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1. Spiral grids and spiral polyhedra
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spiral grid.
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losed ()
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h that �
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1

1

and �
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2

di�er by a full rotation about O.
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1. Spiral grids and spiral polyhedra

Spiral grids play a role

in Phyllotaxis, a topi
 of

plantmorphogenesis.

The grid approximates the

position of leaves.
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K. Myrianthis (2017): In general, the Voronoi 
ells are 
on
ir
ular hexagons with


on
urrent main diagonals . . . we apply an appropriate stereographi
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tion:
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spheri
al spiral polyhedron and a net of 
ir
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les of the hexagonal fa
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 translation.
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 s
rew motion
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. . . a resear
h drawn from �die Freude an der Gestalt� , i.e., by an appre
iation for

aestheti
s: A 3-web of 
oaxial s
rews in the 
onformal model of the ellipti
 3-spa
e.

The s
rews are loxodromes (by 
ourtesy of Georg Glaeser).
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I. Izmestiev, S. Taba
hnikov

(2016):

Theorem:

For any two points A;B on the

ellipse e the diagonal points C;D

of the quadrilateral 
ir
ums
ribed

to the 
onfo
al ellipse e

0

belong

to the same 
onfo
al hyperbola h.

Chasles 1843, W. Böhm 1961
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Izmestiev and Taba
hnikov use

di�erential geometry in their

proof. But the ba
kground of the

problem is of proje
tive nature.

The remaining diagonal points

E; F of the 
ir
ums
ribed quadri-

lateral are again lo
ated on a 
oni


e

0


onfo
al with e

0

and e.
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Proof with Ivory's Theorem:

There is a 
urvilinear quadrangle

PQ

0

QP

0

su
h that e and h are


onfo
al 
oni
s passing through

the `midpoint' S, the point of

interse
tion PQ \ P

0

Q

0

.

AC = PS, BD = QS; : : : =)

AC + BD = PQ = AD + BC
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AC + BD = AD + BC = PQ

In the quadrangle ACBD opposite

sides lengths give the same sum

PQ. The quadrangle is `in
ir
ular'.

A.W. Akopyan, A.I. Bobenko:

In
ir
ular nets and 
onfo
al


oni
s, Trans. Amer. Math. So
.,

Nov. 16, 2017

Chasles 1843, W. Böhm 1961
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The tangents at A;B to e, at

E; F to e

0

and at C;D to h pass

through point T .
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Generalising theorems of

Mi
hel Chasles (1843) and

Wolfgang Böhm (1961)


on
erning two-parametri


linear systems of 
oni
s:

Theorem: There is a net

of 
oni
s spanned by 


0

, 


1

and the pair of line pen
il

with 
arriers (A

1

; B

2

).

If the pair (X

1

; X

2

) is

in
luded in this net then

there is a 
oni
 tangent

to t

1

; : : : ; t

4

and passing

through X

1

and X

2

.
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The net is a proje
tive plane

spanned by two ranges R




and R

t

through 


0

:
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All presented results are

also valid on the sphere.

Left:

An in
ir
ular net of 13

great 
ir
les, ea
h tangent

to the spheri
al 
oni
 e

0

.

The great 
ir
les extend the

sides of a 
losed billiard.

This net has no rotational

symmetry!

PSfrag repla
ements

O

P

ij

P

i j+1

P

i+1 j

P

i+1 j�1

P

i�1 j

P

i�1 j+1

P

i j�1

�1;0

0; 0

1; 0

2; 0

3; 0

0; 1

1; 1

2; 1

0; 2

1; 2

15; 0

16; 0

0; 3

14; 1

15; 1

16; 1

17; 1

15;2

�1;0

0;0

1;0

2;0

3;0

0;1

1;1

2;1

0;2

1;2

15;0

16;0

17;0

14;1

15;1

16;1

17;1

15;2

August 4, 2018: 18th International Conferen
e on Geometry and Graphi
s, Milan (Italy)

PSfrag repla
ements

O

P

ij

P

i j+1

P

i+1 j

P

i+1 j�1

P

i�1 j

P

i�1 j+1

P

i j�1

�1;0

0; 0

1; 0

2; 0

3; 0

0; 1

1; 1

2; 1

0; 2

1; 2

15; 0

16; 0

0; 3

14; 1

15; 1

16; 1

17; 1

15;2

�1;0

0;0

1;0

2;0

3;0

0;1

1;1

2;1

0;2

1;2

15;0

16;0

17;0

14;1

15;1

16;1

17;1

15;2

17/20



2. A spheri
al in
ir
ular net

 

PSfrag repla
ements

O

P

ij

P

i j+1

P

i+1 j

P

i+1 j�1

P

i�1 j

P

i�1 j+1

P

i j�1

�1;0

0; 0

1; 0

2; 0

3; 0

0; 1

1; 1

2; 1

0; 2

1; 2

15; 0

16; 0

0; 3

14; 1

15; 1

16; 1

17; 1

15;2

�1;0

0;0

1;0

2;0

3;0

0;1

1;1

2;1

0;2

1;2

15;0

16;0

17;0

14;1

15;1

16;1

17;1

15;2

4

5

6

7

1

2

3

Left: A spheri
al net of 7

great 
ir
les, ea
h tangent

to the spheri
al 
oni
, and

42 en
losed in
ir
les.

Instead of pairs of 
onse
u-

tive great 
ir
les, one 
an

also sele
t every se
ond


ir
le (or every third . . . )

in order to obtain in
ir
ular

quadrangles.
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dual version: all quad-

ruples of admissible points

out of f1

�

; : : : ; 7

�

g have a


ir
um
ir
le.

PSfrag repla
ements

O

P

ij

P

i j+1

P

i+1 j

P

i+1 j�1

P

i�1 j

P

i�1 j+1

P

i j�1

�1;0

0; 0

1; 0

2; 0

3; 0

0; 1

1; 1

2; 1

0; 2

1; 2

15; 0

16; 0

0; 3

14; 1

15; 1

16; 1

17; 1

15;2

�1;0

0;0

1;0

2;0

3;0

0;1

1;1

2;1

0;2

1;2

15;0

16;0

17;0

14;1

15;1

16;1

17;1

15;2

August 4, 2018: 18th International Conferen
e on Geometry and Graphi
s, Milan (Italy)

PSfrag repla
ements

O

P

ij

P

i j+1

P

i+1 j

P

i+1 j�1

P

i�1 j

P

i�1 j+1

P

i j�1

�1;0

0; 0

1; 0

2; 0

3; 0

0; 1

1; 1

2; 1

0; 2

1; 2

15; 0

16; 0

0; 3

14; 1

15; 1

16; 1

17; 1

15;2

�1;0

0;0

1;0

2;0

3;0

0;1

1;1

2;1

0;2

1;2

15;0

16;0

17;0

14;1

15;1

16;1

17;1

15;2

19/20



PSfrag repla
ements

O

P

ij

P

i j+1

P

i+1 j

P

i+1 j�1

P

i�1 j

P

i�1 j+1

P

i j�1

�1;0

0; 0

1; 0

2; 0

3; 0

0; 1

1; 1

2; 1

0; 2

1; 2

15; 0

16; 0

0; 3

14; 1

15; 1

16; 1

17; 1

15;2

�1;0

0;0

1;0

2;0

3;0

0;1

1;1

2;1

0;2

1;2

15;0

16;0

17;0

14;1

15;1

16;1

17;1

15;2

Thank you for your attention!
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