
> restart:with(LinearAlgebra):

> 

> # General sphere condition

> Lambda:=-R^2*e0^2+b^2*e0^2+c^2*e0^2+A^2*e0^2+B^2*e0^2+C^2*e0^2+a

^2*e0^2-R^2*e1^2+b^2*e1^2+c^2*e1^2+A^2*e1^2+B^2*e1^2+C^2*e1^2+a^

2*e1^2-R^2*e2^2+b^2*e2^2+c^2*e2^2+A^2*e2^2+B^2*e2^2+C^2*e2^2+a^2

*e2^2-R^2*e3^2+a^2*e3^2+b^2*e3^2+c^2*e3^2+A^2*e3^2+B^2*e3^2+C^2*

e3^2+4*A*f0*e1+4*C*f1*e2-2*A*a*e0^2+2*A*a*e3^2-4*c*e3*f0-4*b*e3*

f1+4*a*e3*f2+4*a*e0*f1+4*c*e0*f3+4*A*f2*e3-4*A*f1*e0-4*C*f2*e1+4

*b*e0*f2-2*C*c*e0^2+2*C*c*e2^2+4*C*f0*e3-4*b*e2*f0-4*a*e2*f3+2*C

*c*e1^2+4*B*f3*e1-2*B*b*e2^2-4*B*f1*e3+4*B*f0*e2-4*c*e1*f2-2*A*a

*e1^2-4*A*f3*e2+2*B*b*e3^2-4*B*f2*e0-2*B*b*e0^2-4*a*e1*f0-2*C*c*

e3^2-4*C*f3*e0+4*c*e2*f1+2*B*b*e1^2+4*b*e1*f3+2*A*a*e2^2-4*A*c*e

0*e2+4*C*a*e0*e2-4*B*a*e1*e2-4*A*b*e1*e2-4*C*b*e2*e3-4*B*a*e0*e3

+4*A*b*e0*e3-4*A*c*e1*e3-4*C*a*e1*e3-4*B*c*e2*e3+4*B*c*e0*e1-4*C

*b*e0*e1+4*f1^2+4*f0^2+4*f3^2+4*f2^2:

> 

> # Coordinates of base anchor points

> A1:=0:B1:=0:C1:=0:

> A2:=0:B2:=1:C2:=0:

> A3:=0:B3:=-1:C3:=0:

> A4:=1:B4:=0:C4:=0:

> A5:=1:B5:=B:C5:=0:

> 

> # Coordinates of platform anchor points

> a1:=0:b1:=0:c1:=0:

> a2:=0:b2:=b2:c2:=0:

> a3:=0:b3:=b3:c3:=0:

> a4:=a:b4:=b4:c4:=0:

> a5:=a:b5:=b5:c5:=0:

> 

> # Set of equations

> Lambda1:=factor(subs(a=a1,b=b1,c=c1,A=A1,B=B1,C=C1,R=R1,Lambda))

:

> Lambda2:=factor(subs(a=a2,b=b2,c=c2,A=A2,B=B2,C=C2,R=R2,Lambda))

:

> Lambda3:=factor(subs(a=a3,b=b3,c=c3,A=A3,B=B3,C=C3,R=R3,Lambda))

:

> Lambda4:=factor(subs(a=a4,b=b4,c=c4,A=A4,B=B4,C=C4,R=R4,Lambda))

:

> Lambda5:=factor(subs(a=a5,b=b5,c=c5,A=A5,B=B5,C=C5,R=R5,Lambda))

:

> N:=e0^2+e1^2+e2^2+e3^2:

> Phi:=e0*f0+e1*f1+e2*f2+e3*f3:

> 

> Delta21:=Lambda2-Lambda1:



> Delta31:=Lambda3-Lambda1:

> Delta41:=Lambda4-Lambda1:

> Delta51:=Lambda5-Lambda1:

> 

> # Elimination of f0,f1,f2,f3

> solve({Phi,Delta21,Delta41,Delta51},{f0,f1,f2,f3}):

> assign(%);

> G1:=numer(simplify(Lambda1)):nops(%);degree(G1,{e0,e1,e2,e3});

66139

8
> G3:=numer(simplify(Delta31)):nops(%);degree(G3,{e0,e1,e2,e3});

160

2
> H3:=factor(resultant(G3,N,e0)):nops(%);

170
> H1:=factor(resultant(G1,N,e0))/4096:nops(%);

2
> K:=op(1,H1):nops(%);

380
> # Substitution of e3^2 by e3_ in K and H3 which yields H3_ and 

K_

> H3_:=coeff(H3,e3,4)*e3_^2+coeff(H3,e3,2)*e3_+coeff(H3,e3,0):

> K_:=coeff(K,e3,8)*e3_^4+coeff(K,e3,6)*e3_^3+coeff(K,e3,4)*e3_^2+

coeff(K,e3,2)*e3_+coeff(K,e3,0):

> 

> L:=simplify(resultant(H3_,K_,e3_)):nops(%);

167161
> UV:=factor(simplify(L/(-1048576)/e1^4/e2^4/a^2/B/(b4-b5)/((B*b2+

b4-b5)^2))):nops(%);

2

> U:=op(1,UV):nops(%);

497
> V:=op(2,UV):nops(%);

5030

> 

> # We show that V is a pseudo solution by the following example:

> a:=2:b2:=5:b3:=3:b4:=7:b5:=11:

> R1:=13:R2:=17:R3:=19:R4:=23:R5:=29:

> 

> G13:=simplify(resultant(simplify(G1),simplify(G3),e0)):

> 

> # Substitution of e3^2 by e3_ in G13 yields G13_

> G13_:=coeff(G13,e3,16)*e3_^8+coeff(G13,e3,14)*e3_^7+

coeff(G13,e3,12)*e3_^6+coeff(G13,e3,10)*e3_^5+

coeff(G13,e3,8)*e3_^4+coeff(G13,e3,6)*e3_^3+

coeff(G13,e3,4)*e3_^2+coeff(G13,e3,2)*e3_+coeff(G13,e3,0):



> gcd(resultant(G13_,simplify(K_),e3_),

resultant(G13_,simplify(H3_),e3_));
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> factor(V);
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> a:='a':b2:='b2':b3:='b3':b4:='b4':b5:='b5':

> R1:='R1':R2:='R2':R3:='R3':R4:='R4':R5:='R5':

> 

> # Therefore U=0 has to hold:

> 

> U40:=factor(coeff(coeff(U,e1,4),e2,0)):

> U31:=factor(coeff(coeff(U,e1,3),e2,1)):

> U22:=factor(coeff(coeff(U,e1,2),e2,2)):

> U13:=factor(coeff(coeff(U,e1,1),e2,3)):

> U04:=factor(coeff(coeff(U,e1,0),e2,4)):

> 

> simplify(U40-U04);

0
> simplify(U31+U13);

0
> W1:=simplify(U40/((b2+b3)^2)):nops(%);

44
> W2:=simplify(U31/((b2+b3))):nops(%);

81
> W3:=U22:nops(%);



125
> # Discussing b2=-b3

> b3:=-b2:

> factor(simplify(W3));

−64 b2
5

( ) +  − B b2 b4 b5
2

> b3:='b3':

> 

> # Therefore W1=W2=W3=0 has to hold, which is discussed next:

> 

> E1:=simplify(resultant(W2,W3,b5)):

> E2:=simplify(resultant(W1,W3,b5)):

> E3:=simplify(resultant(W1,W2,b5)):

> 

> GCD:=factor(gcd(gcd(E1,E2),E3));
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> T:=a^2*b2^2+a^2*b3^2-2*a*b2^2*b3+2*a*b2*b3^2+2*b2^2*b3^2-2*b2^2*

b3*b4+b2^2*b4^2-2*b2*b3^2*b4+b3^2*b4^2;
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> # Disussion of the GCD

> 

> # Item 1

> b2:=0:

> factor(W1);
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2
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> 

> # (a)

> b5:=-a:

> factor(W2);
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3
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> b4:=solve(B*a+a+b4,b4);

−  − B a a
> factor(W3);
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> solve(B^2+2*B+2,B);

,−  + 1 I −  − 1 I
> b4:='b4':b5:='b5':

> 

> # (b)

> b4:=solve(B*a+a+b4,b4);

−  − B a a
> factor(W2);
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> b4:='b4':b2:='b2':

> 

> # Item 2

> # Case b3=0

> b3:=0:

> factor(W1);
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> # (a)

> b5:=a:

> factor(W2);
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> b4:=solve(B*a-a+b4,b4);

−  + B a a
> factor(W3);
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> solve(B^2-2*B+2,B);

, + 1 I  − 1 I
> b4:='b4':b5:='b5':

> 

> # (b)

> b4:=solve(B*a-a+b4,b4);

−  + B a a
> factor(W2);
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> b4:='b4':b2:='b2':

> 

> # Case b3=b2

> b3:=b2:

> factor(W1);

4 B b2
2
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> 

> # (a)

> b5:=b2:

> factor(W2);
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3
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> b4:=solve(B*a-b2+b4,b4);

−  + B a b2
> factor(W3);
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> solve(B^2+1,B);

,I −I

> b4:='b4':b5:='b5':



> 

> # (b)

> b4:=solve(B*a-b2+b4,b4);

−  + B a b2
> factor(W2);
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> b4:='b4':b3:='b3':

> 

> # Item 3

> Sol_a:=solve(T,a);
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> 

> # (a) Discussion of the first branch of a

> a:=Sol_a[1]:

> b4:=solve(coeff(numer(a),I,1),b4);
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> factor(gcd(gcd(numer(simplify(W1)),numer(simplify(W2))),

numer(simplify(W1)))):

> J:=simplify(%/b2/b3/(b2-b3)):nops(%);

45
> Sol_b5:=solve(J,b5):

> 

> # (i) Discussion of the first branch of b5

> b5:=Sol_b5[1];
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> solve(coeff(numer(b5),I,1),B);

,0
2 ( ) − b2 b3

 + b2 b3
> B:=(2*(b2-b3))/(b2+b3):

> factor(simplify(H3_));
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> # The two possibilites e1=0 or e2=0 imply the same condition

> e1:=0:

> factor(K_);
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> e1:='e1':

> e2:=0:

> factor(K_);
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> e2:='e2':

> solve(b2^2-b2*b3+2*b3^2,b3);
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> B:='B':b5:='b5':

> 

> # (ii) Discussion of the second branch of b5

> b5:=Sol_b5[2];
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> solve(coeff(numer(b5),I,1),B);
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> B:=(2*(b2-b3))/(b2+b3):

> factor(simplify(H3_));
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> e1:=0:

> factor(K_);
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> e1:='e1':

> e2:=0:

> factor(K_);
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> e2:='e2':

> B:='B':b5:='b5':a:='a':b4:='b4':

> 

> # (b) Discussion of the second branch of a

> a:=Sol_a[2]:

> b4:=solve(coeff(numer(a),I,1),b4);
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> factor(gcd(gcd(numer(simplify(W1)),numer(simplify(W2))),numer(si

mplify(W1)))):

> J:=simplify(%/b2/b3/(b2-b3)):nops(%);

45

> Sol_b5:=solve(J,b5):

> 

> # (i) Discussion of the first branch of b5

> b5:=Sol_b5[1];
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> solve(coeff(numer(b5),I,1),B);
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> B:=(2*(b2-b3))/(b2+b3):

> factor(simplify(H3_));
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> e1:=0:

> factor(K_);
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> e2:=0:

> factor(K_);
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4

> e2:='e2':

> B:='B':b5:='b5':

> 

> # (ii) Discussion of the second branch of b5

> b5:=Sol_b5[2];

( )2 I B b2
3

2 I B b2
2

b3 ( )I B
2

b3
3

( )2 I B b3
3

2 B
2

b2
3

2 B
2

b2
2

b3−  +  −  −  +  + (

2 B
2

b2 b3
2

2 B
2

b3
3

2 I B b2 b3
2

B
2

b2
2

b3 I ( )I B
2

b2 b3
2

B
2

b2
3

I 2 B b2
3

 +  +  +  +  −  +  − 

2 B b2
2

b3 2 B b2 b3
2

2 B b3
3

2 b2
3

2 b2
2

b3 2 b2 b3
2

2 b3
3

 +  −  +  +  +  +  + ) b3 b2 (

( ) +  +  −  +  +  + B
2

b2
2

2 B
2

b2 b3 B
2

b3
2

2 B b2
2

2 B b3
2

2 b2
2

2 b3
2

( ) + b2
2

b3
2

)
> solve(coeff(numer(b5),I,1),B);

,0
2 ( ) − b2 b3

 + b2 b3
> B:=(2*(b2-b3))/(b2+b3):

> factor(simplify(H3_));

256 ( ) − b2 b3
4

e2
2

e1
2

b2
2

b3
2

( ) + b2
2

b3
2

2

> e1:=0:

> factor(K_);

4 e3_
2

( ) −  + b2
2

b2 b3 2 b3
2

2

( ) − b2 b3
4

e2
4

b2
4

b3
2

( ) + b2 b3
2

( ) + b3 I b2
4

( ) − b3 I b2
4

> e1:='e1':

> e2:=0:

> factor(K_);

4 ( ) + e1
2

e3_

2

( ) −  + b2
2

b2 b3 2 b3
2

2

( ) − b2 b3
4

b2
4

b3
2

e1
4

( ) + b2 b3
2

( ) + b3 I b2
4

( ) − b3 I b2
4

> e2:='e2':

> B:='B':b5:='b5':a:='a':b4:='b4':

> # This closes Item 3

> 

> # Therefore we can assume GCD different from zero

> E1_star:=numer(factor(simplify(E1/(GCD^1)))):nops(%);

464

> E2_star:=numer(factor(simplify(E2/(GCD^1)))):nops(%);

271
> E3_star:=numer(factor(simplify(E3/(GCD^1)))):nops(%);



3
> 

> D1:=factor(resultant(E2_star,E3_star,B)):

> D2:=factor(resultant(E1_star,E3_star,B)):

> D3:=factor(resultant(E1_star,E2_star,B)):

> 

> gcd(gcd(D1,D2),D3);

32768 a b2 b3 ( ) − b2 b3 ( ) + b2 b3
20

a
2

b2
2

a
2

b3
2

2 a b2
2

b3 2 a b2 b3
2

2 b2
2

b3
2

 +  −  +  + (

2 b2
2

b3 b4 b2
2

b4
2

2 b2 b3
2

b4 b3
2

b4
2

 −  +  −  + )
> GCD;

16 ( ) − b2 b3 ( ) + b2 b3
2

a
2

b2
2

a
2

b3
2

2 a b2
2

b3 2 a b2 b3
2

2 b2
2

b3
2

 +  −  +  + (

2 b2
2

b3 b4 b2
2

b4
2

2 b2 b3
2

b4 b3
2

b4
2

 −  +  −  + ) B
4

a b2 b3

> # This finishes the discussion of the general case.

> 


