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Abstract

We present a set of planar parallel manipulators of Stewart Gough type which are
singular with respect to the Schonflies group X(a) without being architecturally
singular. This set of so called Schonflies-singular planar parallel manipulators is
characterized by the property that the carrier plane of the platform or of the base
anchor points is orthogonal to the rotational axis a of the Schénflies group X(a). By
giving the necessary and sufficient conditions we provide a complete classification
of this set. Beside this algebraic characterization we also present a geometric one.
Moreover we discuss the self-motional behavior of these manipulators and prove
that they possess a quadratic singularity surface.
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1 Introduction

In this article we discuss a class of planar parallel manipulators of Stewart
Gough type which are singular with respect to the Schonflies motion group
X(a). This 4-dimensional group, which is named after the German geometer
Arthur Moritz Schonflies (cf. [20,21]), is the largest subgroup of the Special
Euclidean motion group SE(3) and includes three linearly independent trans-
lations and all rotations about a fixed axis a.

A planar parallel manipulator of Stewart Gough type consists of two systems,
namely the platform ¥ and the base ¥4, which are connected via six Spherical-
Prismatic-Spherical (or Spherical-Prismatic-Universal) joints. The geometry
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of such a manipulator is given by the six base anchor points M; € ¥, with
coordinates M; := (A;, B;,0)T and by the six platform anchor points m; € ¥
with coordinates m; := (a;,0,b;)?. By using Euler parameters (eg, €1, €z, €3)
for the parametrization of the spherical motion group SO(3) the coordinates
m’, of m; with respect to the fixed space can be written as m;, = K~'R-m; +t
with

e +e? —es—e 2(eres —eges)  2(eres + epes)

R:=(ry) = | 2(ejex +eges) €2 —e?+e2—e2 2(eges —eger) |5 (1)

2(e1e3 — egea)  2(eges + eger) €i — e —es+ el
the translation vector t := (t1,%o,3)7 and K := €2 + e? + €3 + €.

It is well known (see e.g. [10]) that a Stewart Gough platform is in a singular
position if and only if the carrier lines of the prismatic legs belong to a linear
line complex C, or analytically seen, if @) := det(Q) = 0 holds, where the
i'" row of the 6 x 6 matrix Q equals the Pliicker coordinates 1; := (li,Ti) =
(m] — M;, M, x 1;) of the i*" carrier line.

1.1 Preliminary considerations and overview

Definition 1 A Stewart Gough platform is called Schéonflies-singular (or more
precisely X(a)-singular) if there exists a Schénflies group X(a) such that the
manipulator is singular for all transformations from X(a) (applied to the mov-
ing part of the SG platform).

A special class of Schonflies-singular manipulators are the architecturally sin-
gular ones (cf. Ma and Angeles [9]) because they are singular with respect to
any Schonflies group. As architecturally singular manipulators are already
classified (cf. Karger [4,6], Mick and Roschel[11,19], Nawratil [14,15]) and
Wohlhart [23]) we are only interested in Schonflies-singular manipulators which
are not architecturally singular.

For the determination of X(a)-singular planar parallel manipulators we dis-
tinguish the following cases depending on the angles between the axis a and
the carrier plane ® of the base anchor points and the carrier plane ¢ of the
platform anchor points, respectively. By setting a := Z(a, ®) € [0,7/2] and
B = Z(a,¢) € [0,7/2] the classification can be done as follows:

(1) a#p
o) (a) a =7/2 and § € [0,7/2] (b) a € [0,7/2[ and 3 € [0,7/2]
2) a=0

(a) a =7/2 (b) a €]0,7/2] (c)a=0



Every Schonflies-singular manipulator belongs to one of these cases (after ex-
changing the platform and the base).

In this paper we give a complete classification of case (1a). The presented so-
lution set is remarkable because it turns out (cf. [16]) that these are the only
Schonflies-singular planar manipulators with a # [ aside from the architec-
turally singular ones. Moreover it should be noted, that the special cases (i.e.
a = f3) of Schonflies-singular planar Stewart Gough platforms are given in
[17]. Therefore we also close the discussion of Schénflies-singular planar par-
allel manipulators which was started by Wohlhart [22] by giving an example
(polygon platform) for a X(a)-singular planar SG platform of case (2a).

As a # (3 holds there always exist a common line s of ¢ and ® and therefore
we can apply the following lemma given by Mick and Réschel [11]:

Lemma 1 If the connecting lines of M; € ® and m; € ¢ of two intersecting
planes ® and p belong to a linear line complex, then this property remains
unchanged under rotations of the planes about their intersection line.

As @ is orthogonal to the axis a the rotations about a and the line s com-
mute. Therefore the solution set of case (1a) does not depend on  and we
can assume (3 = 0. This is the reason for choosing ¢ as the xz-plane of X, i.e.
m; = (a;,0,b;)" while a equals the z-axis (i.e. ; = e; = 0). As a consequence
the solution of our problem corresponds to those non-architecturally singular
manipulators which cause Q = 0 for all values of t1,ts,t3, €0, e3. * The dis-
cussion of the resulting set of equations is split up into the following parts:
The case study is started in Sec. 2, where we assume that there do not exist
4 collinear anchor points. In Sec. 3 resp. Sec. 4 we assume that at least 4 base
anchor points resp. platform anchor points are collinear. In Sec. 5 we give a
geometric characterization of the computed set and in Sec. 6 we discuss its
self-motional behavior. We close the article by giving a final example.

1.2 Notation

Beside the term Schonflies-singular, we also introduce a new notation in the
study on singularities of parallel manipulators. We denote the determinant of
certain j x 7 matrices as follows:

‘Xa y,... ,X}”(z‘l,z‘Q,...,z’j) = det(X(il,ig,...,ij)a Y (ivsig,esij)s - - - 7Xy(i1,i2,...,i]-)) (2)

! Nevertheless the Schonflies group has 4 parameters we have five unknowns
t1,t2,13, €0, €3 as the rotational part is homogenized.



Xiy Yiy XirYiy
. Xi Yi Xi,Yi
with X 4y,.0) = ,2 s Y(irin,.iy) = .2 s XY (i izyeniy) = 2 1 (3)
Xij_ Yi; _Xz'jyij_

and (i1,17a,...,7;) € {1,...,6} with ¢y < i3 < ... < ;. Moreover it should be
noted that we write |X,y,..., Xyl if i1 =i+ 1for k=1,...,5—1 hold.
This notation helps considerably proving the given theorems and its clarity
allows a deeper insight into the geometry of the manipulator.

Moreover ¢ jr) := [1,a,blijk = 0 and C x = |1, A, B,k = 0 express
the collinearity of the points m;, m;, m; and M;, M;, M, respectively.

It should also be said that in the later done case study we always factor out the
homogenizing factor K if possible. Moreover we give the number n of terms of
a not explicitly given polynomial F' in square brackets, i.e. F[n]. The notation

i1 denotes the coefficient of tiththetey of F[n]. Moreover we only consider
such coefficients where u + v equals the degree of F' with respect to eg and e
(after factoring out the homogenizing factor K as often as possible).

2 No four anchor points are collinear

The following lemma is a modified version of the one presented by Karger [4]:

Lemma 2 For any planar parallel manipulator with no four anchor points
collinear, we can choose Cartesian coordinate systems in > and Xy in such
a way that Ay = By = By = a; = by = 0 and |A,B,Ba,Bbl5 # 0 hold.
Moreover we can assume |A, B, Balj # 0 and |A, B, Bb|; # 0.

Proof: For the proof of |A,B,Ba,Bb|; = AyB3BiBscia5 # 0 we refer to
[4]. As the points m3, my, ms are not collinear we can relabel them such that
(b — by)(ag — ay4) # 0. This already yields the proof. O

Beside this lemma we also need the following abbreviations for the formulation
of Theorem 1:

K;:=|A,B,Ba,Bb,al’, L,:=|A,B,Bb,al,
K,:=|A,B,Ba,Bb,blS,  L,:=|A,B,Bb,b[, (4)
K;:=|A,B,Ba,Bb,Aall, L,:=|A,B,Bb,Abl],

K, :=|A,B,Ba,Bb, Ab|S.

Theorem 1 For a planar Stewart Gough platform with no 4 collinear base
anchor points we can assume Cartesian coordinate systems such that Lemma



2 hold. Then a non-architecturally singular manipulator, where a is orthogonal
to ® and parallel to p, is X(a)-singular in one of the following cases (after
permutation of indices): Compute Ag from K; =0 and As from Ly = 0.

1. Compute ag from Ko = 0 and as from Ly = 0. Moreover we compute Ay
from Ly =0 and one equation remains:

b2b2(Bs — B4)Bs Bs(bs — be) — b2b2(Bs — Bs)BaBg(bs — be) + b2b2(B3 — Bs)BaBs(bs — bs)+
b3b3(Ba — Bs)B3Bg(bs — bs) — b3b3(Ba — Bs)B3Bs (b3 — bs) + b2b3(Bs — Be)B3Ba(bs — ba)+  (5)
by [Bs|b, B, Bb|{ — Ba|b, B, Bb|(3 5,6) + Bs|b, B,Bb|(3.4.6) — Bs|b, B, Bb[3| =0.

2. We set by =0, compute Bs from Ly =0 and as fom L3 = 0.
a. B6 = b6 =0.
b. We compute Bg from Ky and one equation remains:
A2 Bslagba(bs — be) — asabsbe] — A2 Ba[agbs(bs — bs) — azbabs]
+b2|a, A, B|3 + az(bsba — babs — bzbs)|A, BJ3 = 0.

Proof: We split the proof up into two parts:

Part [A] In this part we show that K3 = Ky = Ky = Ly = Ly = L3 = 0 are
the six necessary and sufficient conditions for a non-architecturally singular
manipulator with no four anchor points collinear to be Schonflies-singular.

We set e; = es = 0 (= axis a equals the z-axis of the fixed system) and
compute (). The necessity of K1 = Ky = K4 = 0 follows from:

60 __ 60 __ 80 08 __
002 — Kla 101 — K2v 001 — w001 — 2A2K4- (7)

Due to Lemma 2 we can perform the elementary operations with the matrix
Q given by Karger [4] without loss of generality (w.l.o.g.). These five steps
can be written as follows:

‘A7 ’(2@) . ’A7B7Ba‘(23i)
L =1 —1,——~ =456 d) 1l:=1-1 =
O =ho b gy TR0 LT R Rl
|AaB7Ba>Bb|(2346)
l. =1 —1
(€) Is:= 1o =15 /A, B, Ba, Bb[;

Finally 15 has the following structure:

(rin K713 K, ro1 Ky 4793 Ko, 731 Ky 733K, 0, =131 K3 — 133 Ky, 191 K3 + 793 Ky)

(8)
with K; (i = 1,...,4) of Eq. (4) and r;; of Eq. (1). ? Due to Eq. (7) we
set K1 = Ky = K4, = 0 in Eq. (8) and compute @ = Asepes K3F[744]. The

2 Note that K1 = Ky = K3 = K, = 0 are the generalized version (by # 0) of the
4 sufficient and necessary conditions for a planar parallel manipulators with no 4
points collinear to be architecturally singular (cf. [4]).

=5,6



necessity of the remaining conditions follows from:

F(;l[)OQ = |Av B, Bb, aBa F14(())1 = |A’ B, Bb, bB’ FOG(?1+F(§)()61 = 2|A> B, Bb, Ab|g

(9)
For the proof of the sufficiency we must show that F'[744] vanishes if these 3
conditions are fulfilled. A close inspection of the coefficients of F' shows that
they all can be written as determinants of 4 x 4 submatrices of the matrix
S := (A, B,Bb, a, b, Ab)j or linear combinations of those. But the conditions
of Eq. (9) imply rk(S) < 3 because A3, B3, Bbj are linearly independent due
to Lemma 2. This finishes the first part.

Part [B] In this part we show that the only non-architecturally singular
manipulators with no 4 points collinear fulfilling K1 = Ko = Ky = L1 = Ly =
L3 = 0 are the listed 3 designs.

Due to Lemma 2 we can compute Ag from K7 = 0 and A5 from Ly = 0 w.l.o.g..
In the following we distinguish two cases:

1. by # 0: Under this assumption we can express ag from K5 = 0 and a5 from
L2 = 0.
a. (bg — bs)(by — bs) # 0: Now we can also express Ay from Ly = 0. Then
K4 = 0 can only vanish without contradiction (w.c.) if the condition Eq.
(5) is fulfilled. This yields the solution of item 1.
b. b; = bs with i,j € {3,4} and i # j: Now L3 = 0 can only vanish w.c. for
bs(bs — by) = 0.
i. b5 = 0: Now K4 = 0 can only vanish w.c. for

It should be noted that m;, m;, ms and My, M;, M5 are collinear. This
solution corresponds with item 2a.

ii. b5 = by: This can be done analogously to the above case. Again the
solution corresponds with item 2a.

2. by = 0: Now Ly = 0 can only vanish w.c. for [b, B, Bb|3 = 0. It is very easy
to verify that this equation cannot be solved for Bz, By or Bj if 4 points
are collinear or |A, B, Ba, Bb|5 = 0. Therefore we can assume w.l.o.g. that
|b, B, Bb|3 = 0 can be solved for Bs. As a consequence we can also express
as from Ly =0 w.l.o.g..

Now K, = 0 can only vanish w.c. for |b, B, Bb|s46 = 0. Again it can
easily be shown that this equation cannot be solved for Bs, B, or Bg w.c.
only for bg = Bg = 0, B3 = B4. But this is a special solution of item 2a.

For the general case we can assume w.l.o.g. that Bg can be expressed
from |b,B,Bb|346 = 0. Now K; = 0 can only vanish w.c. for b = 0
which yield item 2a or if Eq. (6) is fulfilled. The latter case yields item 2b.
OJ



3 Four base anchor points are collinear

W.l.o.g. we can assume My, ..., My are collinear. Now we can choose Cartesian
coordinate systems such that Ay = By = By = B3 = B, = a; = b; = 0 hold.
In the first step we show that ms; = mg or B;Bg = 0 yield architecturally
singular manipulators:

1.

For Bs = 0 we get Q = Bg(z + bgK) F[384]. Inspection of the coefficients of
F show that the condition rk(A,a, b, Aa, Ab)5 < 3 must hold because the
determinants of all five possible 4 x 4 submatrices appear as coefficients or
can be produced as linear combinations of coefficients. According to [19,15]
this already implies an architecturally singular design.

. m5 = mg: Now @ splits up into (z + bgK ) F[768]. The conditions

Fysy = |A, B, Ab,a,b|$ =0, Fi2 =|A,B,Aa,a,bl5 =0,
Lo+ Fl5 =|A,B,Aa,Ab,b|S=0, Fy% =|A,B,Aa, Ab, a5 =0,

are the generalized version (b # 0) of those given by Nawratil [14], indicat-
ing the degenerated cases of architecturally singular planar manipulators.

Theorem 2 For a planar Stewart Gough platform with 4 collinear base an-
chor points we can assume Cartesian coordinate systems such that Ay = By =
By = B3 = By = ay = by = 0 hold. Then a non-architecturally singular ma-
nipulator, where a is orthogonal to ® and parallel to ¢, is X(a)-singular in one
of the following cases (after permutation of indices):

1.

[m5,m6] || D
a. Compute Ay from |A,a,bli =0, A3 from |Ab,a,bl; = 0 and As from

|Ab,B,a, bl = 0. The condition |A,B,a,b|$/(Axcas4)) = 0 remains.
b. My, M5, Mg collinear: Compute Ay from |A,a, bl; = 0.

1. My, mg, my are situated on a line which is parallel to ®, condition
|A,B,a,b|356 =0 remains.

i. [m3,my] || @, My = My, condition |B,a,b|is6 = 0 remains.
c. my, My, m3, my are situated on a line which is parallel to ® and M5 = Mg.
mq, ms, mg are situated on a line which is parallel to P:
My, M5, Mg collinear, compute Ay from |A,a,b|s = 0 and A3 from |Ab,a, b|i =
0, condition |a, B|¢ = 0 remains.
my, My, M5, Mg are situated on a line which is parallel to ®:
M3 = My, compute Ay from |A,a,b|3 =0 and |A,B, |56 = 0 remains.
mq, M3, My, M5, Mg are situated on a line which is parallel to ®:
compute Ay from |A,alj = 0 and the condition |A,B,a|s56) = 0 remains.

PT'OOf.' Due to Qij(lm = B5BG(CL5—CL6)|A, a, b|§1 and %(1)1 = B5Bﬁ<b5—b6)’A, a, b|§1
we set |A, a, bl = 0. The equation cannot be solved for any A; (i = 2,3,4) if
and only if my, ..., my are collinear.



e my, ..., my collinear: We distinguish two cases:

* by # 0: We set a; = agh;/by for i = 3,4. Then @ splits up into several
factor. It can easily be seen that none of these factor can vanish without
contradiction.

* by = b3 = by = 0: Again @ splits up into several factors, where the longest
has 28 terms. This is the only factor which can vanish w.c. and it implies
solution (1c).

e my,...,my not collinear: In this case we can relabel the points in such a way
that ¢(12,3) # 0 and ¢ 2.4y # 0 hold. We compute A4 from |A, a, b|3 = 0. Now
tho = 0 and QF}, + Qg7; = 0 imply [Ab, a,b[; = 0.

1. b3 # by: Under this assumption we can express Az from |Ab,a, b3 = 0.
Then Qfj, = 0 and @35, + @15, = 0 can only vanish w.c. in two cases:

a. bs = bg: Now (Q splits up into several factors; one of them F' has 480
terms. The vanishing of all other factors yield easy contradictions.

i. bg # 0: W.lo.g. we can compute Ag from F}}) = |Ab, B, a, bl = 0.
Now the condition F§; = |A,B,a,bl§ = 0 remains. This condi-
tion splits up into Ascq,34)G[48] = 0. Then Asci 4y = 0 yields a
contradiction and from G[48] = 0 we get solution (1a).

ii. bg = 0: Now the two conditions Fyj, + Fiiy = |Ab,A,B,bl$ = 0
and F}); = 0 can only vanish w.c. in the following 3 cases:

*x Ag = BgAs/Bs and ag = Bgas/Bs, which yields solution (2).

* For by = 0 the remaining coefficients of F' can only vanish w.c.
for |a, A, B|2,56) = 0 which yields solution (3).

* For b; = 0 the remaining coefficients of F' can only vanish w.c. for
|A,B,a,b|s;56 = 0 withi # jand i,j € {3,4}. We get solution
(3) after a permutation of indices.

b. |a,b,bb|; = 0, |a,b,abl; = 0, b5 # bs: The resultant of these condi-
tions with respect to a4 can only vanish w.c. for by = 0 or by = by.
Plugging these conditions into the above two expressions already yields
a contradiction.

2. by = by: Now |Ab,a,b|3 = 0 splits up into Agby(by — by)(az — ag) = 0. As
for as = a4 the 3" and 4" leg coincide, we must distinguish three cases:
a. by = 0: In this case my, m3, my are collinear. Now Q34 + @15, = 0 implies

bs = bg and @) splits up into several factor where only the one with 68
terms yields no contradiction. It can easily be seen that the coefficients
of this factor can only vanish in the following two cases:

i. bg = 0 and |a, A, B|;356) = 0 yield solution (4).

ii. Clo56 = 0 and |a,b, A, B|2356 = 0 yield solution (1bi) after a
permutation of indices.

b. by = by # 0: This case is similar to the last one. After performing the
same steps as above we end up with the following two solutions:

i. by = bs = bs and |a,b, A, B|n 356 = 0 yield solution (4) after a



permutation of indices.
ii. b5 = bﬁ, 0(1,5,6) =0 and |a,b, A, B|(273,576) =0 y1€1d solution (1b1)
c. Ay =0, by(by —by) # 0: Now Q2% = 0 and Q3}; + Q15 = 0 imply again
bs = bg. Now it can easily be seen that the other conditions can only
vanish w.c. in the following two cases:
i. by = bs and |a, b, A, B|2356) = 0 yield solution (3) after a permu-
tation of indices.
ii. C1i56) =0 and |a,b, B 56 = 0 yield solution (1bii). d

4 Four platform anchor points are collinear

Theorem 3 For a planar Stewart Gough platform with 4 collinear platform
anchor points parallel to ® and no 4 collinear base anchor points we can as-
sume Cartesian coordinate systems such that Ay = By = By =a; = by = by =
bs = by = 0 hold. Then a non-architecturally singular manipulator, where a s
orthogonal to ® and parallel to v, is X(a)-singular in one the following cases
(after permutation of indices):

1. my,...,my are situated on a line which s parallel to P:
a. Compute ag from |A,B,al} =0 and |A,B,a|45 = 0 remains.
b. m; = my, compute ag from |a, B3 = 0 and |a, B|} = 0 remains.

2. my,...,my are situated on a line which is parallel to ® and M5 = Mg:
a. Compute Ay from |A,B,al; =0 and |A,B,a,b|es56 = 0 remains.
b. my = my, compute az from |a,B|3 =0 and |a,b, B[ = 0 remains.

Proof: We split the proof again into two parts:

Part [A] We assume that my,..., m; are collinear; i.e. b5 = 0. Now @ splits
up into
2*bg(2epes(x — AgK) — (ef — e3)(y — BK))F[42] (11)

and two conditions (F?° = 0 and F*' = () remain. Computing the resultant of
these two conditions with respect to A, yields as|A, B, a|3G[12]. As G = 0 and
F2Y = 0 imply item 10 of Karger’s list of architecturally singular manipulators
given in Theorem 3 of [6], there are two possibilities left:

1. a; = 0: In this case the two equations F?° = A,|A,Ba,al} = 0 and
F' = A,|B,Ba,al; = 0 remain. The resultant with respect to as yields
A3a304B5C 3,45]a,B|3. As C345) = 0 implies the special case of item 10
of Karger’s list, we are left with three cases:

a. asay = 0: W.lo.g. we set a3 = 0. Then F?° = 0 imply B, = Bs and
F' = ( yields the contradiction.

b. Bs = 0, azay # 0: From F?° = 0 we get a3 = ay. Then F!' = 0 yields
the contradiction.



c. |a,B|3 =0, agayBs # 0: Now F? =0 and F'' = 0 can only vanish w.c.
for |a, B|; = 0. This yields solution (1b).

2. |A,B,al} =0, ax # 0: As Cusa) = Cuzs) = Caas = 0 yields a con-
tradiction we can assume w.l.o.g. that C(; 45 # 0 holds. Therefore we can
express az from |A,B,al; = 0. Then we get [?° = |A, B, a4 H:[8]
and F''' = |A, B, a|(2,45)H>[8]. The vanishing of the common factor yields
solution (1a).

The resultant of the remaining two factors with respect to As yields
Bsagas(Bs — By)(Bs — Bs)(as — as)|A, BJ}. All possible cases yield easy
contradictions after back-substitution into H; = 0 and Hy = 0.

Part [B] Only 4 platform anchor points are collinear. Now @ splits up into
2F[1028]. Due to Fy, = 0 and Fysy = 0 we must distinguish the following two
cases:

1. M5 = Mg: F splits up into z(2epez(x — AgK) — (€3 —e3)(y — Bg K)) R[84] and
two conditions (R?® = 0 and R'" = 0) remain. These are exactly the two
conditions given in Eq. (18) by Karger [6]. But it is shown in [14] that these
conditions are not sufficient for an architecturally singular design. There
are three cases where these two conditions vanish and the manipulator is
not architecturally singular. Two of these cases correspond to solution (2a)
and (2b), respectively. The third case equals case (1c¢) of Theorem 2.

2. |A,B,al; = 0, M5 # Mg: As no 4 base anchor points are collinear we can
assume Ay Bs # 0 w.l.o.g.. Therefore we can express a4 from A, B, al; = 0.
Then F splits up into S[14]T'[120]. It can easily be seen that S* = 0 and
S = 0 as well as T}y = bsbgAaBs(Bs — Bs) = 0 and T3, + Toh =
2b5bg Ay B3(As — Ag) = 0 imply contradictions. d

Note that item (3) of Theorem 2 is a special case of item (2a) of Theorem 3.
Moreover, item (4) of Theorem 2 is a special case of item (la) of Theorem 3.
Therefore the remarkable set of Schonflies-singular planar parallel manipula-
tors contains 12 different manipulator designs.

Remark 1 [t should also be mentioned that the only degenerated manipula-
tors are those given in item (1a) and (1b) of Theorem 3, because they are
independent of the choice of the sizth platform and base anchor point; i.e. the
first five legs always belong to a congruence of lines. Therefore these designs
also yield non-planar Schonflies-singular manipulators which are not architec-
turally singular. o

Theorem 4 For a planar Stewart Gough platform with 4 collinear platform
anchor points and no 4 collinear base anchor points we can assume Cartesian
coordinate systems such that Ay = By = By = ay = by = 0 hold. If no 4
collinear platform anchor points are parallel to ®, then there does not exist
any X(a)-singular manipulator, where a is orthogonal to ® and parallel to .

10



Proof: This proof of the non-existence can be done as in Theorem 2 and 3,
respectively. For the lengthy discussion of cases we refer to the appendix of
this technical report. ([l

Remark 2 At the end of this case study we want to recall that the manip-
ulators given in Theorem 1, 2 and 3 are also Schonflies-singular for any
B € [0,7/2] due to Lemma 1. But the set of non-architecturally singular manip-
ulators which are X(a)-singular with a orthogonal to ® and ¢ is much larger
than the set of manipulators obtained from Theorem 1, 2 and 3 by setting
B = m/2. For more details we refer to [17]. o

5 Geometric characterization

Lemma 3 The Schonflies-singular planar parallel manipulators given in The-
orem 1, 2 and 3 fulfill the following rank condition:

rk(1,A,B,Bb,a b, Ab)} = 4. (12)

Proof:

ad Theorem 1: K; = Ky = K4 = 0 imply rk(1, A, B,Bb,a,b, Ab,Ba)¢ < 5
because A, B,Ba,Bb are linearly independent due to Lemma 2. From the
proof of Theorem 1 we already know rk(1,A,B,Bb,a, b, Ab); < 4. This
already implies the condition given above because if the rank is smaller than
4 the manipulator is architecturally singular according to [19,15].

ad Theorem 2 and 3: For the special cases listed in these theorems the rank-
property can be proven explicitly. O

In the following theorem we show the converse of this lemma:

Theorem 5 A non-architecturally singular Stewart Gough platform with pla-
nar base ® and platform ¢ which fulfills Eq. (12) and where a is orthogonal
to ® and orthogonal to the x-axis of the moving frame is X(a)-singular.

Proof: This geometric proof is done according to the method introduced by
Réschel and Mick [19]. For readers who are not familiar with line geometry
we refer to [18].

All lines of a linear line complex C with homogeneous coordinates (¢; : ... : ¢g)

correspond with the null-lines of a null-polarity . This linear mapping x maps
the point P with homogeneous coordinates (pg : ... : p3) onto the plane x(P)
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with homogeneous coordinates [ : ... : &] by

o 0 —cq4 —c5 —c6 ) [ Ppo
&1 _ | 0 —c3 e D1 | (13)
) cs 3 0 —ci | |p2
&3 ce —Ccy ¢ 0 b3

If we restrict x to the points M; of the base ® and intersect x(M;) with the
platform ¢ we get a correlation v from points of ® to lines of ¢. Due to Lemma
1 we can assume that ¢ is parallel to a. Now the platform anchor points M;
with homogeneous coordinates (1 : A; : B; : 0) and base anchor points m; with
(1:a;:0:b;) are conjugate points with respect to =y if

0 —Cyq4 —Cs 1
(17 a;, bz) Cy 0 —C3 Az =0 (14)
Ce —C2 C1 B;

holds. Moreover this condition must hold for the whole Schénflies group X(a)
where a is orthogonal to ® and parallel to . Therefore Eq. (14) must hold
independently of translations of ® in x and y direction as well as rotations

about the z-axis (angle §) and independently of translations of ¢ in z direction.
This yields (1, a;, b;)A(1, A;, B;)T = 0 with

10z 0 —cs —c5 1 0 0
A:=(ai;) =010 |cs 0 —c3| |2 cosd —siné |- (15)

001 Cg —Co Yy sind cosd

The a;; are homogeneous linear functions of the coordinates ¢;. Therefore the
set of linear line complexes spanned by Schonflies-singular manipulators deter-
mine a 4-parametric manifold (parameters x,y, z, d) of correlations. Moreover
the three equation agg = 0, a11 = 0 and ag; + a9 = 0 must hold. As a1 of Eq.
(15) equals —c3sind the condition ay; = 0 implies ¢3 = 0. As a consequence
a1y = —cgcosd is also zero. Therefore the ideal points of ® are mapped onto
the pencil of lines through the ideal point of the x-axis of the moving frame.

The remaining two conditions agy = 0 and ag; + a19 = 0 can be written as

10—z —wv w 20 —ZWw T 0
(a007 @10, @20, A01, A02, A21, 6122) =
01 0 cosd —sind —zcosd zsind 0
(16)
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with v := x cosd+ysind and w := xsin d—y cos 9. Due to the first two columns
this 2x 7 matrix has rank 2 independently of the parameters x, y, z, . Moreover
we can also rewrite the 6 equations (1, a;,b;)A(1, A;, B)T =0 (i =1,...,6)
in an analogous form as

1 aq bl Al Bl A1b1 Blbl 0
(ago, @10, @20, Go1, oz, A1, a2)” = | 1] . (17)

1 ag bﬁ A6 B@ A6b6 Bﬁbﬁ 0

If this 6 x 7 matrix has rank 4 the system of linear equations given in Eq.
(16) and (17) has at least a 1-dimensional solution. As a consequence the 6-
parametric linear manifold of correlations described by (3,3)-matrices a;; with
a1 = a2 = 0 contains at least one correlation + and therefore the manipulator
is Schonflies-singular. 0

This geometric proof also provides us the following geometric characterization:

Corrolary 1 Given are two sets of points {M;} and {m;} (i =1,...,6) in
two planes ® and o, respectively. Then the non-architecturally singular planar
parallel manipulator of Stewart Gough type, where a is orthogonal to ® and
parallel to ¢, is X(a)-singular if and only if {M;, m;} are three-fold conjugate
pairs of points with respect to a 2-dimensional linear manifold of correlations,
which map the ideal points of ® onto the pencil of lines through the ideal point
of the intersection line of ¢ and .

Based on the results of this section we can also prove the following theorem:

Theorem 6 A non-architecturally singular planar manipulator which is X(a)-
singular with a orthogonal to ® and parallel to ¢ has a quadratic singularity
surface.

Proof: First of all we show that rk(D) = 4 with D := (1,a,b, A, B)$ holds.
The proof is done by contradiction as follows:

The relation between the rank of the matrix D and the geometry of the planar
parallel manipulator was studied by Karger [8]. In the trivial cases rk(D) = 1
or rk(D) = 2 we get architecturally singular manipulators as all points collapse
into a point or onto a line, respectively. Moreover Karger proved that the rank
of D is equal to 3 if and only if the base and the platform are affinely equivalent.

Now we assume that this is the case, i.e. a; = n11A; + n12B; and b; = ng1 A; +
nooB; fori =1,...,6. Then we compute () for e; = e; = 0. It can easily be seen
that ) can only vanish if the affinity is singular or if the base anchor points
are located on a conic section. Both possibilities yield again architecturally
singular manipulators. Therefore rk(D) = 4 must hold.
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Due to this result one of the following two linear combinations must hold:

(i) Bibi =MA;, + mB; + na, (i1) Bib; = MA; + B +11b;,  (18)
Aibi = Mo A; + e B; + a0y, Aib; = MA; + poB; + b, (19)
b; = A3 A; + psB; + vsa,, a; = A3A; + psB; + vsbi,  (20)

with \;, u;, ; € R. Moreover we can set Ay = By = a1 = by = By = 0.
As a consequence Bsb, is equal to zero, which yields A\; Ay 4+ vias = 0 resp.
M As+11by = 0. We can express A\ from this equation, because we can assume
As # 0 without loss of generality. Now we substitute these expressions into
the homogeneous line coordinates of 1, and compute (. It turns out that
() splits up into three factors, where one is the orientational factor eges —
eires. The second factor only depends on the geometry and the third factor
is homogeneous in the Fuler parameters of degree 6. Moreover the last factor
only depends quadratically on the translation parameters and therefore this
class of manipulators possesses a quadratic singularity surface (cf. [5]). O

6 Self-motional behavior

In this section we will investigate the set of Schonflies-singular manipulators
of case (la) with respect to self-motions within the 5-dimensional manifold I'
of configurations determined by eges — eje3 = 0. As these manipulators are
singular in each configuration of I' the necessary condition for a self-motion,
namely to be singular in each pose of the motion, is trivially fulfilled. Therefore
there is the hope of finding new self-motions of Stewart Gough platforms. For
the already known self-motions we refer to [3,7] and the references therein.

For the determination of self-motions it is advantageous to work in the Study
parameter space P which is a 7-dimensional projective space with homoge-
neous coordinates ey, ..., es, fo, ... f3. We get this representation by substitu-
tion of the translation parameters t1,s,t3 in the formula above Eq. (1) by

t1 =2(eof1 —erfo+eafs —esfa), ta=2(eofa —eafo+esfi —eifs),
t3 = 2(eo f3 — esfo +e1fo —eaf1).

Now all points of P which are located on the so called Study quadric ¥ :
>3 ,eifi = 0 correspond with an Euclidean displacement, with exception of
the 3-dimensional subspace ey = ... = e3 = 0 of ¥ because these points cannot
fulfill the normalizing condition K = 1. It was shown by Husty [2] that the
condition that m; with coordinates m; = (ay, b;,0) is located on a sphere with
center M; with coordinates M; = (A;, B;,0) and radius R; can be expressed
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by the following homogeneous quadratic equation:

i=0
4[(eofo — foe2)(Bs — b;) — (erfs — fres)(Bi — b;) + (eafs — faes)(Ai — a;)
+ (eofi — foer)(Ai — a;) + eoes(Aib; — Bja;) — erea(Aib; + Bia;)] =0

with F = A? + B? 4+ a? + b — RZ.

We consider the variety V spanned by I', W, Ay, ..., Ag. In general the solution
variety is empty, but for special geometries the variety can be n-dimensional.
Cases with n > 0 correspond to n-dimensional self-motions of the manipulator.

Note that Schonflies-singular manipulators with pure Schonflies self-motions
can only be special cases of the list of parallel manipulators with Schonflies
Borel-Bricard motions given by Borel [1]. The proof of the completeness of this
list was given by Husty and Karger in [3]. Therefore we are only interested in
Schonflies-singular manipulators with non pure Schonflies self-motions.

Moreover we can restrict ourselves to non-architecturally singular manipula-
tors, because it was already shown in [13] that the rank condition

rk(1,A,B,a b, Ba, Aa, Bb, Ab)$ < 6 (21)

of architecturally singular manipulators given in [19] implies the existence
of a linear combination Z?:1 N;p; = 0 with p; € R. Therefore all planar
architecturally singular manipulators have self-motions.

Surprisingly the following result holds:

Theorem 7 The Schonflies-singular manipulators of Theorem 5 do not pos-
sess self-motions within the 5-dimensional manifold I of configurations deter-
mined by epes — e1es3 = 0 which are not pure Schonflies motions.

Proof: In the first part we assume that ey # 0. As the Study parameters are
homogeneous we can normalize them such that ey = 1 holds. As a consequence
we set eg = ejes. Moreover from ¥ we get fo = —eq f1 —eiesfo—esf3. According
to Eq. (18)-(20) we substitute

Bibi = MAi+p1 Bi+viti,  Aiby = M Ai+paBi+vats,  si = A\3Ai+ s Bi+vst,
with s,t € {a,b} and s # t in A; . We proceed by computing the equations
U; := A; — Ay which only depend linear on fi, f5, f3 for i = 2,...,6. Now we

consider the 5x 3 coefficient matrix M of this system.

First we assume that k(M) < 3. This is the case if the determinant of all five
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3x 3 submatrices vanish. The determinant of the system U;, U;, Uy, is given by
(€5( A3 — v3) — 2uzes — (Ag + 13))[A, Byt k). (22)

Therefore we must distinguish the following two cases:

e As there do not exist a Schonflies-singular manipulator with 5 collinear base
anchor points we can assume that My, M3, My are not collinear. Therefore we
can express s; from the conditions |A, B, t|34, = 0 for ¢ = 5,6. Then one
equation |A,B,t|3 = 0 remains. But the vanishing of this equation would
yield rk(D) < 4 which is a contradiction.

e For the second possibility we get A3 = u3 = v3 = 0, which means that all 6
platform anchor points are located on a line.

Therefore we can assume that at least one of the five 3 x 3 submatrices has
maximal rank. W.l.o.g. we can assume that this submatrix corresponds with
the equations Us, Us, Uy. From this system we now compute fi, fo, f3 and plug
it into Ay and U; = (1+€2) Ay F; (i = 5, 6), where F; only depends quadratically
on es. For s = b F; has 396 terms and for s = a F}; has 480 additive factors.
Ay which is of degree 8 in e; and ez is too large to be computed explicitly, but
this is even not necessary for the following argumentation.

In the general case we can compute ez from F5 or Fgz. As ez only depends
on design parameters it is constant. Therefore the rotational part of this self-
motion span a line in the spherical kinematic image space (cf. [12]), which is
the subspace fy = ... = f3 = 0 of the Study quadric. It is well known that
straight lines of this subspace correspond with rotation about a fixed axis.
Therefore the resulting self-motion can only be a Schonflies self-motion.

The above argumentation fails if F5 and Fg are fulfilled identically. We show
that this cannot be the case without yielding a contradiction. We denote the
coefficients of e3 of F5 by w; and get

w; = |A,B,Ba,t|; and w,—wg = |A, B, Aa,t[}. (23)

If these two expressions vanish the manipulator is already architecturally sin-
gular as Eq. (21) hold. Clearly the same holds for Us by changing the indices.

Now we discuss the case eg = 0. This implies e; = 0 or e3 = 0. Both cases yield
a Schonflies self-motion, as the rotational parts span a line in the spherical
kinematic image space. ([l
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Fig. 1. Geometry of the platform (white) and base (gray).

7 Final example

The geometry of the non-architecturally singular planar manipulator is given
by the coordinates of its anchor points. We have m; = M; = (0,0) and

(2 (7 _ w7 w (!
my = ) ms = , My = ) ms = , Mg = )
0 -1 52 142 -5
37 —15
137 47 29
M, = | My= O] M= [ ] M= [ B M= |
2 — ’ 3 — ) 4 — 120 |’ 5 — ) 6 —
0 2 120 4 3

Now we want to inspect if this manipulator is X(a)-singular where a is or-
thogonal to the base and parallel to the platform. It can easily be seen in Fig.
1 that no 4 anchor points are collinear. Moreover these anchor points fulfill
Lemma 1.3 Therefore we have to check if there exists an orientation o of the
platform such that the 6 conditions K1 = Ky = Ky = L4 = Ly = L3 = 0 of
Theorem 1 are fulfilled for

A; a; coso —sino
=M, and = m,;. (24)
B; b; sinc coso

After applying the half angle substitution (s = tan ) it can easily be seen
that all equations have the factor s> + 2s — 1 in common which implies the
two solutions 0 = 7/4 and 0 = —37w/4, respectively. As a consequence any

3 If this would not be the case one must relabel the anchor points.

17



configuration is singular where the line g of the moving system is parallel to
the base (cf. Fig. 1).

Remark 3 Note that it is not necessary to inspect if the manipulator is also
X(a)-singular where a is orthogonal to the platform and parallel to the base,
because both properties would already imply an architecturally singular design.
This can be seen as follows: If both properties hold then there must exist coor-
dinate systems in the platform and the base with

rk(1,A,B,Bb,a, b, Ab)’ = rk(1, A, B,Bb,a,b,Ba)$ = 4 (25)

(cf. Lemma and Theorem 5). As rk(1,A,B,a,b)$ = 4 holds (cf. proof of
Theorem 6) Eq. (25) implies k(1,a,b, A, B, Aa, Ab,Ba, Bb)} < 5. There-
fore the manipulator is architecturally singular (cf. [19,15]). o

8 Conclusion

In this paper we presented a complete classification of the set of Schonflies-
singular planar parallel manipulators of Stewart Gough type characterized by
the property that one of the carrier planes of the platform or base anchor
points is orthogonal to the rotational axis a of the Schonflies group X(a). Be-
side an algebraic characterization (cf. Theorem 1,2,3) also a geometric one
(cf. Corrolary 1) was given. Moreover the self-motional behavior of these ma-
nipulators was discussed (cf. Theorem 7) and it was shown that this class of

planar Stewart Gough platforms possesses a quadratic singularity surface (cf.
Theorem 6).
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Appendix

In the following the proof of Theorem 4 is given in two parts:

Part [A] W.Lo.g. we can assume that my,...,ms are collinear with by # 0
and a; = agb; /by for i = 3,4, 5. Then @ splits up into:

|a, b|(2,6)(2e0e3(z — AsK) — (ef — €3)(y — BsK)) F[288]. (26)

1. mq,...,m5 are pairwise distinct: We consider Fig; = by KU, and Figg =
b2K?U,. Now Uy = 0 and U; — U, = 0 correspond to the conditions given in
Eq. (17) of Karger [6] implying case 10 of the list of architecturally singular
manipulators.

2. Assuming m; = my = mjs; i.e. by = b5 = 0. Then Fjo; can only vanish w.c.
for B3 = 0. Now F' = zbybs(Ay — A3)|A, Bl (ybo K — 2zasepes) yields the
contradiction.

3. Assuming m; = m3: Then U; = 0 and Fjp = 0 imply the collinearity of
My, My, M. Now the equation U, = 0 remains, which corresponds to the
special case of item 10 of Karger’s list of architecturally singular manipu-
lators (cf. [6]).

Part [B] W.l.o.g. we can assume that my, ..., my are collinear with by # 0 and
a; = asb;/by for i = 3,4. Then Q splits up into Kb3F[6312]. In the first step
we compute the resultant of Fi3l, and Fal; with respect to Ay which yields:

620(1’2’5)0(172’6)BgB4(b3 — b4)(B5 — B@)G[ZO] (27)

Bg =0:
Now F16(?1 =0 ylelds B4B5Bﬁ|A, b’g[agb4(b5 — 66) - &5b2<b4 - b@) +Cl6b2(b4 — b5)]

1. Az = Asbs/by: The resultant of i, and Fp; — F5, with respect to ag can
only vanish w.c. in the following two cases:
a. by = bg: Then Fyly = 0 implies by = bs. From F}; — F5 = 0 we get
Bs = Bg. Then F?2%, = 0 implies an expression for Ag. Fi%, = 0 yields
the contradiction.
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b. Bs = Bg, by # bg: W.l.o.g. we can compute as from Faiy = 0. Now Fjo =

0 implies an expression for As. Again F}5, = 0 yields the contradiction.
2. [agb4(b5 — bG) - a5b2(b4 - bﬁ) + aﬁbg(b4 - b5)] = 0, |A,b|g 7é 0:

a. by # bs: Under this assumption we can compute ag from the condition.
Then Fiyj; = 0 and F}); + F'g, = 0 imply M5 = Mg. Finally Fg9 = 0
yields the contradiction.

b. by = bs: The condition implies by = b5 = bg. From F, = 0 we get
B5 = B6-

i. Aybs(bg — bg) — Agba(bg — b3) # 0: W.l.o.g. we can compute Ag from
F§d = 0. Then Fyy, = 0 yields the contradiction.

ii. Agbs(bg — by) — Asbe(bg — b3) = 0: W.l.o.g. we can solve this equation
for bs. Again the conditions Fyo, = 0 and Fjg, = 0 cannot vanish
w.c..

As a consequence of this study we can assume for the remaining discussion
that no 3 points of My, ..., My are collinear.

b3 = b4, BgB4 7& 0:

In this case Fiy, yields byCl23,4)T[8]. For by = 0 the condition Ffj; = 0 implies
Bs = 0 or Bg = 0. In both cases Fj}, = 0 and Fj, = 0 yield the contradiction.
Therefore we can assume by = by # 0 and set T" equal to zero.

1. by # bg: Under this assumption we can compute Bg from T' = 0. Then we
compute Ffy; + Fi§ which splits up into Bs(As — Ag)(ba — bs)c(1,2,6U[4]
with U := by(A3By — AyB3) + byAs(Bs — By). As Bs = 0 yields Bg = 0 a
contradiction, we have to distinguish the following 3 cases:

a. W.lo.g. we can solve U = 0 for A;. Then Fj}; — F5, = 0 implies an
expression for az. From Fy = 0 we get As. Finally F{3 = 0 yields the
contradiction.

b. by = bs, U # 0: Now F}y, = BsUcq25)¢,2,6) yields a contradiction.

c. As = Ag, (by — bs)U # 0: Now Fjl, = 0 implies an expression for as.
Then FSy = 0 yields the contradiction.

2. by = bg: Then T splits up into Bs(bs — bg)c(1,2,6)-

a. by = bg: In this case Fily, factors into ¢ 25)¢(1.26)(Bs — Bs)U.

i. U =0: W.lLo.g. we compute A, from this condition. Then Fj; —
F[5 = 0 implies Bs = Bg. From Fy, = 0 we get an expression for
Ag. Finally Fy2, = 0 yields the contradiction.

ii. Bs = Bg, U # 0: Assuming By # B, we can compute Ag from
Fgd = 0. Then Fjy, = 0 already yields the contradiction. For B; =
By the condition Fj9, = 0 implies a5 = ag. Then Fj), = 0 yields the
contradiction.

b. Bs = 0, bs # bs: Now F}, can only vanish w.c. for U = 0. From
this condition we again express A,. Finally Ffy; — 5 = 0 yields the
contradiction.
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B5 = B6, (bg - b4)BgB4 # 0:

W.lLo.g. we can express Ag from Fag = 0.

1. b 7é be: Under this assumption we can compute As from Fj), = 0. Now
F{2 can only vanish w.c. for bsby = 0. In both cases Fj@ = 0 implies the
contradiction.

2. bs = bg: Here we distinguish the following subcases:

a. by # bg, by # bg: W.lLo.g. we compute Ay from Fjj, = 0. Now the
resultant of Fiz and F2, with respect to Bg can only vanish w.c. in the
following cases:

i. b3by = 0: W.lo.g. we set b3 = 0. Then F?3, = 0 implies bg =
by + Bg(by — by)/By. Finally Fi@ = 0 yields the contradiction.
ii. b5 = b6 = 0, b3b4 7é 0: Now F 102 — =0 1mphes bg = b2+B3(b4—b2)/B4.
Again F{3 = 0 yields the contradiction.
iii. by = bg, b3bybsbs # 0: Fi% = 0 implies the contradiction.
iv. b3 = by+ Bs(by—bs)/ By, (bg—b6)b3b4b5b6 # 0: Then F% = 0 implies
bg = by + Bg(by — by)/By. Finally F% = 0 yields the contradiction.

b. W.Lo.g. we set by = bg: In this case Fiq, can only vanish w.c. for By = Bg.

Finally Fjj, + F|$ = 0 yields the contradiction.

G[QO] = 0, (B5 - B6)(b3 - b4)B3B4 7£ 0:

1. |B,bl|3 # 0: Under this assumption we can express Ag from G = 0. Then
the resultant of Fjl, and Fil, with respect to ag can only vanish w.c. for:
a. |A,B,b|; = 0: We compute Ay from this condition. Then F{} = 0
implies an expression for As. Finally FS% = 0 yields the contradiction.
b. |B,b,Bb|;346 =0, |A,B,bl|3 # 0:
i. Bybs(by — bg) — Bsby(bs — bg) # 0: Under this assumption we can
compute Bg from |B, b, Bb|34,6) = 0.
* Bybs(by — bs) — Bsby(bs — bs) # 0: Now we can compute Bj from
F3, = 0. Finally F}}, = 0 yields the contradiction.
* Bybs(by — bs) — Bsby(bs — b5) = 0: W.l.o.g. we can express bs from
this condition. Now F3i; can only vanish w.c. for b3 = 0, by = 0
or By = By. In all three cases F, = 0 yields the contradiction.
ii. Bybs(by — bg) — Bsbs(bs — bg) = 0: W.l.o.g. we can express bg from
this condition. Then |B,b,Bb|;346 = 0 can only vanish w.c. for
by = 0, by = 0 or B3 = By. In all three cases the conditions F}} 02 =0
and Fi, = 0 yield the contradiction.
2. |B,b|3 = 0: We solve this condition for b3. Now G splits up into C(y 3,4)N|[6].
W.lo.g. we can Compute Bg from N = 0. Then we can express Bj from
F}, = 0. Finally F3), = 0 implies the contradiction. End of all cases. [
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