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� Lines are mapped to points of the Hough plane.

� Lines through a point appear as curve in the Hough plane.

� Points of a Line h are mapped to curves passing through a point h 
in the Hough plane.
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�F

*

��1��
ZLWK�1 �D

*

�E

*

�F

*

����/HW�K�X�Y��EH�DQ�DUELWUDU\�
UDWLRQDO�IXQFWLRQ��

, 7KH�HQYHORSH�) RI�WKH�WZR�SDU��IDPLO\�RI�SODQHV�
(�X�Y���K�X�Y���H -[ -��H *[ *��H +[ +  ���LV�D�

UDWLRQDO�RIIVHW�VXUIDFH��

, 7KH�RIIVHWV ) . RI�) DUH�HQYHORSHV�RI�WKH�SODQHV
( .�X�Y����K�G���H -[ -��H *[ *��H +[ +  ���

, ,I�D�E�F DUH�SRO\QRPLDOV�LQ�W DQG�K�W��LV�D�UDWLRQDO�
IXQFWLRQ��) DQG�) . DUH�GHYHORSDEOH�
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3DUDEROLF 'XSLQ�F\FOLGH�

([DPSOH��/HW�D X��E Y��F ���7KHQ�
H E �X�1��H F  ��Y�1��H G �X

F

�Y

F

����1��
ZLWK�1 �X

F

�Y

F

����
:H�FKRRVH�K�X�Y� T�X�Y��1 ZKHUH�T�X�Y� LV�DQ�
DUELWUDU\�TXDGUDWLF�SRO\QRPLDO�DQG�ZH�REWDLQ

(�X�Y���T�X�Y�����X[��Y\��X

H

�Y

H

���]� ����
7KH�LVRWURSLF�LPDJH�RI�WKH�SODQHV�(�X�Y� LV�WKH
SDUDERORLG (

I

�X�Y�� ��X�Y�T�X�Y���

7KH�HQYHORSH�) RI�SODQHV�(�X�Y� LV�
D�SDUDEROLF 'XSLQ�F\FOLGH
�DOJ�RUGHU����DQG�DOO�LWV�RIIVHW�
VXUIDFHV ) J DUH�RI�WKH�VDPH�W\SH�
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&RQHV�DQG�F\OLQGHUV RI�URWDWLRQ

a /HW�D�W���E�W���F�W� EH�OLQHDU�SRO\QRPLDOV�LQ� W��
7KH�VSKHULFDO�LPDJH�H �H b��H c��H d� ZLWK�
H b �DF�1��H c  ��EF�1��H d �D

c

�E

c

�F

c

��1 DQG�
1 �D

c

�E

c

�F

c

��LV�D�FLUFOH�

a :H�FKRRVH�K�W� T�W��1 ZKHUH�T�W� LV�DQ�
DUELWUDU\�TXDGUDWLF�SRO\QRPLDO�DQG�ZH�REWDLQ

(�W���T�W�����DF[��EF\��D

c

�E
c

�F
c

�]� ����
7KH�LVRWURSLF�LPDJH (

e

�W� RI (�W� LV�D��VSHFLDO��
FRQLF��D�SODQDU�VHFWLRQ�RI�D�SDUDERORLG�RI�URW�

a 7KH�HQYHORSH�) RI�SODQHV�(�W� DQG�DOO�RIIVHW�
VXUIDFHV ) f DUH�FRQHV�RU�F\OLQGHUV�RI�URWDWLRQ�
7KH�GLUHFWLRQ�RI�WKH�JHQHUDWRUV�LV�H33 H g��WKH�
YHUWH[�RI�WKH�FRQH�LV�(> ( h> ( h h��

ijk k kl mn op n qr sn l qt k sn u l vw l v q
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5DWLRQDO�RIIVHW�VXUIDFHV�DQG�WKH�
LVRWURSLF�PRGHO�

&RQVLGHULQJ�WDQJHQW�SODQHV�����
(�X�Y��H ��X�Y��H�X�Y�[ �

RI�D�VXUIDFH�)��7KHLU LVRWURSLF�LPDJHV�DUH
(

�

�X�Y�� ������H ���H ��H ��H ���X�Y��

7KHRUHP��

/HW�<�X�Y� �\ ��\ ��\ ���X�Y� EH�DQ�DUELWUDU\�
UDWLRQDO�VXUIDFH�LQ�,

�

��7KH�FRUUHVSRQGLQJ�IDPLO\�
RI�SODQHV�LQ�5

�

LV
(�X�Y���H ���H �[ �� H �[ � � H �[ �  ���ZLWK
�H ��H ��H ��H �� ��\ ����\ ����\ ���\ � ��\ � �����1�
DQG 1� ��\ � ��\ � �����

,WV�HQYHORSH�LV�D�UDWLRQDO�RIIVHW�VXUIDFH�

��� � �� �� �� � �� �� � �� � �� � � �� � � �

�� �� � ��� �

'HYHORSDEOH�UDWLRQDO RIIVHW�
VXUIDFHV�DQG�WKH�LVRWURSLF�PRGHO�

7KHRUHP��

/HW�<�W� �\ ��\ ��\ ���W� EH�DQ�DUELWUDU\�UDWLRQDO�
FXUYH�LQ�,

�

��7KH�FRUUHVSRQGLQJ�IDPLO\�RI�SODQHV�LQ�
5

�

LV
(�W���H ���H �[ �� H �[ � � H �[ �  ���ZLWK
�H ��H ��H ��H �� ��\ ����\ ����\ ���\ � ��\ � �����1�
DQG 1� ��\ � ��\ � �����

,WV�HQYHORSH�LV�D�GHYHORSDEOH�UDWLRQDO�RIIVHW�
VXUIDFH�
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5DWLRQDO�FDQDO�VXUIDFHV�

´ 7KH�IDPLO\�6�W���[�P�W��

µ

�U�W�

µ

 � LV�FDOOHG�
UDWLRQDO��LI�P�W� LV�D�UDWLRQDO�FXUYH�DQG� U�W�

µ

LV�
UDWLRQDO�IXQFWLRQ��

´ ,I�6�W��SRVVHVVHV�D�UHDO�HQYHORSH�)��LW�LV�SURYHG�
WKDW�DQ\�UHDO�FRPSRQHQW�RI�) DGPLWV D�UDWLRQDO�
SDUDPHWUL]DWLRQ�

´ ,I�DGGLWLRQDOO\�U�W� LV�UDWLRQDO��
6

¶

�W� �P ·�P µ�P ¸�U��W� LV�D�
UDWLRQDO�FXUYH�LQ�5

¹

DQG�) LV�
D�UDWLRQDO�RIIVHW�VXUIDFH��

´ ) LV��SDUW�RI�WKH��HQYHORSH�RI�
D�UDWLRQDO�IDPLO\�RI�FRQHV�RI�
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(QYHORSHV�RI�TXDGUDWLF�FRQHV��

Ð /HW 6 Ñ�W���[�P Ò�W��

Ó

�U Ô�W�

Ó

 ���L ���� EH�WZR�
UDWLRQDO�IDPLOLHV�RI�RU��VSKHUHV��

Õ 7KH�FRPPRQ�WDQJHQW�SODQHV�RI�6 Ö DQG�6 Ó

HQYHORSH�D�FRQH�RI�URW��'��:H�FDOO�'�W� D�
UDWLRQDO ��SDU��IDPLO\�RI�FRQHV�RI�URWDWLRQ�

Õ 7KH�LVRWURSLF�LPDJHV�RI�WKH�WDQJHQW�SODQHV�RI�
6 Ö�W� DQG�6 Ó�W��DUH WZR SDUDERORLGV�RI�URWDWLRQ
Φ1: 
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é 7KH�LQWHUVHFWLRQ�G�W� RI�Φ1�W� DQG�Φ2�W� LV WKH�
LVRWURSLF�LPDJH�RI�WKH�WDQJHQW�SODQHV�RI�'�W��

é 7KH�FXUYHV�G�W� DUH�SODQDU�VHFWLRQV�RI�
SDUDERORLGV RI�URW��Φ1, Φ2�  �LVRWURSLF�FLUFOHV�
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(QYHORSHV�RI�TXDGUDWLF�FRQHV��

� 7KH�IDPLO\�RI�FXUYHV�G�W� LV�WKH�LVRWURSLF�LPDJH�
RI�WKH�HQYHORSH�) RI�WKH�FRQHV�'�W��

� $�SDUDPHWUL]DWLRQ�RI�G�W� LV�D�GXDO�
SDUDPHWUL]DWLRQ�RI�)��DV�VHW�RI�WDQJHQW�SODQHV��

� 7KH�RUWKRJRQDO�SURMHFWLRQ�G¶�W� RI�G�W� RQWR�WKH�
\ �\ ��SODQH�LV�D�IDPLO\�RI�FLUFOHV�
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ZKHUH�0 P ��P ���DQG�5 U ��U ���7KH�FLUFOHV�G¶�W�
KDYH�UDWLRQDO�FHQWHUV�
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5DWLRQDO�SDUDPHWUL]DWLRQV RI�
HQYHORSHV RI�TXDGUDWLF�FRQHV���

5 :H�VKRZ�WKDW�DQ\�UHDO�FRPSRQHQW�RI�WKH�
HQYHORSH�) RI�D�UDWLRQDO�IDPLO\�RI�FRQHV�RI�URW��
'�W� DGPLWV�UHDO�UDWLRQDO�SDUDPHWUL]DWLRQV�

5 7KH�HQYHORSH�LV�UHDO�LI�V�W� LV�QRW�QHJDWLYH�

5 7KHQ�ZH�FRPSXWH�D�GHFRPSRVLWLRQ�
V�W�� �V 6�W�

7

�V 7�W�

7

��
ZLWK�UDWLRQDO�IXQFWLRQV�V 6�W� DQG�V 7�W� �

5 6LQFH�V�W� V 8�W���V 9�W�

:

���ZKHUH V ;�W� LV�D�
SRO\QRPLDO��ZH�RQO\�KDYH�WR�GHFRPSRVH V ;�W��

< 7KLV�OHDGV�WR
n

d 0 i i 1 2 1 2
i=1
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5DWLRQDO�SDUDPHWUL]DWLRQV RI�
HQYHORSHV RI�TXDGUDWLF�FRQHV���

S :LWK�V T J T�V U��V V J V�V U��ZH�
REWDLQ�DW�ILUVW�D�VROXWLRQ�
I�W� �Q T�V T�Q V�V V� VXFK�WKDW�
I�W� VDWLVILHV�G¶�W� IRU�DOO�W�

S 7KHQ�D�JOREDO�SDUDPHWUL]DWLRQ�
I�W�X� ZKLFK�VDWLVILHV�G¶�W�
LGHQWLFDOO\�IRU�DOO�W DQG�X LV�
FRPSXWHG�

S :LWK�� WX Y Z [X \ ]^ X ] ]_ [`\ ^ a\ Y_ ^ WX\ a\ \ ^ WX ] a\ ] ^ `\ b a\ Yc

ZH�FRPSXWH�D�SDUDPHWUL]DWLRQ�RI�WKH�VXUIDFH�
G�W� LQ�,

d

��7KLV�LV�D�GXDO�SDUDPHWUL]DWLRQ�RI�WKH�
HQYHORSH�RI�'�W��
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&RUROODULHV��

� 7KH�HQYHORSH�) RI�D�UDWLRQDO RQH�SDU��IDPLO\ RI�
FRQHV RI�URWDWLRQ�'�W� LV D�UDWLRQDO�RIIVHW�VXUIDFH�

� 7KH�RIIVHWV ) � RI�UDWLRQDO�QRQ�GHYHORSDEOH�UXOHG�
VXUIDFHV�) DUH�UDWLRQDO�DQG�DOO�LWV�/DJXHUUH�
WUDQVIRUPV�7�) ���

� 7KH�RIIVHWV ) � RI�UDWLRQDO�FDQDO�VXUIDFHV�) DGPLW�
UHDO UDWLRQDO SDUDPHWUL]DWLRQV�

� 7KH�RIIVHWV�RI�QRQ�
GHYHORSDEOH�TXDGULFV�
�HOOLSVRLGV��K\SHUERORLGV��
SDUDERORLGV��DQG�LWV�/DJXHUUH�
WUDQVIRUPV�DGPLW�UHDO�UDWLRQDO�
SDUDPHWUL]DWLRQV�

� � ��� �� � � � �� � �� �� �� �� �

�� ��� � � �� � � � � � ��� �
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&ODVVLFDO�JHRPHWULF�PHWKRGV�IRU�WKH�
FRPSXWDWLRQ�RI�0LQNRZVNL�VXP�

ERXQGDU\�VXUIDFHV
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&RQWHQWV

³ 'HILQLWLRQ�DQG�SURSHUWLHV�RI�WKH�
0LQNRZVNL�VXP

³ 3DUDPHWUL]LQJ WKH�FRQYROXWLRQ�
VXUIDFH�RI�WZR�UXOHG�VXUIDFHV

³ 3DUDPHWUL]LQJ WKH�FRQYROXWLRQ�
VXUIDFH�RI�WZR�FDQDO�VXUIDFHV�

³ )XUWKHU�UHVHDUFK
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'HILQLWLRQ�DQG�SURSHUWLHV�RI�WKH�
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7KH�0LQNRZVNL�VXP

Ì :H�DUH�JLYHQ�WZR�
REMHFWV��$ DQG�% LQ�5

Í

Ì 7KHLU�0LQNRZVNL�VXP LV�
GHILQHG�DV�WKH�VHW

0� �$�⊕ %� ������������������
{a � b_a∈$��b∈%}������������
a DQG�b ����FRRUGLQDWH�
YHFWRUV�RI�DUELWUDU\�
SRLQWV�LQ�$ DQG�%

Î 5HVXOW�LV�LQGHSHQGHQW�RI�
WKH�FKRLFH�RI�WKH�RULJLQ��
�XS�WR�D�WUDQVODWLRQ�

A

B

M

a

b
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o
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$SSOLFDWLRQV

å 1&�WRRO�SDWK�
JHQHUDWLRQ

å 5RERW�PRWLRQ�
SODQQLQJ

å 0DWKHPDWLFDO�
PRUSKRORJ\
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0LQNRZVNL�VXP�RI�
FRQYH[ REMHFWV���

ü 0LQNRZVNL�VXP�RI�WZR�
FRQYH[�ERGLHV LV�DJDLQ�
D�FRQYH[�ERG\

ü &RQVLGHU�RXWZDUG�XQLW�
QRUPDO�YHFWRUV WR�WKH�
SRLQWV�RQ�WKH�ERXQGDU\�
VXUIDFHV�RI�$ DQG�%

ü &RPSXWH�WKH�VXP�a�b
RI�WKRVH�SDLUV��a�b���
ZKHUH�WKH�XQLW�QRUPDO�
YHFWRUV�DUH�WKH�VDPH

A

B

M

a

b

a+b

o

n

n
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0LQNRZVNL�VXP
RI�FRQYH[ REMHFWV���

� 6PRRWK�FDVH� WKLV�\LHOGV�DOO�
ERXQGDU\�SRLQWV�RI�WKH�
0LQNRZVNL�VXP�0� �$�⊕ %

� 1RQ�VPRRWK�FDVH� D�YHFWRU�Q LV�
FDOOHG�D�QRUPDO�DW�D�SRLQW�a LI�LW�
LV�QRUPDO�WR�D�VXSSRUW�SODQH�3

�
��

��

��
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0LQNRZVNL�VXP
RI�QRQ�FRQYH[ REMHFWV

0 $JDLQ��VHDUFK�IRU�SRLQW�SDLUV��a�b��ZLWK�SDUDOOHO�
RXWZDUG�XQLW�QRUPDOV DQG�FRPSXWH�WKH�YHFWRU�
VXP�a�b�

0 ,Q�JHQHUDO��WKLV�JLYHV D�
VXSHUVHW RI�WKH�ERXQGDU\�
RI�0�

0 ⇒ &RQYROXWLRQ VXUIDFH

0 7ULP�DZD\�FHUWDLQ�SDUWV��
ZKLFK GR�QRW�OLH RQ�WKH�
ERXQGDU\ RI�0�
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.LQHPDWLF�LQWHUSUHWDWLRQ

G /HW�; EH�IL[HG��UHIOHFW�F DW�
WKH�RULJLQ�DQG�OHW��< EH�
PRYDEOH�

H &RQYROXWLRQ�VXUIDFH�;�< LV�D�
SRLQW�WUDMHFWRU\�RI�D�
WUDQVODWRU\�PRWLRQ RI�±< ZLWK�
UHVSHFW�WR�;��ZKHUH�WKH�WZR�
VXUIDFHV�UHPDLQ�LQ�SRLQW�
FRQWDFW�

H (TXLYDOHQW��FRQYROXWLRQ�
VXUIDFH�LV�D�SDUW�RI�WKH�
HQYHORSH�RI�< XQGHUJRLQJ�D�
WUDQVODWRU\�PRWLRQ�VXFK�WKDW�
D�UHIHUHQFH�SRLQW�p LQ�WKH�
PRYLQJ�V\VWHP�UXQV�RQ�;

o

y

-y

x

X

Y

x + y

-Y
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&RQQHFWLRQ�WR�RIIVHWV

_ *HQHUDO�RIIVHWV DUH�WKH�FRQYROXWLRQ�VXUIDFHV�RI�
DQ�DUELWUDU\�VXUIDFH�DQG�D�FRQYH[�VXUIDFH�DQG�
DSSHDU�LQ���D[LV�VFXOSWXUHG�VXUIDFH�PDFKLQLQJ

_ &ODVVLFDO�RIIVHWV DUH�REWDLQHG��LI�WKH�ODWWHU�
VXUIDFH�LV�D�VSKHUH�
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&RQYROXWLRQ�VXUIDFHV

u *LYHQ�WZR�VXUIDFHV�$ DQG�% LQ�LPSOLFLW�RU���
SDUDPHWULF�IRUP�ZLWK�QRUPDO�YHFWRUV Q v�
Q w�
3RLQWV�D �LQ�$��DQG�E �LQ�%��DUH�VDLG�WR�EH�
FRUUHVSRQGLQJ��H[DFWO\�LI Q x�D� LV�SDUDOOHO�
WR Q w�E��

y &RQVWUXFWLRQ�RI�WKH�FRQYROXWLRQ�$�%��
)LQG�SDUDPHWUL]DWLRQV�D�X�Y� DQG�E�X�Y�
RYHU�D�FRPPRQ�SDUDPHWHU�GRPDLQ�LQ�D�
ZD\�WKDW Q x�D�  �λ Q w�E���
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&RQYROXWLRQ�RI�SDUDERORLG�DQG�
SDUDPHWUL]HG�VXUIDFH���

� /HW�$ EH�D�SDUDERORLG�ZLWK�) � ]�[

�

�F\

�

 ���ZKLFK�
DGPLWV�WKH�SDUDPHWUL]DWLRQ�D �X�Y�X

�

�FY

�

���,WV�
QRUPDOV�DUH Q � ���X���FY����

� /HW�% EH�SDUDPHWUL]HG�E\�E�V�W� DQG�OHW�Q�V�W�� �
�Q ���Q ���Q ���V�W� EH�D�QRUPDO�YHFWRU�ILHOG�RI�%��

� 7KH�FRQGLWLRQ Q ��D�  �λ Q ��E��JLYHV�
���X���FY��� λ �Q ���Q ���Q ���V�W�

DQG�OHDGV�WR�WKH UHSDUDPHWUL]DWLRQ�
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&RQYROXWLRQ�RI�SDUDERORLG�DQG�
SDUDPHWUL]HG�VXUIDFH� �

¬ 7KH�GHWHUPLQDQW�RI�WKH -DFRELDQ RI�Φ LV
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ZKHUH . LV�WKH�*DXVV�FXUYDWXUH DQG�∆ LV�WKH�
GHWHUPLQDQW RI�WKH�ILUVW IXQGDPHQWDO�IRUP�RI�%��

­ 7KH�FRQYROXWLRQ $�% RI�$ DQG�% LV�JLYHQ�E\�����������������

®¯° ° °± ²³ ´µ ³ ¶· ¸³ ± ¶¹ ° ¸³ º ± »¼ ± » ¶

½¾ ¿À ¾Á ÂÃ ¾

&RQYROXWLRQ�RI�SDUDERORLG DQG�
SDUDPHWUL]HG VXUIDFH� �

7KHRUHP��7KH�FRQYROXWLRQ�$�% RI�D�SDUDERORLG�$
DQG�D�UDWLRQDO�VXUIDFH�% LV�UDWLRQDO��,I�% LV�
GHYHORSDEOH��$�% LV�GHYHORSDEOH��WRR��
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RI�WKH�FRQYROXWLRQ�VXUIDFH ;�<�

ÄÅ
([DPSOHV

Æ ÆÇ Ç ÇÈ ÉÊË ÌÊ ÍÎ ÏÊ È ÍÐ Ç ÏÊÑ È ÒÓ È Ò Í

ÔÕ Ö× ÕØ ÙÚ Õ

&RQYROXWLRQ�VXUIDFH�RI�WZR�
K\SHUEROLF�SDUDERORLGV

Û :H�DUH�JLYHQ�WZR�K\SHUEROLF�SDUDERORLGV

; ����l�X��� �a0�a1X��r�X�� �a2�a3X

< ����m�Y�� �b0�b1Y��s�Y�� �b2�b3Y

Û ; DQG�< LQWHUVHFW�WKH�LGHDO�SODQH�LQ�OLQHV�
H Ü D ÝD Þ� I Ü D ÝD ß��DQG H à E ÝE Þ� I à E ÝE ß�

Û %\�D UHSDUDPHWULVDWLRQ ZH�
PD\�DVVXPH�WKDW�D Þ E Þ

DQG�D ß E ß��

áâ ã äå

æç ã äç

æè
éè

êë ìë

ìí î í



ïðñ ñ ñò óôõ öô ÷ø ùô ò ÷ú ñ ùôû ò üý ò ü ÷

þÿ �� ÿ �� �ÿ

*HQHUDO�FDVH

� 6LQFH�D�WUDQVODWLRQ�RI�;�RU�<��RQO\�UHVXOWV�LQ�D�
WUDQVODWHG�FRQYROXWLRQ�;�<��ZH�OHW�D � E � �
��������

� )XUWKHU�ZH�PD\�FKRRVH�D � E � ���������
D � E ����������D 	 �����D��DQG�E 	 �E�������

� :H�REWDLQ�WKH�IROORZLQJ�SDUDPHWUL]DWLRQ�RI�WKH�
FRQYROXWLRQ�;�<�

(au bv abuv)(u v(1 bv))
1

(x y)(u, v) (au bv 2abuv)(u v)
abuv

(au bv abuv)(u(1 au) v)

+ + + + 
 + = + + + 

+ + + +  


�� � �
 �� �� � �� �� 
 �� � �� � 
 �� 
 � �

�� �� � ��� �

6SHFLDO�FDVHV�RI�WKH�FRQYROXWLRQ�
RI�K\SHUEROLF�SDUDERORLGV

 7KH�VXUIDFHV�; DQG�< VKDUH�D�OLQH�DW�LQILQLW\�
�H ! H "��EXW�KDYH�GLIIHUHQW�D[HV��D # ≠ E #��

$%

$&

'( ) *+

' + ) *(
', ) *,

- % ) - &

 :H�PD\�FKRRVH�D . ����������
E . ����������D / E / ���������
D # �D������DQG�E # �����E���DQG�
REWDLQ�WKH�IROORZLQJ�
SDUDPHWUL]DWLRQ�IRU�;�<����

2 2

2 2

2 2

(au)(bv au )
1

(x y)(u, v) -(au bv )
abuv

bv(au - bv )

 −
 + = + 
  

012 2 23 45 67 5 89 :5 3 8; 2 :5 < 3 => 3 = 8

?@ AB @C DE @

&RPPRQ�OLQH�DW�LQILQLW\

F 'HSHQGLQJ�RQ�ZKHWKHU DE!� RU
DE����WKH�FRQYROXWLRQ�VXUIDFH�;�<
RI�WZR�K\SHUEROLF�SDUDERORLGV�ZLWK�D�
FRPPRQ�OLQH�DW�LQILQLW\�LV
SURMHFWLYHO\ HTXLYDOHQW�WR�WKH
=LQGOHU�FRQRLG RU�WR�WKH 3O�FNHU�
FRQRLG�

G HI J KL M JN O N P Q

RS T UV WX YZ T Z S U

[\] ] ]^ _` ab ` cd e` ^ cf ] e` g ^ hi ^ h c

jk lm kn op k

3DUDOOHO�D[HV�DQG�FRPPRQ�OLQHV�DW�
LQILQLW\

q 3DUDOOHO�D[HV��D r  E r��
&RQYROXWLRQ�VXUIDFH�LV�D�
SDUDERORLG�ZLWK�SDUDOOHO�D[LV��
FDQ�EH�HOOLSWLF�RU�K\SHUEROLF��
VHH�ILJXUH�

q 3DUDOOHO�D[LV�DQG�FRPPRQ�
OLQH�V��DW�LQILQLW\� &RQYROXWLRQ�
VXUIDFH�LV�D�K\SHUEROLF�
SDUDERORLG ZLWK�WKH�VDPH�
OLQH�V��DW�LQILQLW\�

st uwv x yz {| } ~

� }� | z �� � ��

u
s



��� � �� �� �� � �� �� � �� � �� � � �� � � �

�� �� �� �� �

3VHXGRHXFOLGHDQ RIIVHWV�RI�UXOHG�
VXUIDFHV

� /HW�;�[

�

�\

�

�]

�

�� � EH�D�
K\SHUERORLG�RI�UHYROXWLRQ��;�PD\�EH�
FRQVLGHUHG�DV�VSKHUH�LQ
SVHXGRHXFOLGHDQ ��VSDFH 5

�� ��
�0LQNRZVNL�VSDFH��/RUHQ]�VSDFH��

� 3VHXGRHXFOLGHDQ RIIVHW�VXUIDFHV RI�
VNHZ�UDWLRQDO�UXOHG�VXUIDFHV�
SRVVHVV�UHDO�UDWLRQDO�
SDUDPHWHUL]DWLRQV�

  ¡¢ £ ¤¥ ¦§ ¨© £ª ¢ © «§ ¬ ­ ¨ ¬ «® ¯ª « « ° ¨© © ± ² ³´µ¶ · ¶ ¸ ¹º » ¼ ¼½ ¾¿ À ÁÂ ¿ ¾Ã ÄÅÂ Æ Ç Á È

É ÊË Ì ÍÎ Ï ÐÑ ÒÓ Ô

Õ Ö× Ø ÖÙ Ú ÖÙ ÒÓ Ô

ÛÜÝ Ý ÝÞ ßàá âà ãä åà Þ ãæ Ý åàç Þ èé Þ è ã

êë ìí ëî ïð ë

(XFOLGHDQ�RIIVHWV
RI�UXOHG�VXUIDFHV

ñ 8VLQJ�WKH�FRPSOH[�H[WHQVLRQ�&

ò

RI�(XFOLGHDQ�
VSDFH�5

ò

��HYHU\�TXDGULF�± HVSHFLDOO\�D�VSKHUH�
± LV�D�UXOHG�VXUIDFH�

ñ &RPSXWDWLRQ�RI�FRPSOH[�UDWLRQDO�
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2QH�SDUDPHWHU�PRWLRQV�ZLWK�
FRQVWDQW�YHORFLW\�YHFWRU�ILHOG���

1. uniform translation

A

p

c

x

v(x)

2. uniform rotation

Rotation axis A has direction 
vector c and passes through
points p with               .
(    … moment vector of the axis A)
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3.  uniform helical motion

Helical motion is the composition of 
• a rotation about an axis A and
• a proportional translation parallel to A
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t
pt

p … pitch
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8QLIRUP�KHOLFDO�PRWLRQ

A curve        generates for pitch p these types of surfaces:

(pure translation)

cylindrical surfacerotational surface

(pure rotation)(helical motion)

helical surface

p = 0 ‘p = ∞’p ≠ 0
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KRPRJHQHRXV�HTXDWLRQ
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/LQHDU�OLQH FRPSOH[�DQG�VXUIDFH�
QRUPDOV���

Q 7KH�QRUPDO�OLQHV RI�D�
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VXUIDFH�OLH�LQ�D�
OLQHDU�FRPSOH[ LI�DQG�
RQO\�LI�WKH�VXUIDFH�LV�
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F\OLQGHU��D�VXUIDFH�RI�
UHYROXWLRQ RU�D�KHOLFDO�
VXUIDFH�
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(VWLPDWLRQ�RI�WKH�JHQHUDWLQJ�
PRWLRQ�RI�D NLQHPDWLF VXUIDFH

Given:  Point cloud p1, p2, …, pN representing a surface

pi
1. step: estimation of

surface normal
vectors n1 , n2 ,…, nN

ni

v(pi)
αi

2. step: calculate an appropriate motion with the
velocity vector field

ideally: Bi = Q/2 � normals lie in linear line complex

º approximation problem in line space
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¬ 7KH�GLVWULEXWLRQ�RI HLJHQYDOXHV JLYHV�LPSRUWDQW�
LQIRUPDWLRQ�RQ�VSHFLDO�VKDSHV�

­ 7KUHH VPDOO HLJHQYDOXHV �LQ�UHODWLRQ�WR�
H[WHQVLRQ�RI�GDWD�SRLQW�FORXG�LQ�5

®

���VXUIDFH�
LV�SDUW�RI�D�VSKHUH RU�D�SODQH

­ 7ZR VPDOO HLJHQYDOXHV��VXUIDFH�LV�SDUW�RI�D�
ULJKW�FLUFXODU�F\OLQGHU

­ 2QH VPDOO HLJHQYDOXH��VXUIDFH�LV�SDUW�RI�D�
JHQHUDO� F\OLQGHU��URWDWLRQDO�VXUIDFH�RU�
KHOLFDO�VXUIDFH��GHFLVLRQ�EDVHG�RQ�WKH�D[LV�RI�
WKH�FRPSOH[�
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5HFRQVWUXFWLRQ�SURFHVV

• Computation of the one 
parameter motion whose path
normals fit the estimated
normals best.

• Estimation of surface normals
in the data points.

• Reconstruction of the profile curve by moving the data
points into an appropriate plane.

• Reconstruction of the surface by applying the one
parameter motion to the profile curve.
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SURILOH �PHULGLDQ� FXUYH
RI�D�VXUIDFH�RI�URWDWLRQ
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