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Due to Cayley’s theorem the line s ∈ Σ (= moving system) spanned by the centers of the spherical
joints of an RSSR linkage generates a surface of degree 8. In the special case of parallel rotary axes
of the R-joints the corresponding ruled surface is only of degree 6. Now the point locus of any point
X ∈ Σ\{s} is a surface of order 16 (general case) or of order 12 (special case). Hunt suggested that
the circularity of this so called spin-surface for the general case is 8 and this was later proved. We
demonstrate that the circularity of the spin-surface for the special case is 4 instead of 6 as given in
the literature. As a consequence generalized TSSM manipulators (the three rotary axes need not be
coplanar) with two parallel rotary joints can have up to 16 solutions instead of 12. We show that
this upper bound cannot be improved by constructing an example for which the maximal number
of assembly modes is reached. Moreover we list all parallel manipulators of this type where more
than 4× 2 = 8 points are located on the imaginary spherical circle.

PACS numbers: Valid PACS appear here

I. INTRODUCTION

An RSSR mechanism is a closed kinematic chain,
where two points Bi (i = 1, 2) of the end-effector Σ
are connected via spherical joints Si centered in Bi with
the systems Σi, which themselves are coupled via rotary
joints Ri with the fixed system Σ0. The RSSR linkage is
illustrated in FIG. 1, where Ai denotes the footpoint on
the rotary axis ai of the joint Ri with respect to Bi.

Due to Grüblers formula the RSSR mechanism has two
degrees of freedom (dof) where one degree is the rotation
of Σ about the line s spanned by B1 and B2. Therefore
we get a constrained motion for all points of s in contrast
to those X ∈ Σ \ {s} which are located on a so called
spin surface Φ. It should be noted that Φ is also known
as qeeroid (cf. [15]).

A. Related Work

The order of the ruled surface generated by the line
s can be determined by applying the two so called Cay-
ley theorems given by Fichter and Hunt [3]. The first
Cayley theorem stats that if two points B1 and B2

a fixed distance apart on a line s are constrained to
lie respectively on two curves c1 and c2 (either spa-
tial curves or planar curves lying in non-parallel planes)
then s generates a ruled surface whose degree is give by
2n1(n2−p2)+2n2(n1−p1), where ni denotes the order of
ci and pi the circularity of ci (i = 1, 2). In the special case
that c1 and c2 are planar curves lying in parallel planes
the order of the ruled surface can be computed by the sec-
ond Cayley theorem as 2n1(n2−p2)+2n2(n1−p1)−2p1p2.
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FIG. 1: Sketch of an RSSR mechanism and the spin surface
Φ traced by a point X ∈ Σ \ {s}.

For the RSSR mechanism ci are circles (ni = 2 and
pi = 1) and therefore the ruled surface is of order 8
(general case) and 6 (special case), respectively. Hunt
[4] proved by means of algebraic connection theory that
the spin surface Φ generated by the rotation of a point
X ∈ Σ \ {s} about s is of order 2 × 8 = 16 (general
case) and 2 × 6 = 12 (special case), respectively. More-
over Hunt [5] suggested that the circularity of the spin
surface is 8 which was later proved by Merlet [11].

For the special case Lazard and Merlet [10] stated that
the circularity is 6. As a consequence the number of as-
sembly modes for a parallel manipulator of TSSM type
with two parallel rotary axes was given by 12 (cf. [13]).
Moreover the circularity of 6 was used in the first ap-
proach of [10] to reason the number of assembly modes
for the Stewart platform.
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B. Overview

In Section II we prove that the circularity of the spin
surface of the special case is only 4. As a consequence
the generalized TSSM manipulator (the three rotary axes
need not be coplanar) with two rotary axes cannot have
more than 16 real solutions (see Section III). Moreover
we list all parallel manipulators of this type where more
than 4× 2 = 8 points located on the imaginary spherical
circle. As one of these special cases the Stewart platform
appears.

In Section IV we demonstrate that the TSSM with
two parallel rotary axes can also have 16 solutions (as
the general case; cf. [12]) by constructing an example for
which the maximal number of assembly modes is reached.

II. CIRCULARITY OF THE SPIN-SURFACE

Theorem 1. The spin surface of an RSSR mechanism
with parallel rotary axes contains the imaginary spherical
circle four times, i.e. the circularity equals four.

Proof: Without loss of generality (w.l.o.g.) we can
choose a Cartesian coordinate system in the fixed system
Σ0 such that the circles ci traced by the points Bi are
located in planes parallel to the xy-plane. Moreover we
can assume that A1 equals the origin and that A2 is lo-
cated in the positive quadrant of the xz-plane. Thus we
get:

A1 = (0, 0, 0)T and A2 = (t, 0, u)T , (1)

with t, u ≥ 0. The paths of Bi parametrized by

Bi(µi) = Ai + (ri cos µi, ri sinµi, 0)T (2)

with ri := AiBi are coupled by the constraint

P0 := ‖B1(µ1)−B2(µ2)‖2 − b2 = 0, (3)

where b > 0 denotes the fixed distance B1B2. Moreover
b ≥ u must hold because otherwise the RSSR mechanism
can not be assembled. The locus of a point X with co-
ordinates X = (x, y, z) of Σ \ {s} is determined by the
conditions

Pi := ‖Bi(µi)−X‖2 − d2
i = 0 for i = 1, 2 (4)

with di := BiX. After applying the half angle substitu-
tion

cos µi =
1−m2

i

1 + m2
i

and sinµi =
2mi

1 + m2
i

(5)

in Equ. 3 and 4 to get algebraic expressions we can start
the elimination process. We compute the resultant of the
numerator of P0 and the numerator of P1 with respect
to m1 which yields a polynomial P01. Now we eliminate
m2 from P01 and P2 again with the resultant method.

This yields already the polynomial Q of the spin surface
Φ which is indeed of degree 12 in the unknowns x, y, z.

For the determination of the circularity of this surface
we introduce homogeneous coordinates by

x := x1/x0, y := x2/x0, z := x3/x0. (6)

and multiply Q by x12
0 . Now we intersect the Φ with the

plane at infinity ω determined by x0 = 0 which yields
216r4
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4
2F1F2(x2

1 + x2
2 + x2

3)
4 with

F1 := (x2
1 + x2

2)(u− b)2 + x3t [x3t− 2x1(u− b)] ,

F2 := (x2
1 + x2

2)(u + b)2 + x3t [x3t− 2x1(u + b)] .
(7)

Up to this point we have only proven that the intersection
multiplicity of ω and Φ along k0 is 4. It is not clear that
k0 is a 4-fold curve of φ because it could for example also
be the case that k0 is a 3-fold curve and that ω touches
Φ along k0.

The proof can be done by intersecting Φ with an ar-
bitrary circle c3. By using the abbreviation C := 1−h2

1+h2 ,
S := 2h

1+h2 and D := 1−C the circle can be parametrized
as M · (α, β, γ)T + (f1, f2, f3)T with

M =

(1− v2
1)C + v2

1 v1v2D − v3S v1v3D + v2S
v1v2D + v3S (1− v2

2)C + v2
2 v2v3D + v1S

v1v3D − v2S v2v3D − v1S (1− v2
3)C + v2

3


(8)

and where (v1, v2, v3)T denotes the unit vector in direc-
tion of the rotary axis, (α, β, γ)T the coordinates of any
point of R3 and (f1, f2, f3)t the translation vector. Plug-
ging these expressions into the implicit representation of
Φ yields a polynomial of degree 16 in the unknown h.

As the circle c3 and Φ have 2 × 12 = 24 intersection
points, the 24− 16 = 8 common points of c3 and Φ must
be located on the plane at infinity ω. Therefore the two
cyclic points of c3 (which are the intersection points of
c3 and ω located on the imaginary spherical circle) must
be 4-fold points of the spin surface Φ. �

III. CONSEQUENCES FOR PARALLEL
MANIPULATORS

A parallel manipulator of TSSM type consists of
a platform Σ which is connected via three Spherical-
Prismatical-Rotational legs with the base Σ0 (see FIG.
2), where the axes ai for i = 1, 2, 3 of the rotational joints
are coplanar. If we skip the assumption of coplanarity
we get a more generalized class of parallel manipulators
which we will call GTSSM for the rest of this article.

Theorem 1 has the following consequences for this class
of parallel manipulators:

Theorem 2. GTSSM manipulators with two parallel ro-
tary axes cannot have more than 16 assembly modes ex-
cept the degenerated cases with infinitely many solutions.
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FIG. 2: TSSM with the assembled and disconnected third leg,
respectively, and parallel rotary axes a1, a2.

Proof: For solving the direct kinematics of a given ma-
nipulator (geometry of the platform and base as well as
the length of the three legs are known) we disconnect
the third leg from the platform and consider the result-
ing RSSR mechanism with parallel rotary axes. Now the
platform-anchor-point of the disconnected leg is located
on the spin surface of order 12. The circle traced by
the corresponding point of the third leg intersects this
surface 12 × 2 = 24 times where 4 × 2 = 8 points are
located on the imaginary spherical circle. Therefore such
a mechanism cannot have more than 16 real solutions. �

A. Degenerated Cases

The classification of the self-motions of GTSSM manip-
ulators is still an open problem because the computation
of these degenerated cases with infinitely many solutions
is a very complicated task (cf. [6–9]).

But the self-motions of the special class of TSSM ma-
nipulators are almost completely known:

• In the case of the TSSM parallel manipulator with in-
tersecting axes the degenerated cases correspond to the
three types of Bricard’s flexible octahedra (cf. [1, 16]).

• The self-motions of TSSM manipulators with two par-
allel axes correspond to flexible octahedra with one
vertex at infinity. Clearly, it is impossible to construct
such flexible octahedra of type 1, because all three pairs
of opposite vertices must be symmetric with respect to
a common line. But there exist flexible octahedra of
type 2 and 3 with one vertex at infinity.

In type 2 two pairs of opposite vertices are symmetric
with respect to a common plane which passes through
the vertex at infinity and its opposite vertex. The con-
struction of flexible octahedra of type 3 with one vertex
at infinity was given by Stachel in [17].

As the known proofs for Bricard’s flexible octahedra
assume all six vertices to be Euclidean points, it is not
entirely clear if these are all cases of flexible octahedra
with one vertex at infinity. But there are good reasons
to conjecture that no other cases exist.

• For TSSM manipulators with 3 parallel axes the prob-
lem reduces to a planar one, as these manipulators
possess a cylindrical singularity surface (cf. [14]). In
this case the degenerated cases correspond to the well
known self-motions of 3-dof RPR manipulators.

B. Special Cases

In the following we are interested in those cases where
more than 8 intersection points are located on the imag-
inary spherical circle. A necessary condition for this is
that the cyclic points of the circle c3 traced by the end
point of the third leg also belong to at least one of the
conic sections ki ∈ ω determined by Fi = 0 of Equ. (7) for
i = 1, 2. Therefore we compute the intersection points
of ki and k0 by eliminating x3 from the corresponding
equations.

The resulting two expressions Li split up into (x2
1 +

x2
2)Ni where Ni is of degree 2 in the unknows x1, x2.

Solving these factors for x1 we get the corresponding
x3 values as common solution of k0 and ki after back-
substitution of x1. By setting q1 := u− b and q2 := u+ b
the homogeneous coordinates of the intersection points
J0, J0, Ji, J i of k0 and ki can be written as

J0 = [1, I, 0]T , Ji =
[
(q2

i − t2)I, q2
i + t2,−2tqiI

]T
,
(9)

for i = 1, 2. Moreover it should be noted that I denotes
the imaginary unit and Jj the conjugate complex point
of Jj for j = 0, 1, 2. A sketch of the situation at the plane
at infinity is given in FIG. 3.

J1

J2

J2

J1

J0

J0

k0

k1 k2

e2 e0 e1

FIG. 3: Sketch of the situation at the plane at infinity ω.

As the carrier plane ε of c3 has to intersect k0 in conju-
gate complex points there are the following possibilities
left for choosing e := ε ∩ ω:

a) ei :=
[
Ji, J i

]
for i = 1, 2 : Now ei with projective line

coordinates

Ji × Ji = [2qit : 0 : q2
i − t2]T (10)
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intersects Φ in the point Ji and J i with multiplicity
5, but these points are not 5-fold points of Φ which
can be shown as follows: We intersect Φ with the line
l spanned by the origin and the point Ji and J i, re-
spectively, by inserting its parametric representation
into Φ. Then the resulting equation splits up into
216r4

1r
4
2F where F is a polynomial of degree 8 in the

parameter of l. Therefore ei touches Φ in Ji and J i

which are still 4-fold points of Φ.

b) e0 :=
[
J0, J0

]
: As J0 and J0 are located on k1 and

k2 the line e0 with projective line coordinates

J0 × J0 = [0 : 0 : 1]T (11)

intersects Φ in these points with a multiplicity of 6.
Moreover J0 and J0 are 6-fold points of Φ which can
be proven by setting v1 = v2 = 0 and v3 = 1 in Equ.
(8). If we now plug the parametric representation of
the circle c3 into the equation of Φ we end up with
a polynomial of degree 12 in the unknown h which
finishes the proof.

In the following we have to discuss the special cases e1 =
e2, e0 = e1, e0 = e2 and e0 = e1 = e2, respectively:

• If e1 = e2 holds this line intersects Φ in J1 = J2 and
J1 = J2 with multiplicity 6. This happens if

det

[
2tq1 q2

i − t2

2tq2 q2
2 − t2

]
= 4tb(u2 − b2 + t2) = 0. (12)

As b must be greater than zero we only get as solution
t = 0 and b2 = u2 + 1, respectively. For the latter it
can be shown as in a) that J1 = J2 and J1 = J2 are
only 4-fold points of Φ. t = 0 will be discussed as last
point of this case study.

• e0 equals e1 for q1t = 0. As t = 0 will be treated latter
on we set u = b and assume t 6= 0. In this case J0 =
J1 and J0 = J1 are 7-fold points of Φ which can be
proven analogously to b). Therefore such a manipulator
cannot have more than 10 assembly modes.

But in this case the given threshold can be refined,
because for u = b and t 6= 0 the ruled surface generated
by s can only have two real generators. Therefore the
spin surface Φ degenerates into two coplanar circles
which can be intersected by a further circle c3 in a
maximum of 4 real points. Moreover it should be noted
that such a manipulator has only 3 dofs, namely the
translations in x and y direction as well as the rotation
about s.

• e0 equals e2 for q2t = 0. As we assumed (w.l.o.g.)
u ≥ 0 and b > 0 this can only happen for t = 0. But for
t = 0 we get e0 = e1 = e2 and the points J0 = J1 = J2

and J0 = J1 = J2 are 8-fold points of Φ which can
again be proven as in case b).

If additionally u = b holds the manipulator can only be
assembled for r1 = r2. Now the ruled surface traced by

s is a cylinder of rotation and the point X can only be
located in an annulus. Trivially such a manipulator has
again only 3 dofs and a maximum of 4 real solutions.

The results of this case study are summed up in the fol-
lowing theorem:

Theorem 3. GTSSM manipulators with two parallel ro-
tary axes (a1 and a2) cannot have more than

i) 12 assembly modes if the axis a3 is parallel to a1, a2

ii) 8 assembly modes if the axis a3 is parallel to the
coinciding axes a1 = a2

iii) 4 assembly modes if u = b holds

except in the degenerated cases with infinitely many so-
lutions.

In order to show that the upper bounds of assembly
modes given in Theorem 2 and 3 cannot be improved
we must present examples which possess the maximal
number of real solutions for the direct kinematics.

For the manipulator of Theorem 3 i) which corresponds
to the Stewart platform an example with 12 real solutions
was given by Lazard and Merlet [10]. An example with
8 real solutions for the manipulator of Theorem 3 ii)
can easily be constructed by applying the same approach
used in [10] because this manipulator is nothing but a
special case of the Stewart platform. The construction of
a manipulator of Theorem 3 iii) with 4 real solutions is
trivial anyway.

Therefore the only open problem in this regard is to
demonstrate that there exists a parallel manipulator of
GTSSM type with two parallel rotary axes with 16 as-
sembly modes. How such an example can be constructed
is outlined in the next section.

IV. MAXIMUM NUMBER OF ASSEMBLY
MODES

One possibility to generate an example with a maximal
number of assembly modes is the iterative algorithm pre-
sented by Dietmaier [2] which was used for the construc-
tion of a Stewart Gough Platform with 40 real solutions.

We will solve this problem with the help of a graphical
tool after reducing it to a planar one. As we only have
to find one example with 16 real solutions for the direct
kinematics we make the following assumptions: As u = 0
does not reduce the maximal number of assembly modes
(cf. Theorem 2 and 3) we set u equal to zero. As a
consequence the RSSR mechanism with parallel rotary
axes degenerates to an ordinary 4-bar mechanism in the
xy-plane. Moreover we can assume that the rotary axis
a3 is also located in this plane.

Now the circles c3 as well as the circle cF traced by the
point B3 about s := [B1, B2] lie in z-parallel planes where
F denotes the footpoint on s with respect to B3 (see
FIG. 2 and 4). For the following considerations we also
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need the spheres Γ3 and ΓF determined by their centers
A3 and F , respectively, and by c3 ∈ Γ3 and cF ∈ ΓF .
Trivially the carrier plane of the intersection circle cΓ of
these two spheres is also parallel to the z axis.

These three planes are mapped by the horizontal pro-
jection onto the straight lines l3, lF and lΓ, respectively.
Now the intersection point G′

1,2 of lF and lΓ corresponds
to the horizontal projection of the intersection point
G1, G2 of c3 and cF if and only if G′

1,2 is also located
on l3. For the case lF = lΓ (⇒ lF = lΓ = l3) all points
G′

1,2 ∈ l3 with G′
1,2A

′
3 ≤ r3 correspond to points G1, G2

of c3 = cF .
In the following we have to find parameters such that

the curve g′ generated by G′
1,2 during the motion of the

the 4-bar mechanism intersects l3 in four real points L′
i.

These points correspond in each case with two real inter-
section points of c3 and cF if L′

iA
′
3 < r3 holds. It should

be noted that L′
iA

′
3 = r3 would yield a double solution

(G1 = G2).
Based on these considerations it is not difficult to find

such a configuration set with the help of a graphical tool
(e.g. Euklid DynaGeo, http://www.dynageo.com). For
the example illustrated in FIG. 4 the parameters are as
follows:

t = 100, r1 = 58, r2 = 119, r3 = B3F = 45

A3 = (25, 0), b = 85, B1F = 15, B2F = 70
(13)

and a3 equals the x-axis. Due to the symmetry of the cho-
sen example the curve g′ for the second assembly mode
of the 4-bar mechanism can be obtained by reflecting g′

on a3. This yields the points L
′
i for i = 1, . . . , 4.

A1

A2A3

B1

B2

F

g′

G′
1,2

lΓ

lF

l3

a3

L1

L2

L3

L4

FIG. 4: Screenshot of the software Euklid DynaGeo, which
was used to generate an example with 16 assembly modes.

We only illustrate 4 solutions (see FIG. 5–8) of the
direct kinematics problem because the remaining 12 can
be obtained by reflecting the given 4 solutions on the xy-
plane and by applying a further reflection to the resulting
8 configurations on the xz-plane.

Moreover it should be noted that the given example
not only belongs to the class of GTSSM manipulators
but also to its subclass of TSSM type manipulators.

The numerical data of the platform anchor points Bi

of the illustrated 4 solutions are given in the following
table:

Solution Point x y z

B1 −10.19 57.10 0
L1 B2 55.91 110.53 0

B3 25 37.42 24.98
B1 55.02 18.36 0

L2 B2 38.16 101.67 0
B3 25 27.59 35.55
B1 56.25 14.14 0

L3 B2 −14.22 −33.39 0
B3 25 33.65 29.88
B1 −16.30 55.66 0

L4 B2 −15.33 −29.33 0
B3 25 41.13 18.25

π1

π2

FIG. 5: Assembly mode which corresponds with L1.

π1

π2

FIG. 6: Assembly mode which corresponds with L2.

π1

π2

FIG. 7: Assembly mode which corresponds with L3.
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π1

π2

FIG. 8: Assembly mode which corresponds with L4.

V. CONCLUSION

We demonstrated that the circularity of the spin-
surface for an RSSR mechanism with parallel rotary axes
is 4 instead of 6 as given in the literature [10]. As a conse-
quence a parallel manipulator of GTSSM type with two

parallel rotary joints can have up to 16 solutions instead
of 12 (cf. [13]). We showed that this upper bound can-
not be improved by constructing an example for which
the maximal number of assembly modes is reached.

Moreover we analyzed all parallel manipulators of
GTSSM type with two parallel rotary axes where more
than 4×2 = 8 points are located on the imaginary spher-
ical circle. As one of these special cases the Stewart plat-
form appears.
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