


DISCRETE RIEMANN SURFACE (Σ,Λ)

w+ w−
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Λ strongly regular finite bipartite
quad-graph on closed polyhedral
surface Σ (Riemann surface!)

w−
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discrete complex structure

ρQ := −i
zQ(w+)− zQ(w−)

zQ(b+)− zQ(b−)

X medial graph of Λ ∼= 3∗
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DISCRETE DERIVATIVES

Q

PQ

∂Λf (Q) =
−1

2iar(FQ)

∮
PQ

fdz̄,

∂̄Λf (Q) =
1

2iar(FQ)

∮
PQ

fdz.

v
Pv

∂3h(v) :=
−1

2iar(Fv )

∮
Pv

hdz̄,

∂̄3h(v) :=
1

2iar(Fv )

∮
Pv

hdz.

Definition: ar(F ) := 2area(F ) for F ∈ F (X ).
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−1

2iar(Fv )

∮
Pv

hdz̄,

∂̄3h(v) :=
1

2iar(Fv )

∮
Pv

hdz.

ω of type 3 if ω = pdz + qdz̄ for p,q : V (3) → C
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DISCRETE EXTERIOR CALCULUS

Let f : V (Λ) → C, ω = pdz + qdz̄ discrete one-form. Discrete exterior derivatives are
defined by:

df := ∂Λfdz + ∂̄Λfdz̄;dω|Fv :=
(
∂3q − ∂̄3p

)
ΩΛ,dω|FQ :=

(
∂Λq − ∂̄Λp

)
Ω3

w+

w−

b− b+
Q

e
e∗FQ

v
Qs

Fv
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(
∂Λq − ∂̄Λp

)
Ω3

w+

w−

b− b+
Q

e
e∗FQ

v
Qs

Fv

Stokes’ theorem:
∫

e df = f (w+)+f (b+)
2 − f (w+)+f (b−)

2 and
∫∫

F dω =
∫
∂F ω.
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CANONICAL HOMOLOGY BASIS AND FUNDAMENTAL 4g-GON

Canonical homology basis {a1,b1, . . . ,ag ,bg} defined by ai ◦ bj = δij , ai ◦ aj = 0 = bi ◦ bj .

Dual canonical basis of (smooth) holomorphic differentials {ω1, . . . , ωg} defined by∫
ai
ωj = δij .
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DISCRETE PERIODS

Cycles P on X , BP on Γ, and WP on Γ∗

Black and white periods of closed discrete one-form ω satisfy

AB
k + AW

k = 2
∫

Bαk

ω + 2
∫

Wαk

ω = 2
∮
αk

ω = 2Ak and BB
k + BW

k = 2Bk .
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DISCRETE PERIOD MATRICES

ωB
k discrete holomorphic differential with black aj -period δjk and white a-periods 0.

ΠB,B
jk := 2

∫
Bbj

ωB
k ; ΠW ,B

jk := 2
∫

Wbj

ωB
k .

Similarly,

ΠB,W
jk := 2

∫
Bbj

ωW
k ; ΠW ,W

jk := 2
∫

Wbj

ωW
k .

For ωk := ωB
k + ωW

k define discrete period matrix Πjk :=
∮

bj
ωk .

THEOREM

Π = (ΠB,W +ΠB,B +ΠW ,W +ΠW ,B)/2 and Π̃ :=

(
ΠB,W ΠB,B

ΠW ,W ΠW ,B

)
are symmetric and their

imaginary parts are positive definite.
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CONVERGENCE OF DISCRETE DIRICHLET ENERGY

U :=
∫
Re(Ω) and u :=

∫
Re(ω) multi-valued (discrete) harmonic functions.

f ,g multivalued: a(f ,g) := ⟨df ,dg⟩ =
∑

Q∈F (Λ)

∫
Q ∇Qf · ∇Qg

Second Lemma of Strang:

∥U − u∥ ≤ 2 inf
v∈SP

∥U − v∥+ sup
f∈S0

|a(U, f )|
∥f∥
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Second Lemma of Strang:

∥U − u∥ ≤ 2 inf
v∈SP

∥U − v∥+ sup
f∈S0

|a(U, f )|
∥f∥

inf
v∈SP

∥U − v∥ approximation error : gradient approximation of restriction v of U to V (Λ)
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∫
Re(Ω) and u :=

∫
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∥U − u∥ ≤ 2 inf
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∥U − v∥+ sup
f∈S0

|a(U, f )|
∥f∥

inf
v∈SP

∥U − v∥ approximation error : gradient approximation of restriction v of U to V (Λ)

sup
f∈S0

|a(U,f )|
∥f∥ consistency error : use method of nonconforming Crouzeix-Raviart elements
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CONVERGENCE OF DISCRETE DIRICHLET ENERGY

U :=
∫
Re(Ω) and u :=

∫
Re(ω) multi-valued (discrete) harmonic functions.

f ,g multivalued: a(f ,g) := ⟨df ,dg⟩ =
∑

Q∈F (Λ)

∫
Q ∇Qf · ∇Qg

Second Lemma of Strang:

∥U − u∥ ≤ 2 inf
v∈SP

∥U − v∥+ sup
f∈S0

|a(U, f )|
∥f∥

∣∣∣∥U∥2 − ∥u∥2
∣∣∣ ≤ Const(P,Σ, ϕ)


h if γΣ > 1/2,
h |log h| if γΣ = 1/2,
h2γΣ if γΣ < 1/2,

if maximum edge length h ≤ const(Σ). γΣ smallest (conical) singularity index.
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CONVERGENCE OF DISCRETE PERIOD MATRICES

LEMMA

M :=

(
A B

BT C

)
symmetric positive definite matrix with g × g-blocks A = AT ,B,C = CT .

Let L :=
(
1g 1g

)
.

Then, LMLT − 4
(
LM−1LT )−1 is positive semidefinite. Moreover, if this matrix approaches

zero and M remains bounded, then A − C and B − BT also approach zero.
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REAL RIEMANN SURFACES (Σ, τ)

0 ≤ k ≤ g + 1 real ovals; dividing or non-dividing.
(Σ, τ) dividing: k ≡ g + 1 mod 2.

Π = iT +
1
2

H

T real positive definite, H ∈ Zg×g
2 .

k ̸= 0: rank(H) = g + 1 − k and
diag(H) = δnon-dividing.

k = 0: diag(H) = 0 and
rank(H) = 2⌊g

2⌋.
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DISCRETE REAL RIEMANN SURFACES
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DISCRETE REAL RIEMANN SURFACES

τ(ρQ) = ρτ(Q) if colors stay, τ(ρQ) = ρτ(Q)
−1 if colors switch.
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DISCRETE REAL RIEMANN SURFACES

Π̃ =

(
iΠ1 iΠ2 +

1
2H

iΠT
2 + 1

2H iΠ3

)
if colors stay; else if colors switch: ΠB,B + Π̄W ,W = H and ΠB,W + Π̄W ,B = 0
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