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Kokotsakis studied the following problem in 1932

Given is a rigid closed polygonal line p
(planar or non-planar), which is surroun-

ded by a polyhedral strip, where at each B
polygon vertex three faces meet. De- 5y
termine the geometries of these closed -
strips with a continuous mobility. l
Vi—1
In general these loop structures are rigid, v

thus continuous flexible ones possess a so-
called overconstrained mobility.

Kokotsakis himself only studied flexible belts
with planar polygons p in [1].
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Review

Moreover, Kokotsakis only obtained general
results (arbitrary n) for the isogonal type; i.e.

in every vertex both pairs of opposite angles By
are (1) equal or (2) supplementary; 5y,
A
(1) A= w7, 6 =7,
(2) N +pj=m 6 +ri=m. Vor

Vi
Special cases
n=3: Bricard octahedra of the 3rd type.
n=4: (3 x 3) building blocks of V-hedra, v
which are discrete analogs of Voss surfaces.
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Goal & Outline

Goal: We generalize Kokotsakis’ problem
by allowing the faces, which are adjacent to
polygon line-segments, to be skew. We do
not restrict to planar polygons p but to the
isogonal type.

1. Spherical image
2. Solving the stated problem

3. Continuous flexible skew-quad
surfaces

4. Open problems & References
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1. Spherical image
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of the original Kokotsakis belts

According to [6] the Kokotsakis belt is conti-
nuous flexible if and only if the spherical image
has this property.

Taking the orientation of the line-segments in-
to account, the spherical 4-bar mechanism,
which corresponds with the arrangement of faces
around the vertex V;, has spherical bar lengths:

di=m—207,
Ai=m—Af,

f)/i:ﬂ-_fy;ka
pi =T — ;-
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1. Spherical image
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of the original Kokotsakis belts

The spherical image of faces around two adjacent
vertices V; and V11 corresponds to two coupled
spherical 4-bar mechanisms.

The dihedral angles 8; and ajy1 are related by
the torsion angle 7;41 of the polygon p.

Remark: Note that p is a planar curve if all 7711
are either zero or .
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1. Spherical image
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of the generalized Kokotsakis belts

Vi

The non-planarity of
the faces imply that
B,',C,'+1,A,'+1 are not
longer on a great circle.
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1. Spherical isogram

In the isogonal case these 4-bar mechanisms are so-
called spherical isograms; i.e.

(1) A= pi, di = i,
(2) N\i+pi=m, 0;i + i = .

These two types are related by the replacement
of one of the vertices of the spherical isogram by
its antipodal point. Without loss of generality we
can restrict to type (1) by assuming an appropriate
choice of orientations.
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1. Spherical kinematics

The input angle «; and the output angle 5; of the
i-th spherical isogram of type (1) are related by

_ __ sind;Esin \; ) i
b; = f;a; with f; = slm 3 I)\ #£0 (*) » B A:l“ Bis1
A; Siy1
where a; = tan % and b; = tan % s Vil Ciyp
Vi TG ang
. i a; A
The shift between the output angle 5; of the i-th Bi T:
isogram to the input angle aj1 of the (i + 1)-th G
isogram is given by the angle ¢;11; i.e. A G
bitejt1

; = el 1 Eitl
i4l = Tope,; With eip1 =tan =3+ (o)
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2. Solving the stated problem

Firstly, we formulate the so-called closure condition
ap —a, =0.
Within this condition we substitute a, by

an—1fa_1+en

an = l1-ap_1fr—1€n

which results from (o) under consideration of ().
By iterating this kind of substitution we end up with

q2a5 + qrao + o = 0,

where g;s are functions in fy,...,f,_1,€9,...,€n_1.
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2. Solving the stated problem

Thus the necessary and sufficient conditions for continuous mobility are:

q0:O7 CI1:07 Q2:0

Theorem 1.

For a given closed polygon p with n vertices, there exists at least a (2n — 3)-dimensional
set of continuous flexible Kokotsakis belts of the isogonal type over C.

Theorem 2.

For a given closed polygon p with n > 3 vertices, there exists at least a (n — 3)-
dimensional set of continuous flexible Kokotsakis belts with planar faces of the isogonal
type over C. For planar polygons p this dimension raises to (n — 1).
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2. Property regarding the rotation angles

Dihedral angles along opposite edges mee-
ting in a vertex V; have at each time instant
the same absolute value of their angular ve-
locities.

Thus the absolute values of the rotation
angles around these two edges are the same
(measured from an initial configuration).

The same absolute values of the rotation an-
gle can always be assigned to three edges.

Vi
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2. Example: n=3

For any choice of §; and ~v; with v1 + 7 +
~v3 = 27 there exist e, €1, & € C such that
we get a continuous flexible Kokotsakis belt
of the isogonal type.

The resulting structure can be seen as an
overconstrained 6R loop, which belongs to
the third class of so-called angle-symmetric
6R linkages [23].

Remark: Note that for eg = e;1 = eo = 0 we
get a Bricard octahedron of the 3rd type.
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3. Continuous flexible skew-quad (SQ) surfaces

On page 168 of Sauer’s book [15] the following
open problem is mentioned:

Do there exist continuous flexible SQ surfaces?

The restriction to (3 x 3) building blocks is sufficient as the following theorem holds:

Theorem 3.

A non-degenerate SQ surface is continuous flexible, if and only if this holds true for
every (3 x 3) building block.
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3. Building block of a V-hedron with SQ

A (3 x 3) building block of a V-hedron with skew
quads (left) and its spherical image (right).
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3. Associated overconstrained mechanism

An overconstrained mechanism
which results from the (3 x 3)
complex of a V-hedron with
SQ by reciprocal-parallelism.

It consists of rigid vertex stars
linked by cylindrical joints and
one rotational joint (black).
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4. Open problems

Open questions regard the smooth analogs of continuous flexible
o Kokotsakis belts of the isogonal type,
e V-hedra with skew quads.
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