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DISCRETE RIEMANN SURFACE (X, A\)

A strongly regular finite bipartite
quad-graph on closed polyhedral
surface ¥ (Riemann surface!)
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DISCRETE DERIVATIVES

Definition: ar(F) := 2area(F) for F € F(X).
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DISCRETE DERIVATIVES

w of type ¢ if w = pdz+ qdz forp,q: V(¢) — C
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DISCRETE EXTERIOR CALCULUS
Let f: V(A) — C, w = pdz + gdZz discrete one-form. Discrete exterior derivatives are
defined by:

df := opfdz + 5/\de; dw|,:v = (8<>q — c’_9<>p) Q/\, dw|Fo = (8/\q — 5/\[)) Qo
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DISCRETE EXTERIOR CALCULUS

Let f: V(A) — C, w = pdz + gdZz discrete one-form. Discrete exterior derivatives are
defined by:

df := O\fdz + (_9,\fd2, dw|,:v = (6<>q — éop) Qa, dw|,:o = (8/\(] — 5/\[)) Qo

e
pa

w—
Stokes’ theorem: [, df = [l T(Be) _ HW)AHbo) ang ff d = [, w.
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CANONICAL HOMOLOGY BASIS AND FUNDAMENTAL 4g—GON

Canonical homology basis {ay, by,. .., ay, by} defined by a; o b; = §;, ajo 8 =0 = bj o by;.

Felix Glinther (MCAA) Convergence and Symmetry of Discrete Period Matrices 3 September 2024 5/12



CANONICAL HOMOLOGY BASIS AND FUNDAMENTAL 4g—GON

Canonical homology basis {ay, by,. .., ay, by} defined by a; o b; = §;, ajo 8 =0 = bj o by;.
Dual canonical basis of (smooth) holomorphic differentials {ws,...,wy} defined by
fai wj = 5’]
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DISCRETE PERIODS

- - - ---»

Cycles Pon X, BPonT,and WPonT*
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DISCRETE PERIODS

Cycles Pon X, BPonT,and WPonT*

Black and white periods of closed discrete one-form w satisfy

AE+A,ZV:2/w+2/w:2?{w:2Ak and Bf +BY = 2B.
Bay Way Qg
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DISCRETE PERIOD MATRICES

wg discrete holomorphic differential with black aj-period 6 and white a-periods 0.

BB ._ B, w.aB _ B
Bb; Wh,

]
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wg discrete holomorphic differential with black aj-period 6 and white a-periods 0.
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DISCRETE PERIOD MATRICES
wg discrete holomorphic differential with black aj-period 6 and white a-periods 0.
BB ._ . WB . _
njk = / wf, njk .—2/ wE.
Bb; Wy

Similarly,
BwW . _ w. ww  _ w
[1jk = :2()/‘ UJk ’ r1jk = ;2 UJk .
Bb; Wy

For wy == wy + wy" define discrete period matrix My = §, wk.
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DISCRETE PERIOD MATRICES
wg discrete holomorphic differential with black aj-period 6 and white a-periods 0.
BB ._ . WB . _
njk .—2/ wE, njk .—2/ wE.
Bb; Wy

Similarly,

BwW  _ w. ww . _ w
BY, Wb
For wy == wy + wy" define discrete period matrix My = §, wk.
THEOREM

_ BW BB
N=N&YW N8B nWW . nW.B)/2 and N := (nnW,W nnW,B> are symmetric and their

imaginary parts are positive definite.
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CONVERGENCE OF DISCRETE DIRICHLET ENERGY

U:= [Re(Q2) and u := | Re(w) multi-valued (discrete) harmonic functions.
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U:= [Re(Q2) and u := | Re(w) multi-valued (discrete) harmonic functions.

f, g multivalued: a(f, g) := (df, dg) = > qcrn) Jo Vaf - Vag
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CONVERGENCE OF DISCRETE DIRICHLET ENERGY

U:= [Re(Q2) and u := | Re(w) multi-valued (discrete) harmonic functions.

f, g multivalued: a(f, g) := (df, dg) = >-qcr(n fo Vaof -Vag

Second Lemma of Strang:

lU—-ul| <2 |nf HU—VH—i—sup
feSo ||fH
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CONVERGENCE OF DISCRETE DIRICHLET ENERGY

= [Re(Q2) and u := [ Re(w) multi-valued (discrete) harmonic functions.

f,g multivalued: a(f, g) := (df, dg) = >-qcr(n fo Vaof -Vag

Second Lemma of Strang:

lU—-u|| <2 |nf |U— v + sup
feSo ||fH

in; ||U — v|| approximation error: gradient approximation of restriction v of U to V(A)
veop
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CONVERGENCE OF DISCRETE DIRICHLET ENERGY

U := [Re(Q) and u := [ Re(w) multi-valued (discrete) harmonic functions.
f,g multivalued: a(f, g) := (df,dg) = 3" qcr(n) Jo Vaf - Vag
Second Lemma of Strang:

a(U, f)]

|U—u|| <2 inf ||[U— V| + sup
veSp feSy HfH

in; ||U — v|| approximation error: gradient approximation of restriction v of U to V(A)
veop

'a(”ij"‘f ) consistency error: use method of nonconforming Crouzeix-Raviart elements

sup
feSy
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CONVERGENCE OF DISCRETE DIRICHLET ENERGY

U := [ Re(Q2) and u := [ Re(w) multi-valued (discrete) harmonic functions.

f,g multivalued: a(f, g) := (df,dg) = 3" qcrn) Jo Vaf - Vag

Second Lemma of Strang:

U=l <2 jnf U= v]+ sup S lalu. n)|
res, Il
h it 7y > 1/2,
IUI® — [|u]l| < Const(P, %, )} hllogh| ifs =1/2,
h? if vx < 1/2,

if maximum edge length h < const(X). vz smallest (conical) singularity index.
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CONVERGENCE OF DISCRETE PERIOD MATRICES

LEMMA
M= ( ;\T g) symmetric positive definite matrix with g x g-blocks A= AT, B,C = CT.

Then, LMLT — 4 (LM~'LT) ~' s positive semidefinite. Moreover, if this matrix approaches
zero and M remains bounded, then A— C and B — BT also approach zero.

v
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REAL RIEMANN SURFACES (X, 7)

0 < k < g+ 1 real ovals; dividing or non-dividing.
(X, 7)dividing: k=g +1 mod 2.
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REAL RIEMANN SURFACES (X, 7)

) 1

T real positive definite, H € Z3*9.
k #0:rank(H) =g+ 1—k and
diag(H) = dnon-dividing-

NS k = 0: diag(H) = 0 and
rank(H) =2 §].

0 < k < g+ 1 real ovals; dividing or non-dividing.
(X, 7)dividing: k=g +1 mod 2.
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DISCRETE REAL RIEMANN SURFACES
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DISCRETE REAL RIEMANN SURFACES

7(pa) = Pr(q) if colors stay, 7(pq) = pr(q " if colors switch.
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DISCRETE REAL RIEMANN SURFACES

Ao M N2+ gH
S \nJ+3H  ing

if colors stay; else if colors switch: 88 + MWW — Hand NBW + AW.B = 0
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