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Symplectic Plücker Transformations 
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Hans VOGLER 

on the occasion of his 60th birthday 

(1' ,.f, rr) symplectic space (3 ~ dim(7J ,.f) ~ oo) with absolute 

quasipolarity TL 

a,b e .f a , a.l 

a J. b :<==:> a f'\ bn :,; 0 (orthogonal lines) b bft' 

a~b : <==> (a .l b and a f'\ b * 0) or (a = b) (related lines) 

a .l a (isotropic_ line) <==> a c an ( totally isotropic line) 

PrSp(1',rr) ... group of collineations commuting with Tr. 



C.f,~) ..• Plilcker space (W. Benz) 

<p : 1., ➔ 1., bijective, preserving ~ in both directions 

(Plücker transformation). 

We say that . <p is induced by a mapping K : cp ➔ cp, if 

(A v B)"' = Aic v BK for all A,B e 'P with A * B. 

A B 

Exam le 1. Each K e ___ .......;;;.... __ is inducing a Plücker trans-

formation. 

Example 2. Let dim(CJ),1.,) = 3. For each duality -r with -rlt - lt't' 

the restriction -r 11., : 1., ➔ 1., is a Plücker transformation. 

Example 3. Let dim('P,i) = 3 . and let 1-2 c 1., be any subset of 

non-isotropic lines such that i2n . = i2: Define 

(partial lt-transformation with respect to iz}. 

:a, 



Theorem 1. Let (1',f, n) be a 3-dimensional symplectic space 

and let ß : f ➔ f be a bijection such that 
. 

a ~ b implies aß ~ bß f or · aH a,b e f. 

Then there exists a partial n-transformation o: f ➔ f such 

that oß is induced by a collineation K e PfSp(1',n). 

Theorem 2. Let (1',f,n) be an n-dimensional symplectic space 

(5 :c:: n :c:: oo~ and let ß : f ➔ !f. be a bi j ection such that 

a ~ b implies aß ~ bß for aH a,b e f. 

Then ß is induced by a collineation K e PfSp(1',nl. 



=> A 

Lemma 1. If Q e CJJ, then all isotropic lines through Q are 

given by 

Let a e f be non-isotropic. The set of isotropic lines 

intersecting the line a equals the set of all lines inter

secting both a and an. 

Lemma 2. Distinct lines a,b E f with a "b * 0 are related 

if, and only if, a or b is isotropic. 

Lemma 3. Let M be a set of mutually related lines. Then at 

most one line of M is non-isotropic. 



I. I. There exists an injective mapping K: 'P ➔ cp with 

J[Q]ß = J[QK] f or all Q e 'P. 

Moreover, fi. is a Plücker transf ormation, since the set of 
-1 

isotro pic l ines is invariant under ß and ß . 

1.2. Let a e !f. Then af3rc = anf3 and 
a, 

lf a e !f is non-isotropic, then either 

QK e aß for all Q e a (lines of 1st kind ... f1) 

or 

QK e arcß f or all Q e a (lines of 2nd kind . .. !fz). 

1.3. The map ping 

w { X H X if X E !f,!f2, o:!f ➔ .L 
, X H Xrc if X E f 2, 

is a partial n-transf ormation. The Plücker tran~f ormation oß. 

takes intersecting lines to intersecting lines. 

1.4. K e PfSp(CJJ, n). The Plücker transf ormation oß is induced 

by this collineation K. 



Be.w.: 

3e: e4' ~[Q] 

-y XP-, "''IP-> V X~ y~ € ~ [Q] ~ 
i~ 'J[Ql r., 3 hAc.ksl-e.1.ts 
ei \A e. ~, c\a isohof e. 9efetcle 
Cr., . 

Q'1't 

=;> Q.~IV b~ q_~ b"'€-J I a.1'>::\: br., 
Q' : = a.r.,n bP., 

\ Y\.CL: 3 d. ~ ~ [ Q] ~ \ + d."' € ~ [ Q. 
1 

] 

~ c p., 

' 

1 

~ =1 ep, : e"' ,..,_, 'J[Q]~ 

un M6g l,Ö\ we~e"'- di'M = 3 

~[Q]r.,c ~[Q'] , d -h. ~c ,~cl.: 3 c.e'l[Q], c. ~~[Q'] 



2.1. The bijection ß takes intersecting l ines to intersect

ing lines. There exists an injective mapping K : 'P ➔ 'P 

inducing ß. This K i,s preserving . collinearity and non

collinearity of points. Moreover 

.<e[Q]ß = .<e[QK] f or all Q e 'P. 

2.2. The bijection ß is a Plücker transf ormation, since the 

set of isotropic lines is invariant under ß and ß- 1
. 

2.3. K e PrSp('P, rr ). 
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