of Geometry 0047-2468/87/010086-16$1.50+0.20/0
Vol.28 (1987) ©1987 Birkhduser Verlag, Basel

UBER EINEN FUNDAMENTALSATZ DER SYNTHETISCHEN ALGEBRAISCHEN
GEOMETRIE VON W, BURAU UND H. TIMMERMANN

Werner Burau zum 80. Geburtstag gewidmet

Helmut Karzel

This article by [20] deals with problems that arise
in the study of Segre and Veronese varieties when the
characteristic of the ground field is different from zero.



Karzel’s paper from the previous slide together with related

work by Horst Timmermann [24], [25], [26] and Armin Herzer

[17] provided the incentive for the work of Johannes Gmainer,
Corrado Zanella, and myself ([1], [2], [3], [4], [11], [16]) in the

period of 1996 to 2003.



DISSERTATION

Rationale Normkurven in Rdumen
mit positiver Charakteristik

ausgefiilrt zum Zwecke der Erlangung des akademischen Grades
eines Doktors der technischen Wissenschaften nter der Leitung von

Ao.Univ.Prof. Mag. Dr. Hans HAVLICEK
E113

Institut fiir Geometrie

cingercicht an der Technischen Universitit Wien
Technisch-Naturwissenschaftliche Fakultiit

von
DL Johannes GMAINER

Matr.: 9125153
Hauptstrafie 71, 2454 Sarasdor!

‘Wien, im Jinner 1999

THESIS

Normal rational curves in spaces
with positive characteristic

A normal rational curve is the image of a
projective line over a field F under a
Veronese embedding.
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Geometry vs. number theory

A main outcome of Gmainer’s work [1] is as follows:

If the ground field F has characteristic p > 0 and |F]| is
sufficiently large then the geometric properties of normal
rational curves are intimately related with Pascal’s triangle
modulo p or, in other words, the triangular array of binomial

coefficients (}) modulo p.

The pictures on the next pages have been taken from the thesis of



Residue classes are encoded by colours:

=0,red =1.

white
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Pascal’s triangle modulo 3, 0 < n < 27

Residue classes are encoded by colours:
white = 0, red = 1, blue = 2.
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Pascal’s triangle modulo 7,0 < n <7

Residue classes are encoded by colours:

white = 0, red = 1, blue = 2, green = 3, magenta =4, yellow = 5, black = 6.
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Pascal’s triangle modulo 7, 0 < n < 49

Residue classes are encoded by colours:

white = 0, red = 1, blue = 2, green = 3, magenta =4, yellow = 5, black = 6.
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Pascal’s triangle modulo 7, 0 < n < 98

Residue classes are encoded by colours:

white = 0, red = 1, blue = 2, green = 3, magenta =4, yellow = 5, black = 6.



Teaching



An excellent textbook

During the 1990s, | repeatedly
gave lectures on

Foundations of Geometry,

and | based them on this book:
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