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Types of self-motions of planar Stewart Gough platforms
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Abstract We show that the self-motions of general
planar Stewart Gough platforms can be characterized
in the complex extension of the Euclidean 3-space by
the movement of three platform points in planes or-
thogonal to the planar base (3-point Darboux motion)
and a simultaneous sliding of three planes orthogonal
to the planar platform through points of the base (3-
plane Mannheim motion). Based on this consideration,
we prove that all one-parametric self-motions of a gen-
eral planar Stewart Gough platform can be classified
into two types (type I DM and type IT DM, where DM
abbreviates Darboux Mannheim). We also succeed in
presenting a set of 24 equations yielding a type II DM
self-motion that can be computed explicitly and that is
of great simplicity seen in the context of self-motions.
These 24 conditions are the key for the complete clas-
sification of general planar Stewart Gough platforms
with type II DM self-motions, which is an important
step in solving the famous Borel Bricard problem.

Keywords Self-motion - Stewart Gough platform -
Borel Bricard problem - Darboux motion - Mannheim
motion

1 Introduction

A Stewart Gough (SG) platform is a parallel manipula-
tor consisting of a moving platform which is connected
via six Spherical-Prismatic-Spherical legs with the base.
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Therefore, the geometry of a SG platform with planar
platform and planar base (which is also known as planar
SG platform) is given by the six base anchor points M;
with coordinates M; := (4;, B;,0)T with respect to the
fixed system Yy and by the six platform anchor points
m; with coordinates m; := (a;, b;,0)7 with respect to
the moving system Y.

It is well known [1], that a SG platform is singular if
and only if the carrier lines of the prismatic legs belong
to a linear line complex, or analytically seen, if det(J) =
0 holds, where the i*" row of the 6 x 6 matrix J equals
the Pliicker coordinates 1, of the i*" carrier line.

If the geometry of the SG platform is given as well as
the six leg lengths R;, then the manipulator is in general
rigid in one of its 40 possible assembly modes. But, un-
der particular conditions, the manipulator can perform
an n-parametric motion (n > 0), which is called self-
motion. Clearly, in each pose of a self-motion the SG
platform is singular. Moreover, all self-motions of SG
manipulators are solutions to the famous Borel Bricard
problem [2-5]. This still unsolved problem was posed
1904 by the French Academy of Science for the Prix
Vaillant and reads as follows: ”Determine and study all
displacements of a rigid body in which distinct points of
the body move on spherical paths.”

Beside the historical and theoretical interest in the
solution of the Borel Bricard problem, there is also a
practical one in the context of SG platforms [4,6]. If
one is aware of all SG designs with self-motions, it is an
easy task to avoid such geometries in the design process.
For examples of designs without self-motions see [7].
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1.1 Review

It is already known, that manipulators, which are singu-
lar in every possible configuration, possess self-motions
in each pose. These manipulators are so-called archi-
tecturally singular SG platforms [8] and they are well
studied: For the characterization of architecturally sin-
gular planar SG platforms, we refer to [9-12]. For the
non-planar case, we refer to [13,14]. Therefore, we are
only interested in the computation of self-motions of
non-architecturally singular SG platforms. Until now,
only few self-motions of this type are known, as their
computation is a very complicated task.

To the best knowledge of the author, a complete
and detailed review on non-architecturally singular SG
platforms with self-motions was given in [7]. For the un-
derstanding of the following pages, it is enough to no-
tice, that Karger [15,16] presented a method for design-
ing planar SG platforms with self-motions of the type
ep = 0, where ey denotes an FEuler parameter. Karger’s
method is based on the study and classification of all
self-motions of the original SG platform (cf. [17]).

1.2 Related work and overview

A motion, where n points of a rigid body move in n
corresponding fixed planes, is called n-point Darboux
motion. In the third note of Darboux to the book of
Koenigs [18] the case n = 3 was extensively studied. The
inverse motion of the Darboux motion is the Mannheim
motion [19]. Therefore, a motion, where n planes of a
rigid body slide through n corresponding fixed points,
is called n-plane Mannheim motion.

Before we give an overview for the article at hand,
we repeat some results of Roschel and Mick [11], which
are of importance for our considerations: A planar SG
platform (where not all six base anchor points or all
six platform anchor points are collinear) is architec-
turally singular if and only if 7k(T) < 6 holds with
T = (p1,...,Pps) and where p; equals

(wiWi, wi X, w; Y, 2 Wi, 2 X, Ve, yiWi, i X, yi Vi) T

Note that (w; : x; : y;) and (W; : X; : Y;) are the ho-
mogeneous coordinates of the platform and base anchor
points, respectively, i.e.

Yi X; Y;

—, ==, A;=—, B;=—. 1
w; y Y w; ) 1 Wq, ’ 1 Wi ( )
Moreover, the criterion 7k(T) < 6 is invariant with re-
spect to (even different) non-singular collineations in
the platform and the base, respectively.

In Section 2, all the preparatory work is done for
identifying each self-motion of a general planar SG plat-
form as a 3-point Darboux motion and a simultane-
ous 3-plane Mannheim motion in the complex exten-
sion of the Euclidean 3-space. For the rest of this arti-
cle, these motions are called Darboux Mannheim self-
motions (DM self-motions). Moreover, in Section 3, we
distinguish between different types (type I, type II, . . .)
of one-parametric self-motions of SG platforms, which
are not architecturally singular, and compare the com-
putation of ordinary type II self-motions and type II
DM self-motions. In Section 3.3, we give the construc-
tion of non-architecturally singular planar SG platforms
with a type II DM self-motion. Moreover, in Section
4, we propose a clear classification scheme for all one-
parametric self-motions of general planar SG platforms.
Finally, in Section 5, we give a geometric interpretation
of a large set of already known type II DM self-motions.
In addition, all given results are demonstrated on the
basis of concrete examples. We close this article with
conclusions and an outlook on future research.

2 Preliminary considerations

A major role in the given study and classification of
self-motions of planar SG platforms play redundant SG
platforms, which were studied by Husty et al. [20] and
Mielczarek et al. [21]. It turned out, that if a planar
SG platform my,..., Mg is not architecturally singu-
lar, then at least a one-parametric set of legs exists,
which can be attached to the given manipulator with-
out changing the forward kinematics. The underlying
linear system of equations is given in Eq. (30) of [21].
As the solvability condition of this system is equivalent
with the criterion given in Eq. (12) of [22], also the sin-
gularity surface of the manipulator does not change by
adding legs of this one-parametric set.

Moreover, it was shown that in general!, the base
anchor points M; as well as the corresponding platform
anchor points m; are located on planar cubic curves C
and c. Note that these cubics can also split up.

Assumption 1 We assume for the rest of this article,
that such cubic curves ¢ and C (which can also be re-
ducible) exist in the Euclidean domain of the platform
and the base, respectively.

Now, we consider the complex projective extension
Pg of the Euclidean 3-space E? (cf. Eq. (1)). Note that
ideal points are characterized by w; = 0 and W; = 0,
respectively. Therefore, we denote in the remainder of

L Until now, a complete list of the special cases is missing.
For known non-trivial special cases see [7].
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this article the coordinates of anchor points, which are
ideal points, by z;,y; and X;,Y;, respectively. For all
other anchor points we use the coordinates a;,b; and
A;, B;, respectively.

The correspondence between the points of C and
c in B, which is determined by the geometry of the
manipulator mq, ..., Mg, can be computed according to
[20,21] or [22] under consideration of Eq. (1). As this
correspondence has not to be a bijection, a point € P(é’
of ¢ resp. C is in general mapped to a non-empty set
of points € P2 of C resp. c. We denote this set by the
term corresponding location and indicate this fact by
the usage of brackets { }.

In P(E’ the planar cubic C has three ideal points
U1, Us, Us, where at least one of these points is real.
Without loss of generality (w.l.o.g.), we can assume that
this point is U;. The remaining two points Uy and Uj
are real or conjugate complex points. Then, we compute
the corresponding locations {uy},{us},{us} of c (=
{u1} contains real points). We denote the ideal points
of ¢ by uy, us, ug, where again at least one of these points
has to be real. W.l.o.g., we can assume that this point
is ug. The remaining two points us and ug are again
real or conjugate complex points. Then, we compute
the corresponding locations {Us},{Us},{Us} of C (=
{U4} contains real points).

Assumption 2 For guaranteeing a general case, we
assume that each of the corresponding locations {uy},
{uz}, {us}, {Us}, {Us}, {Us} consists of a single point.
Moreover, we assume that no four collinear platform
points u; or base points U; fori=1,...,6 exist.

2.1 Basic idea

Now the basic idea can simply be expressed by attach-
ing the special ”legs” u;U; with 4 = 1,...,6 to the ma-
nipulator my, ..., Mg. We have to quote the word legs in
this context, as it is impossible to attach physical legs
with infinite length to the platform. Moreover, some of
the anchor points can even be complex points. There-
fore, we have to choose a different point of view; namely
the pure algebraic one:

The constraint that m; is located on the end-point
of a leg attached in M;, corresponds with the condition
that m; moves on a sphere centered in M;. By applying
a limiting process M; — U;, it can easily be seen that
the sphere degenerates into a plane through m; orthog-
onal to the direction of the ideal point U;. Therefore,
the attachment of the "leg” u;U; with i = 1,2,3 corre-
sponds with the so-called Darboux constraint, that the
platform anchor point u; moves in a plane of the fixed
system orthogonal to the direction of the ideal point U;.

Moreover, the condition that m; moves on a sphere
centered in M; is equivalent with the condition that M;
is located on sphere with center m;. By applying a lim-
iting process m; — u;, it can again be seen that the
sphere degenerates into a plane through M; orthogonal
to the direction of the ideal point u;. Therefore, the at-
tachment of the ”leg” u;U; with i = 4, 5,6 corresponds
with the so-called Mannheim constraint, that a plane
of the moving system orthogonal to u; slides through
the point U,.

Remark 1 Note that due to Assumption 2 not both
points m; and M; can be ideal points. o

In the remaining part of the paper we show, that
these Darboux and Mannheim constraints are very help-
ful in the study of self-motions of planar SG platforms.
The equations of these constraints are computed in the
next section.

2.2 Mathematical framework

For the determination of self-motions, it is advanta-
geous to work in the Study parameter space Pg, which
is a 7-dimensional real projective space with homoge-
neous coordinates eg,...,es, fo,... f3. By using these
so-called Study parameters for the parametrization of
Euclidean displacements, the coordinates m/ of the plat-
form anchor points with respect to Xy can be written
as Km; =Rm,; + (tl,t27t3)T with

t1:=2(eo f1 — e1fo +eafs —esfa),
ty :=2(eofo —eafo +esfi —eifs),
t3 :=2(eo f3 — ez fo + e1fa — eaf1),

and the rotational matrix R := (r;;) given by:

e +e? —e3 —e2 2(erea —epe3z)  2(eres + egez)
2(e1ea + ege3) €3 — €3 +e3 —e2 2(ezez — epeq)
2(eres —epe2)  2(eses +eper) €5 — el — ek + €3

with the Euler parameters eg,...,es. Now, all points

of Pg, which are located on the so-called Study quadric

v Z?:o e;fi = 0, correspond with Euclidean displace-

ments with exception of the subspace eg = ... =e3 =0

of ¥, as these points cannot fulfill the normalizing con-

dition K = 1 with K := €% +e? + 3 +¢e3 #0.

Sphere constraint: Husty [24] showed that the condi-
tion for m; to be located on a sphere with center M;
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and radius R; can be expressed by the following homo-
geneous quadratic equation A;:

(A} + B} +ai + b — ROK +4(f5 + [T + f3 + f3)
+2(e3 — ed)(Asa; + Bib;) + 2(e3 — e3)(Aia; — Bib;)
+ 4[(foez — eof2)(Bi — bi) + (e1fs — fies)(Bi + b;)
+ (f2es — eaf3)(Ai + a;) + (foer — eo f1)(Ai — ai)
+ eoes(Aibi — Bia;) — erea(A;b; + Bia;)] = 0.

Darboux constraint: The constraint that the platform
anchor point u; (¢ = 1,2, 3) moves in a plane of the fixed
system orthogonal to the direction of the ideal point U;
can be written as

(X4, Y;,0)" (R (ai,b;,0)" + (t17t27t3)T) +L;K =0,

with X;,Y;,a;,0;, L; € Cand “” denoting the dot prod-
uct. This yields the Darboux constraint (2;:

Xi(airi14+biriz+t1)+Y(airar +biraa+ta) + LiK = 0,

which is a homogeneous quadratic equation in the Study
parameters. Note that X; and Y; denote the conjugate
complex of X; and Y;, respectively, as U; can also be a
complex point for ¢ = 2 or i = 3.

Mannheim constraint: The constraint that the plane
orthogonal to u; (i = 4,5, 6) through the platform point
(gi, hi, 0)T slides through the point U; € Xy can be
written as

[(R(xiayi,O)T>'(Ai,Bi7O)T} K—
(B (@00.0)") - (B9 b )T + (ta,2)") =0,

with x;,y;, A, Bi, gi, h; € C. Then, we can factor out
K and the Mannheim constraint I/; remains:

Zi[Air11 + Biror — 2(eof1 — e1fo — eafz + ez f2)]
+7;[Air1a + Biraa — 2(eo f2 + €1 f3 — eafo — es f1)]
— K(Tyg; +7;hi) =0,

where Z; and 7, denote the conjugate complex of z; and
yi, respectively, as u; can also be a complex point for
it =5 or ¢ = 6. This is again a homogeneous quadratic
equation in the Study parameters.

Remark 2 As the plane of the Mannheim motion has to
intersect the z-axis or y-axis of the moving frame, we
can set one of the variables g;, h; equal to zero. Then,
the Darboux constraint and the Mannheim constraint
have the same number of terms, namely 24. o

2.3 Implications of the given two assumptions

Due to the Assumptions 1 and 2, the following theorem
can be proven:

Theorem 1 Given is a planar SG platform mq, ..., Mg,
which is not architecturally singular and which fulfills
the Assumptions 1 and 2. Then, the resulting manipula-
toruy,...,Ug is redundant and therefore architecturally
singular.

Proof As the points u; and U; are located on the cubics
c and C, the corresponding Darboux and Mannheim
constraints do not change the direct kinematics and sin-
gularity surface of the manipulator my, ..., Mg. There-
fore, £2; and II; can be written as the following linear
combinations:

6 6
Q=3 Xiwle, ;= Nl (2)
k=1 k=1

for i = 1,2,3 and j = 4,5,6, according to [20,21]. As
the Darboux and Mannheim constraints are only linear
in the Study parameters fg,..., f3, in contrast to the
sphere constraints, which are quadratic in these param-
eters, the equations can be rewritten as:

6 6
0= 6indy, ;= 06;rAk,
k=2 k=2

as Ay := Ay — Ap is also only linear in fy,..., f3.
Now it can be seen, that the set of the six polynomials
1,825,023, 11y, II5, Il are redundant, because they can

be generated as linear combinations of As, ..., Ag. As
a consequence the manipulator uy, ..., Ug is redundant
and therefore architecturally singular. (I

Due to Theorem 1 and the assumption that no four
collinear platform anchor points u; or base anchor points
U; exist (cf. Assumption 2), we can apply the corol-
lary of Lemma 2 given by Karger [9] to our manipula-
tor. This implies that all anchor points of the platform
ui, ..., ug and as well of the base Uy, ..., Ug are distinct.

Ezxample 1 For the verification of Theorem 1 on the ba-
sis of an example, we take the data of Example 2 given
by Karger [15].2 In this example a planar SG platform
with a self-motion of type ey = 0 was computed, where
a one-parametric set of legs can be attached without

2 This example is initialized in [15] by the following coor-
dinates of the first four pairs of anchor points: A1 = By =
Bzzal:b1:b2:O,a2:b3:2,A2:a3:b4:3,
Az =a4 =1, By =5, Ay = —21155/1872 and B4 = 165/8.
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Fig. 1 The base of the manipulator given by Karger

[15]. Note that the ideal points Uj,Us,Us are given
by the collinearity of the following point triples:
(U47 U57 U3)7 (U57 U67 U1)7 (U47 U67 Uz)

disturbing the self-motion. For this example we get the

following coordinates for uq,...,Us:

X1=1, Y =0,

Xo = 1677/400 + /3895129/400, Ys =1,

X3 = 1677/400 — /3895129/400, Y =1,

A4 = 1203/100, By =—9/2,
As = 5049/350 — v/3895129,/700, Bs = —55/14,
Ag = 5049/350 + v/3895129/700, Bs = —55/14,
a1 = —301/50, by = 3,

az = —2537/700 — v/3895129/700, b = 25/7,

az = —2537/700 + v/3895129/700, by = 25/7,

g4 =1, ya =0,

x5 = 1677/400 4+ v/3895129/400, ys =1,

xe = 1677/400 — v/3895129/400, ye = 1.

By plugging these coordinates into the matrix T given
in Section 1.2, one can easily verify that rk(T) = 5
holds. The points Uy, ..., Ug are displayed in Fig. 1 af-
ter applying the translation (— Ay, —By,0)T to all base
points. The points uq, ..., ug are displayed in Fig. 2 af-
ter applying the translation (—aj, —b1,0)7 to all plat-
form points. o

We finish the preparatory work for the later classi-
fication (cf. Section 4) by proving the following lemma:

Lemma 1 Architecturally singular SG platforms with
no four platform or base anchor points collinear, have
the property rk(ly,...,15) = 5.

Proof If rk(l,...,15) = 5 —n with n > 0 holds, then
the architecturally singular manipulator has to contain
a so-called degenerated manipulator [23]. Such degen-
erated manipulators can only be item 3,4,5,6,7,8,10 of

m7
uz\(\u3

01 urs mi
\m3

Mme-=sM2
—80 —60 —20 -20 0

Fig. 2 The platform of the manipulator given by Karger
[15]. Note that this figure is scaled in order to give a
proper illustration. Again, the ideal points ug4, us, ug are de-
termined by the collinearity of the following points triples:

(u17 uz, LIG), (u17 LI3,L|5)7 (u23 us, LI4).

Theorem 3 given by Karger [13], as for the types 1,2,9
and the two degenerated planar cases 11 and 12 (cf.
[10]) all six anchor points have to fulfill certain geomet-
ric conditions. As every of these seven manipulators,
which are listed in the Appendix, has four collinear an-
chor points, Lemma 1 is proven. (I

3 Types of non-architecturally singular
self-motions

Given our assumptions, we can add a one-parametric
set of legs to the manipulator without changing the
direct kinematics and the singularity surface. However,
due to Borras et al. [22] the replacement of the original
six legs by other six legs of this one-parametric set, is
invariant with respect to the singularity surface if and
only if the resulting manipulator is not architecturally
singular.

Now, we assume that a one-parametric self-motion
M of a non-architecturally singular planar SG platform
m1, ..., Mg is given. In our assumed general case, we can
add a one-parametric set of legs without disturbing the
self-motion. Now, we make a leg-replacement in such a
way that we get an architecturally singular manipula-
tor s1,...,S¢ with 7k(l;,...,15) = 5. We introduce the
following notation:

Definition 1 M is a one-parametric self-motion of type
n with respect to s1,...,Se¢ (with rk(l,... 1) = 5) if
si,...,Se has an n-parametric self-motion S.3

3 Note that the numbering of types is done with Roman
numerals.
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Note that the self-motion S includes the self-motion
M. This can easily be seen as follows: If we attach
the legs s;S; for i = 1,...,6 to my,..., Mg, we do not
change the direct kinematics and singularity surface.
Therefore, also the self-motion M remains unchanged.
By removing the legs m;M; the self-motion M can only
be enlarged.

In the remainder of the article, we focus on self-
motions of type II with respect to sq,...,Sg, as we can
construct more self-motions than only M by attaching
an arbitrary leg to sq, ..., Sg. If the anchor points of the
arbitrary leg are located in the carrier planes of the plat-
form and the base, we can even add a one-parametric
set of legs without disturbing the self-motion (see also
Section 3.3). But, if the resulting SG platform is non-
planar, we cannot attach further legs without disturb-
ing the self-motion in the general case [21].

3.1 Computation of ordinary type II self-motions

The word ordinary in this context means, that all an-
chor points of the architecturally singular manipulator
are in E3, thus we denote these points by my,..., Mg.
Therefore, we are interested in the computation of two-
parametric self-motions of my, ..., Mg.

It was shown by the author in [25], that the rank
condition rk(T) < 6 implies the existence of a lin-
ear combination 2?21 A;p; = 0. This already shows
that all planar architecturally singular manipulators
mi,..., Mg are redundant and have self-motions* (over
C). Due to this redundancy, the problem reduces to the
computation of two-parametric self-motions of 5-legged
planar parallel manipulators.

We consider the variety V spanned by ¥, Ay, ..., As.
In general, the solution variety is one-dimensional but
for special geometries and leg lengths V can be two-
dimensional. In the following, we describe how the nec-
essary and sufficient conditions can be computed theo-
retically:

Under consideration of the polynomials A;, the va-
riety V is also spanned by ¥, Ay, Az, Ay, As, Ay. Then,
one can solve the linear system ¥, Ay, Az, Ay for the
unknowns fy, ..., f3. Now, we plug the obtained expres-
sions in the remaining two equations A; and As, which
yield in general homogeneous polynomials in the Euler
parameters of degree eight and four, respectively. Up to
this stage, everything can be computed explicitly; As
has 3552 terms and A; has 284 248 terms for the special
coordinate systems A1 = By = By = a1 = by = by =0.
Finally, one has to compute the resultant of these two

4 Trivially, this sentence also holds for the excluded case,
where all platform or base anchor points are collinear.

polynomials with respect to one of the Euler parame-
ters, but due to the degree and length of A5 and A; the
general computation fails.

This demonstrates, that the determination of type
II self-motions is hopeless with this approach.

3.2 Computation of special type II self-motions

In this section, we show that the computation of type I1
self-motions simplifies considerably, if we take the spe-
cial manipulator uq, ..., Us instead of any ordinary ar-
chitecturally singular manipulator mq,..., Mg. Hence,
we are interested in two-parametric DM self-motions.

W.l.o.g., we can assume that the variety of a two-
parametric DM self-motion is spanned by ¥, {21, {25, {23,
I1,, IT5 (as otherwise we can consider the inverse mo-
tion). Now, the crucial point is that all six involved
equations are only linear in the unknowns fy,..., f3.
Before starting the elimination procedure, we can make
following simplifications:

Lemma 2 W.l.o.g., we can choose special coordinate
systems in Xy and X with Xo(Xo — X3)x5 # 0 and

ar=bi=ys=A1=By=Y1=hy=g5 =0, 3)
Xi=Yo=Ys=mz4=ys =1L
Proof W.l.o.g., we can assume that Uy is located in the
origin of Xy and that U, is the ideal point of the z-axis.
For X, we choose u; as origin and uy as the ideal point
of the z-axis. This yields: a1 = b1 = y4 = Ay = By =
Y7 = 0. Moreover, we can set hy = 0 (cf. Remark 2). As
all platform and base anchor points have to be distinct
(cf. Section 2.3), we can set g5 = 0 w.l.o.g.. Moreover,
we can relabel the point pairs (ug,Us) and (us, Us) in
such a way that Us does not coincide with the ideal
point of the y-axis. If us is the ideal point of the y-
axis of X, we can interchange the indices of the fifth
and sixth point pair w.l.o.g.. Therefore, we can assume
X1Xo2YoY3(XoYs — X3Ya)zawsys # 0. Moreover, as we
have homogeneous coordinates we can set X; = Y5 =
Ys=z4=ys=1. U

We solve the linear system of equations ¥, £21, {25, I1,
for fo,..., fs and plug the obtained expressions in the
remaining two equations. This yields in general two ho-
mogeneous polynomials £25[40] and II¥[96] in the Euler
parameters of degree two and four, respectively. The
number in the square brackets gives the number of
terms. Finally, we compute the resultant of {23 and II7
with respect to one of the Euler parameters. W.l.o.g.,
we assume that this is eg. In this case, the general com-
putation can be done easily and yields I"'[117 652], which
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is homogeneous in e1, ez, e3 of degree eight. In the fol-
lowing, we list the coefficients of e} elek of I', which are
denoted by I7;x:

Toso = Fi[8]F5[18]%, Tkoo = (ba — bs)?*(L1 — g4)* F3[8],
I'i7o = F2[18]Fy[283], I'ro = (b2 — b3)(L1 — g4) F5[170].

The remaining 20 coefficients do not factor:

T520[2054],  Io2[1646],  I'heo[6126],  Ipe2[4916],
To26[5950],  I116[3066], I530[4538], I%512[4512],
Is52[6514],  Tuao[7134],  I'ipo[6314],  I'nyo[7622],
T044[6356],  I314[6934],  I'4[7096],  I'34[6656],
Th06[5950],  Is50[7166],  I'40a[5766], I332[6982]

This yields 24 equations I, = 0 in the 14 unknowns
as, bg, as, b3, A5, B5, Xg, Xg, 5, Ll, Lg, L3,g4, h5.

Only those solutions of this set of equations, which
do not cause a vanishing of the coefficient of the highest
power of ey in (25 and IIf, respectively, correspond to
two-parametric DM self-motions. If one of these coeffi-
cients vanish, then this case has to be studied separately
by recomputation of the resultant.

Moreover, if the common factor of 25 and IIZ de-
termining the two-parametric DM self-motion equals
epes — e1ez = 0, one has to be careful, as this factor
appears in the denominator of the f;’s. In this case,
we recommend to recompute the f;’s as solution of
the linear system W, (21, Il4, Il5. Then, the remaining
equations {25 and {23 have to be fulfilled identically for
€pey — €163 — 0.

Remark 3 Based on this set of 24 equations, the au-
thor [26,27] was already able to prove the necessity
of three conditions for obtaining a two-parametric DM
self-motion. Then, these three necessary conditions were
used by the author [28] to determine all planar SG plat-
forms (fulfilling Assumptions 1 and 2) with a type II
DM self-motion (cf. Definition 2). ©

Ezample 2 Continuation of Example 1. We translate
the platform along the vector (—ay,—by,0)7 and the
base along the vector (—A4, —By4,0)7, in order to get
the special coordinate systems of Lemma 2. Putting the
resulting coordinates in the equation Ijgg = 0 yields

3895129L; — 200v/3895129(Ly — L) = 0. (4)

By solving this equation for Lq, also the coefficient of
the highest power of eg in (25 vanishes. Therefore, we
recompute the resultant of 25 and IIZ with respect to
eg. This yields a homogeneous quadratic expression in
e1, 2, e3, which even splits up into two linear terms.
Now, the discussion is trivial and we see that a com-
mon factor of 25 and I1Z exists if and only if Ly = —hs

and L3 = g4V 3895129/200 — hs (:> Ly = —g4) hold.
Due to Karger’s construction the common factor equals
0. Moreover, it should be noted, that the design pa-
rameters g4, hs can still be chosen freely. We continue
this example in the next section. o

3.3 Construction of SG platforms with two-parametric
DM self-motions

Assuming we have computed a two-parametric DM self-
motion, the question remains open how to construct a
SG platform with a one-parametric self-motion from it.
Clearly, we can attach an arbitrary sixth leg to the ma-
nipulator uy,...,Us. We can choose arbitrarily Mg €
E? in the planar base, mg € E3 in the planar plat-
form and the leg length Rg. The corresponding alge-
braic constraint is given by Ag. The resulting manip-
ulator uq,...,Us, mg, Mg is not architecturally singular
as (m6, M6) 75 (U6, Uﬁ) holds.

In the following, we want to determine the one-
parametric set of legs, which can be attached to this
manipulator without changing the direct kinematics.
Analogous considerations as in [20,21] yield that the
constraint A7 of the redundant leg has to be a linear
combination of the following type:

Yo opn 82 +po 2+ pg 23+ padly+ps s +pg Ag— A7 = 0.

Now, the homogeneous quadratic equation 7" has to
vanish independently of the Study parameters, where
T has the following coefficients:

Teoesv TeOfl’ Teofgv T€3f17 T63f27 Tefv
Tele27 Te]foa Te1f37 Tezfoa T62f37 Tff7
with ¢ =0,...,3. Note that e.g. T e, denotes the coef-

ficient of egeg of 7. As the following relations hold:
Typ=Tp =15 =g,

Teg - Tef - Teg + Teg =0,

Teofz + TCSfl + T€1f3 + Tezfo =Y

Teof1 + T63f2 + T62f3 + Telfﬂ =0,

Teofz - T63f1 - Telfs + T€2f0 =0,

- T€2f3 + Telfo =0,

Teofl - T€3f2

we can restrict to the following 10 coefficients:

T€0€37 Te1 €2y Teof1 ’ nga Tega (5)
Teofz’ Telfs? Tezfsv Te%a Te%a

in eleven unknowns (a7, b7, A7, Br, Rz, p1, . - ., l46)-

5 Note that eg = 0 is preserved by translations of the ref-
erence frames.
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From now on, everything can be done analogously
to the method described in [20,21] (see also Example
3). Finally, we end up with the corresponding cubics ¢
and C in the platform and the base, respectively.

Ezample 3 Continuation of Example 2. We choose the
sixth pair of platform and base anchor points as fol-
lows: mg = (7(117 7b1,0)T and M6 = (7A4, 7B4,0)T,
which equals the translated first pair of anchor points
in Karger’s example (cf. footnote 2). Then, we compute
the ten equations implied by the coefficients of Eq. (5).
After expressing R; from Teg = 0, we solve the linear
system

ng = Teofl = Teoes = T€1€2

for p1, ..., ps. Now we compute a7 and b7 from 7z = 0
and Te% = 0, and plug the obtained expressions into the
remaining equation 1%, ¢, = 0, which yields:

3527550A7 + 3275637B7 — 1959750A7 B7 — 23316963?

— 50250042 — 13535082 — 167700A7 B2 + 2000042 B7 = 0.

= Teofz = Tezfa =0, (6)

If we express A7 and By from 12 = 0 and T2 = 0,
then T%,s, = 0 yields exactly the same cubic in the
moving system (see Figs. 1 and 2). Clearly, this cubic is
also the same as the one given by Karger, if one takes
the different coordinate systems under consideration.
We choose the following anchor points:

1091879 201 \7T 351 T
M1:<— ,—,0) ; m1—<50,0,0) ;

46800 ' 8
903 9 401 T
) me =|—,—3,0 )
( 100" 2 ) (50 )
1103 19 451 T
= ; m3 = (—,—-1,0) ,
( 100’ ) (50 )
1103 8569 19 \7T
- ) my = T Ty T )
950 100’ 2

T T
M5:(301 30) 7 mS:(ilzosygyo) 7
50 100 "2
where the pairs (M;, m;) for ¢ = 1,2, 3 equal the trans-
lated fourth, second and third pair of Karger’s example
(cf. footnote 2). The manipulator my, ..., Mg is not ar-

chitecturally singular as rk(T) = 6 holds. If we replace
(Ml, m1) by (l\/|77 m7) with

(64565047 1087419 )T
7 = )

41985100 839702’

50829 640323 \7T
mr= (M’ —34025’ ) ’
we get an architecturally singular manipulator. It can
easily be checked, that the SG platform ms,..., M7
has only a one-parametric self-motion, where the self-
motion ey = 0 is only one branch. The second branch
of the self-motion is characterized by the vanishing of
a homogeneous polynomial of degree three in the Euler
parameters. Therefore, the self-motion ey = 0 is a type
IT self-motion with respect to uy,...,Ug and a type I
self-motion with respect to mo, ..., M7. o

4 Classification of non-architecturally singular
self-motions

At the end of Example 3, we have seen, that there exist
self-motions which are of different types with respect to
different referencing manipulators. As this could yield
to confusions, we introduce a clear classification scheme:

As the notation of types (cf. Section 3) depends on
the choice of an architecturally singular manipulator
with 7k(1y,...,15) = 5, we suggest to take the uniquely
determined manipulator uy, ..., Ug as reference manip-
ulator. As this can always be done due to Lemma 1, the
following definition is valid:

Definition 2 M denotes a one-parametric self-motion
of a planar SG platform mq, ..., Mg, which is not archi-
tecturally singular. Then, M is of type n DM if the cor-
responding manipulator uy,...,Ug has a n-parametric
self-motion U, where U/ includes M.

Theorem 2 All one-parametric self-motions of non-
architecturally singular planar SG platforms fulfilling
Assumptions 1 and 2 are type I or type II DM self-
motions.

Proof Due to Theorem 1, given in Section 2.3, each one-
parametric self-motion of a general planar SG platform
my, ..., Mg is a type n DM self-motion. Therefore, we
only have to show that n > 2 yields a contradiction:

W.l.o.g., we can assume that my, ..., Mg is given by
the six constraints Ai,..., Ag. Moreover, the polyno-
mial {25 can also be computed as
(XQ_X3)01—QQ+QS. (7)
As the Darboux constraints 2; (i = 1,2, 3) can be writ-
ten as linear combination of sphere constraints (cf. Eq.
(2)), also the polynomial 25 is a certain linear combi-
nation of Ay, ..., Ag.

For a type n DM self-motion with n > 2 the polyno-
mial (23 has to be fulfilled identically, but this already
yields a contradiction as then my,..., Mg is architec-
turally singular. Il

We want to close this section by giving some com-
ments:

e Karger [15] showed that for non-architecturally sin-
gular planar manipulators, there exists a linear com-
bination @ of A; for ¢ = 1,...,6, which is only a
quadratic homogeneous polynomial in the Euler pa-
rameters. Due to our considerations (cf. Eq. (7)), @
has to correspond to (2 and therefore, we also found
the missing kinematic interpretation of @.
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e According to the elimination procedure proposed by

Husty [24], the ideal spanned by ¥, A, ..., Ag leads
to a polynomial © of degree ten for non-planar SG
platforms and of degree eight in the planar case. Un-
til now, a kinematic interpretation of this polynomial
was also missing. For the planar case, we have such
a kinematic meaning, as © equals I'. Therefore, ©
corresponds to the one-parametric motion of the as-
sociated manipulator uq, ..., Us.
On the other hand, we cannot compute © from the
polynomials ¥, A, ..., Ag in its general form, for the
following reason: It can easily be seen, that Karger’s
polynomial @ is also within the ideal spanned by
U, As,...,As and that & has 2208 terms with re-
spect to the special coordinate systems A; = B; =
By = a1 = by = by = 0. Moreover, we can solve the
linear system ¥, Ay, Az, A4 for the f;’s and plug the
resulting expressions into A; (j = 5,6), which is of
degree four and has 3552 terms. In order to compute
O, one has to build the resultant of @ and A; with
respect to any Euler parameter, but this fails due to
the large number of terms of the involved expressions.
This again points out the simplicity of the achieved
equation I'[117652] in the context of self-motions.

Remark 4 Following interesting question arises: What
is the kinematic meaning of © in the non-planar case?
An answer to this question seems to be important for
the determination of the corresponding self-motions of
non-planar SG platforms. o

5 Known examples of type II DM self-motions

Due to the last two paragraphs of Section 4 it is clear,
that all self-motions K computed by Karger [15,16] are
type II DM self-motions.®

In the last remark of [15], Karger wrote that the
general condition for the geometry of the manipulator
yielding a self-motion characterized by eg = 0 is a very
complicated algebraic condition (approx. 1000 terms).
Moreover, he noted that it would be interesting to find
further special cases beside the original SG platform
[17] and the homological configuration [2,3], for which
the condition has a geometric interpretation.

Based on our approach, we can give easily a geo-
metric interpretation for a subset of I as follows:

If we set eg = 0 the equations (25 and I have to
vanish identically. By doing this, we only cover a subset
L of K as for the general case U; must not be located
on the z-axis of the fixed frame. It should be noted,

6 After plugging the solutions for the f;’s of the linear sys-
tem ¥, Ag, Az, Ay into As and Ag, these two equations are
fulfilled identically under consideration of eg = 0.

that the whole set I is discussed within the general
approach (see Remark 3 and [26-28]).

In the following, we denote the coefficient of e elek
of 25 and IIF by 25(ijk) and IIZ(ijk), respectively.
Moreover, note that due to Assumption 2 no four an-
chor points are allowed to be collinear.

25(020) — £25(002) = 0 can only vanish without
contradiction for b, = b3. Due to Lemma 2, we can
compute as from §25(200) — £25(002) = 0 w.l.o.g.. Then,
£25(110) = 0 implies an expression for az. Moreover, we
can express Lz from £25(200) = 0 w.l.o.g.. Then, (25 is
fulfilled identically.

Now, e3 factors out from IIZ, which is therefore only
of degree three in the Euler parameters eq, ez, e3. As
e3 = 0 cannot yield a two-parametric DM self-motion,
we proceed as follows: I17(012) = 0 can only vanish
without contradiction for L; = —g4. Moreover, from
ITx(300) = 0 we can compute Ly w.l.o.g.. Then, the
condition IT*(102) = 0 implies an expression for As.
Now I1#(120) = 0 can only vanish without contradic-
tion for by = Bs. Then, the condition I7Z(210) = 0
remains, which can only vanish without contradiction
for X; — x5 = 0 with ¢ = 2 or i = 3. W.l.o.g., we can
set i = 2 and compute’ x5 = X,. Finally, we get the
following result for the not explicitly given expressions
of this discussion:

As = X3Bs, as=X3Bs, a3 = X2Bs,
Ly =—hs, L3=(X2—X3)gs4— hs.

Moreover, fy is identically zero.

Theorem 3 The self-motions L fulfilling Assumptions
1 and 2 are line-symmetric motions.

Proof Tt can easily be seen, that Eq. (7.3) of [19], which
gives the parametrization of a line-symmetric motion,
equals the given Study parametrization of Euclidean
motions (cf. Section 2.2) for ey = fo = 0. This already
proves the statement.® (I

As a consequence of this result, we can apply The-
orem 6 of Krames [30]. Therefore, the cubics ¢ and C
in the platform and the base have to be congruent (cf.
Example 3).

Moreover, we can easily plug the expressions for the
fi’s into the equation Ag of a general leg (cf. Section
3.3). This yields a homogeneous polynomial of degree
six in eq, eg, e3 with only 260 terms in its general form.
The simplicity of the obtained expression again shows
the advantage of our approach compared with the one

7 The solution i = 3 yields the same result, just for another
indexing.

8 A recent publication of Selig and Husty [29] can also be
used for reasoning the correctness of Theorem 3.
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used in [15,16]. Moreover, the unknown es only appears
with even powers and therefore, this equation can al-
ways be solved explicitly for es. This already implies
the next theorem:

Theorem 4 The self-motions L fulfilling Assumptions
1 and 2 can be parametrized with respect to the homo-
geneous parameter ej : eg.

In the next step, we calculate the uniquely deter-
mined sixth point pair (ug, Ug) such that uq,...,Ug is
architecturally singular. A straight forward computa-
tion (using the conditions implied by 7k(T) < 6) yields
the solution: Bg = By and

z6 =ye [X2(X3 — X3) + X3(X3 — X2)] /(X3 — Xa2),
Ag = Bs [X3(X2 — X2) + X2(X3 — X2)] /(X3 — X2).
(8)

Before we distinguish two cases, we want to introduce
the following notation:

Definition 3 A DM self-motion is called octahedral if
the following triples of points are collinear:

(UQ, us, U4)7 (9)
(Ug, Ug, Ua). (10)

(u17 us, U5),
(U57 U67 U1)7

(ula uz, uﬁ)a
(Us, Us, Us),

The reason for this nomenclature is, that all octahe-
dra (cf. Fig. 3) have such a point-configuration, as the
cubics in the platform and the plane split up into three
lines intersecting each other in the platform and base
anchor points.

5.1 Us and Ujz are real points

If the points Uy and Us are real (= X5 = X, and
X3 = X3), then the expressions of Eq. (8) simplify to
r¢ = Y6 X3 and Ag = BgXs. It can easily be seen, that
the type II DM self-motion is octahedral and that

us = U67 (11)
usg = Us, (12)

u; = Uy, uz = Us,

U4:U17 U5:U27

hold if the moving frame and the fixed frame coincide.’

Let us assume, that we attach the leg Ujus to the
manipulator (see Fig. 3). As now uz moves on a cir-
cle about the line [U4,Us] we can add a further leg
Uguy without disturbing the self-motion. Consideration
of the inverse motion yields that Uy moves on a circle
about the line [ug,us] and therefore, we can also add

the leg Ujuz without disturbing the self-motion. Now

9 This is the reason why the congruent cubics C and c are
even given by the same equation.

uz

Us Us

Fig. 3 Sketch of an octahedral manipulator of SG type.

uz has to move on a circle about the line [Uy, Us], thus
we can attach the leg Usus without disturbing the self-
motion. Finally, we consider again the inverse motion
and see that Ug moves on a circle about [uy,us] and
that Us moves on a circle about [uq, ug]. Therefore, we
can attach the legs Ugu; and Usu; without disturbing
the self-motion.

This already shows that we get a flexible octahedron
with a line-symmetric self-motion. Therefore, this can
only be a Bricard octahedron [31] of type 1 (< all three
pairs of opposite vertices are symmetric with respect
to a common line). Moreover, this proves the following
theorem:

Theorem 5 Assume that a self-motion of L is given
which fulfills Assumptions 1 and 2. If all points of the
corresponding manipulator uy,...,Ug are real, then it
1s always possible to attach a leg to uy,...,Ug, that we
get a self-motion of a type 1 Bricard octahedron.

Ezxample 4 Continuation of Example 3. From the cap-
tions of Figs. 1 and 2, we already know that Eqs. (9) and
(10) hold. Moreover, it can easily be checked, that also
the triangles A(uy,uz2,u3) and A(Uy,Us, Ug) are con-
gruent. If we choose in Example 3 (mg, Mg) := (ugz, Uy)
instead of the points mg = (—ay, —b;,0)T and Mg =
(—Ay, —By4,0)T | then C and c split up into three lines:
C= [U4, U5] U [U4, U6] U [U5, Uﬁ], c= [Lll, UQ] U [Uh U3] @]
[ug,us], and we get a self-motion of a type 1 Bricard
octahedron. The computation is straight forward. o

As a consequence of Theorems 3 and 5, we can im-
mediately formulate the following statement:

Corollary 1 All flexible octahedra of type 1 have a type
II DM self-motion.

Ezxample 5 We demonstrate Corollary 1 on the basis of
an example given by Blaschke [32]:

M; = M, = (0,0,0)7,
M3 - M4 = (1,0,0)T,
M; = Mg = (0,1,0)7,

m3 =mjs = (0,0,0)7, (13)
m; =my = (17070)T7 (14)
my = Mg = (07 17 0)T7 (15)
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with leg length Ry = Ry = R3 = Rs = V2, Ry =
Rg = 1. Then, the manipulator uq,...,Ug is given by:
Us = My, Ug = M3, Us = M5, up = mg3, uz = my,
us = mqy and the ideal points U;, Us, Us, ug, us, ug are
determined by the relations given in Eqs. (9) and (10),
respectively. Moreover, we get the unknowns L; (i =
1,2,3) by solving the system of equations which arise
from the fact that the linear combination

pi Ay + ol + psAs + pady + psAs + peds — 2, =0

has to vanish independently of the Study parameters.
This can be done analogously to Section 3.3 and yields
L1 =0and Ly = L3 = —1, respectively. Similar consid-
erations for the Mannheim constraints I1; (j = 4,5,6)
with respect to the linear combination

p1 Ay A poAy + puz Az 4 pady + psAs + pede — I; = 0

yield under consideration of Remark 2 the following
conditions: g4 = hy = g5 = hg¢ =0 and gsg = hs = 1. It
can easily be checked, that for these values I' vanishes
identically and that the common factor of (25 and II
is given by e; + es = 0. Note that we do not get ey as
common factor due to the chosen coordinate systems in
the platform and the base. o

5.2 Uy and Us are conjugate complex points

In this case, we have Xy = X3 and the expressions of
Eq. (8) simplify to z¢ = ys X3 and Ag = BsXs5. Now it
can easily be checked, that this also yields an octahe-
dral type IT DM self-motion, where again the conditions
given in Egs. (11) and (12) hold. Therefore, this case is
the complex analogue of the one given in Section 5.1.

Ezxample 6 We initiate this example by setting Bs =
—17 and X9 = 2 + 3i. Therefore, (21, (25, 25, 14, IT5
are determined up to the parameters g4 and hy. Ag is
determined by ag = 5, bg = —6, Ag = 11, Bg = 13 and
Rg remains also free. Now, everything can be done as
described in Section 3.3. Finally, we end up with

31lay; — 10696,
CL% — 4darb; + 13()?7

1069a;7 — 22152
A7 = B =
"7 a2 —dazb; + 13027 7

and the equation of the cubic ¢ of possible platform
points:

17a2b; — 68arb? + 22103 — 41a?
— 160262 + 475a7by + 5287az — 18173b; = 0,

which is displayed in Fig. 4. o

157

I

-0 ' 0 ' 10 20

Fig. 4 Both cubics ¢ = C of Example 6 are displayed, as
they are given by the same equation with respect to X' and
Xo.

6 Conclusion and future research

We showed, that one-parametric self-motions of general
planar SG platform have to be type I DM or type Il DM
self-motions (cf. Theorems 1 and 2). We also succeeded
in presenting a way on how the set of equations yielding
a type II DM self-motion can be computed explicitly
(cf. Section 3.2). These 24 conditions are the key for the
complete classification of general planar SG platforms
with type II DM self-motions (see Remark 3 and [26—
28]), which is an important step in solving the famous
Borel Bricard problem. In this context, it should also
be said, that all planar SG platforms with a type I DM
self-motion, which are known to the author, were listed
and classified in [7].

In addition, we demonstrated the power of our ap-
proach by presenting a geometric interpretation of a
large set of known type II DM self-motions (cf. Section
5), which also simplifies their computation considerably.

In our future research, we want to study the prob-
lem formulated in Remark 4. Moreover, we want to an-
swer the question if the motions of Bricard octahedra of
type 2 and type 3 (cf. [31]) are also type II self-motions
with respect to an architecturally singular manipulator
S1,-.. .,SG (75 ug,..., U6) of Pé with Tk(ll, N 716) =57
If this is the case, one could immediately compute new
classes of non-architecturally singular planar or even
non-planar SG platforms with self-motions according
to Section 3.
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Appendix

In the following, we list the items 3,4,5,6,7,8,10 of The-
orem 3 given by Karger [13]:

3. my,...,m5 and My, ..., M5 are collinear,

4. m; = mg = mg3, my,...,ms5 are collinear, My = Ms,

5. mp = Mg = M3 = My,

6. m; = mg = mg3, My, My, M3 are collinear,

7. M1, Mo, M3 and M3, My, M5 are collinear, m; = ms,
m4 = ms, My, ..., M5 are collinear,

8. my,...,my and My,..., My are collinear and

a4A2A3(a3 — az) + a3A2A4(a4 — ag) (16)
+ agAzA4(as — az) = 0,

10. Points my,...,my5 are collinear and pairwise dis-
tinct, points My, ..., Ms are coplanar (no three of
Mji, ..., Mj are collinear) and two equations remain,

B3 By(as — az)(as Az — Asas)
+ B3Bs(az — as)(asAz — Azaz)
+ B4B5(a5 — a4)(a3A2 — Agag) = O7

(17)
BsByAs(aq — a3)(as — az)
+ B3BsA4(as — az)(az — as)
+ ByBsAs(az — as)(as —aq) = 0.
If m; = mg, points M3, My, M5 must be collinear

and (17) yield one equation, a degenerated case.

Note that the formulas (16) and (17) are given with
respect to the coordinate systems with Ay = B} =
Bg=a1:b1:b2:0.



