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Congratulations and

ad multos annos!
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0. Congratulations

Your university was one of the �rst

world-wide!

The Vienna University was founded

1365 (650-years jubilee 2015)

The Charles University in Prague was

the �rst, founded 1348 (670 years

ago)
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0. Congratulations

The Vienna University of Tehnology was

founded 1815

(200-years jubilee 2015)

The �rst University of Tehnology world-

wide was founded 1763 in Selme/Hungary

(today Banská �tiavnia/Slovakia). The

Éole polytehnique in Paris followed 1794.

Sept. 29, 2018: 14th Miklós Iványi International PhD & DLA Symposium, University of Pés/Hungary 4/55



1. Historial development

Menaihmos (380 �320 B.C.) disovered the onis as planar setions of ones of

revolution (shadow lines). Above: Woodut of Albreht Dürer (1471�1528)

Sept. 29, 2018: 14th Miklós Iványi International PhD & DLA Symposium, University of Pés/Hungary 5/55



1. Historial development

The history of onis started � 350B.C.; many results are due to Apollonius of

Perge (� 260 �190 B.C.)

Hades abduting Persephone, freso in the tomb of Philipp III of Maedon (half-brother

of Alexander the Great), painted � 310B.C., reovered 1980 in Vergina, 80 km West

of Thessaloniki. Left: original, right: G. Glaeser's omputer simulation
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. . . this is a highly impressive and

preise perspetive view, produed

400 years before the Roman period.

In textbooks, we an often read

that the �rst, but poor perspetives

were drawn during the time of the

Romans.
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1.1 Apollonian de�nition of onis
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In view of the di�erent standard de�nitions and shapes of onis, it is surprising that

there is a uniform de�nition, attributed to Apollonius of Perge (today �Antalya).
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1.1 Apollonian de�nition of onis

Apollonian de�nition of onis  = f P j PF = " � P` g

For " < 1 the urve  is an ellipse, for " = 1 a parabola and for " > 1 a hyperbola.
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1.1 Apollonian de�nition of onis

PSfrag replaements

F

`

s

"=1

"=0:75

"=0:56

"=0:40

"=1:80

"=2:50

Conis sharing a foal point F and the orresponding diretrix `

Sept. 29, 2018: 14th Miklós Iványi International PhD & DLA Symposium, University of Pés/Hungary 10/55



Our world is full of onis.

PSfrag replaements

P

1

P

2

�!

F

�

�!

F

Newton's Law of Gravitation (1687)

k

�!

F k = G

m

1

m

2

r

2

=)

Kepler's First Law (1609)

When the motion of a partile P

2

is

determined by the attrative fore of a

single mass with enter P

1

, then the orbit

of P

2

is either on the line onneting P

1

and P

2

, or it is a oni having P

1

as a

fous.

Sept. 29, 2018: 14th Miklós Iványi International PhD & DLA Symposium, University of Pés/Hungary 11/55



1.2 Conis as orbits of planets
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1.2 Conis as orbits of planets

Newton's proof of the 2nd Law :

Let t

0

; t
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; : : : ; t

n
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1.3 Geometry of triangles

For many people geometry begins and

ends with the geometry of triangles

(orthoenter, irumenter, entroid,

Euler line)

Clark Kimberlings's Enylopedia of

Triangle Centers inludes up today

25737 enters!

http://faulty.evansville.edu/k6/enylopedia/et.html
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1.3 Geometry of triangles

PSfrag replaements

A

B

C

P

A

P

B

P

C

P

Example: For any point P 6= A;B; C

the segments AA

P

, BB

P

, and CC

P

, are

alled evians of the point P .

Giovanni Ceva, 1647�1734,

Milan/Italy.

The point P is alled equievian, if its

three evians have the same lengths, i.e.,

AA

P

= BB

P

= CC

P

.

Sept. 29, 2018: 14th Miklós Iványi International PhD & DLA Symposium, University of Pés/Hungary 15/55



1.3 Geometry of triangles
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1.4 Geometry and perspetives

The study of perspetives in�uened the

development of a new geometry alled

Projetive Geometry.

Left: Jean François Niéron:

Ritratto di Luigi XIII

(Portrait of Louis XIII of Frane)

� 1635, Palazzo Barberini, Rome
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1.4 Geometry and perspetives

Left: Johannes Vermeer van Delft

De Shilderkunst [The Art of Painting℄

(1666/1668) Vienna, Kunsthistorishes Museum,

1:00� 1:20m

My oauthor Gerhard Gutruf, a Viennese

artist, opposed against the general

opinion that Vermeer used a amera

obsura for produing the perspetive.

Philip Steadman: Vermeer's Camera,

New York 2001.
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1.4 Geometry and perspetives

Vermeer himself alled it `The Art of Painting'.

G. Gutruf:

`It was a designed masterpiee'.

What is meant with the

`Art of Painting' ?

Obviously, it is not a `real'

sene like `Girl with a pearl

earring'.

The perspetive is perfet, apart from a few

�aws � due to rules of omposition. But there

are hidden serets to be dislosed.

Sept. 29, 2018: 14th Miklós Iványi International PhD & DLA Symposium, University of Pés/Hungary 19/55



Noting the golden ratio:

� the left line passes through the

left border of the wall-map

� The painter seems to paint the

entral motive on his anvas
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2. What is geometry ?

What is geometry ?

or, more preise:

Where are the borders of geometry within

mathematis?

Is geometry a part of mathematis?

�Geometry is what geometers are doing!�
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Generalization of a Theorem of

Napoleon: Fukuta's theorem
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2. What is geometry ?

Geometry has to do with images. But images only illustrate;

� they eluidate statements or mathematial ideas,

� they o�er a ontrol by inspetion,

� they doument di�erent steps within any proof.

However, they never replae a proof, beause this is

based on a sequene of logially rigorous onlusions.

Felix Klein (1849�1925): `Among all mathematiians,

geometers have the advantage to see what they are

studying.'
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2. What is geometry ?
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This is an example of a self-explaining proof in mathematis, a visual demonstration

of Pythagoras' Theorem: 

2

= a

2

+ b

2

Suh geometri proofs are most elegant, but they often require more attention, skills

and reativity than those based on Algebra and Analysis.
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2. What is geometry ?

Bill Casselman: Mathematial Illustrations

A Manual of Geometry and PostSript

Cambridge University Press 2005

The magi of geometry in mathematis, even at

the most sophistiated level, is that geometrial

onepts are somehow more visible than others.
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2. What is geometry ?

One possible de�nition is a list of topis within

the 2010 Mathematis Subjet Classi�ation of

the Amerian Mathematial Soiety

51 GEOMETRY

52 CONVEX AND DISCRETE GEOMETRY

53 DIFFERENTIAL GEOMETRY

14 ALGEBRAIC GEOMETRY

54 GENERAL TOPOLOGY

57 MANIFOLDS AND CELL COMPLEXES

However, this must be ompleted by geometri

topis in tehnis, natural sienes and omputer

siene.

Right: René Desartes: La Géométrie, 1637
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2.1 Geometry, a ultural asset over millenia

G. Aumann: Euklids Erbe, Darmstadt 2006

`Geometry is muh more than a olletion of

more or less interesting theorems. It is an

essential part of our ulture.'

Geometry is a basi siene. This follows also

from its historial development.

Geometry was the �rst siene with a rigorously

dedutive struture, based on axioms.
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2.1 Geometry, a ultural asset over millenia

Geometry takes plae in �ideal spaes�, whih

need not have any relation to our physial spae.

Already Euklid (� 365�300 B.C.) was aware of

the fat that the parallel postulate an never

be proved experimentally.

2000 years later János Bolyai (1802�1860)

proved that there exists a non-Eulidean

Geometry, where the negation of the parallel

postulate is valid.
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2.1 Geometry, a ultural asset over millenia

Geometry ats in spaes of all kinds and dimensions.

Here an Eulidean example:
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While the result of folding a polyhedron is unique,

the inverse problem, i.e., the determination

of a folded struture from a given unfolding

leads to a system of algebrai equations. The

orresponding spatial objet needs not be unique.
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A ube together with its translated opy (in blue)

in the 4-spae and the trajetories of the verties

(in red) form a hyperube.

It has 8 ells (= 3-ubes). Eah of the 24 faes is

the meet of two ells.

Iterated rotations of ells about a fae into the

hyperplane of the neighboring ell results in a

three-dimensional unfolding.
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2.1 Geometry, a ultural asset over millenia

Salvador Dalí: Corpus Hyperubus, 1954

194� 124 m, Metropolitan Museum of Art,

New York

Salvador Dalí

(1904�1989)
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2.1 Geometry, a ultural asset over millenia

Already before A. Einstein deteted relativity, a geometri model of Einstein's spae

time was already available, known as pseudo-Eulidean or Minkowski Geometry.
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2.1 Geometry, a ultural asset over millenia

We are faing images of

four-dimensional spae-time

at photo �nish reord.

In strip photography the

amera aptures only the

sequene of events in the

vertial plane through the

�nish line.

The horizontal axis shows

the time sale.
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2.2 Desriptive Geometry

With the foundation of Tehnial Universities around 1800 started the development

of Desriptive Geometry.

Gaspard Monge (1746�1818), the founder of

the siene of Desriptive Geometry, was one of

the most prominent mathematiians, but also an

e�etive manager as prinipal manager of the Éole

polytehnique in Paris.

He enjoyed the on�dene of Napoleon and oupied

leading politial positions. After the fall of Napoleon,

Monge died in state of mental derangement.
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2.2 Desriptive Geometry

La Géométrie desriptive a deux objets:

� le premier, de donner les méthodes pour

représenter sur une feuille de dessin qui n'a que

deux dimensions, savoir, longueur et largeur, tous

les orps de la nature qui en ont trois, longueur,

largeur et profondeur, pourvu néanmoins que es

orps puissent être dé�nis rigoureusement.

� Le seond objet est de donner la manière

de reonnaître, d'aprés une desription exate, les

formes des orps, et d'en déduire toutes les vérités

qui résultent et de leur forme et de leurs positions

respetives.
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2.2 Desriptive Geometry

At the beginning, the goal was to obtain realisti images of 3D-objets.

Students work under Gustav A.V. Peshka (1830�1903) in Brno
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3. Geometry today

Today, Desriptive Geometry is a method

to study 3D geometry through 2D

images.

It provides insight into struture and

metrial properties of spatial objets,

proesses and priniples.

Are we always able to grasp all

the animated and realistially rendered

objets ?

Sept. 29, 2018: 14th Miklós Iványi International PhD & DLA Symposium, University of Pés/Hungary 38/55



3. Geometry today

Spatial ability is the apaity to understand, reason and remember the spatial

relations among objets in spae. There are four ommon types of spatial abilities:

� spatial or visuo-spatial pereption, i.e., the ability to pereive spatial relationships in

respet to the orientation of one's body

� spatial visualization, i.e., ompliated multi-step manipulations of spatially presented

information.

� mental rotation, i.e., the mental ability to manipulate and rotate 3D objets,

� spatial working memory, i.e., the ability to temporarily store a ertain amount of

visual-spatial memories under attentional ontrol in order to omplete a task.

These skills are not inborn. It needs a lot of training until students master signs and

symbols of engineering and tehnial graphis and get the spatial objets behind.
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3. Geometry today

The training of spatial visualization should bring about the ability

� to omprehend spatial objets from given prinipal views,

� to speify and grasp partiular views (auxiliary views),

� to get an idea of geometri idealization (abstration), of the variety of geometri

shapes, and of geometri reasoning.

The �rst two items look elementary. However, these intelletual abilities are so

fundamental that many people forget how hard they were to ahieve.
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3.1 Improving spatial ability

Example 1: Show the two omponents of the wooden joint displayed below.

?

?

While the two omponents are pulled apart, they remain in ontat along three sliding

planes. Two of these planes an be �gured out from the view on the left hand side;

eah is spanned be two visible lines.
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3.1 Improving spatial ability

PSfrag replaements

The onnetion of the wooden beams displayed on the photo looks similar. However,

this wooden struture is assembled layer by layer, and one annot �nally pull out a

single beam from the blokhouse.

Sept. 29, 2018: 14th Miklós Iványi International PhD & DLA Symposium, University of Pés/Hungary 42/55



3.1 Improving spatial ability

Spatial intelligene is the ability to think in three dimensions. Core apaities inlude

mental imagery, spatial reasoning, image manipulation, graphi and artisti skills, and

an ative imagination.

Who is able to manipulate 3D objets mentally in spae without using any drawing ?

Maybe, pilots, sulptors, surgeons, painters, and arhitets all exhibit spatial

intelligene.
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3.1 Improving spatial ability

Example 2: The rhombi

dodeahedron an be built by

ereting quadrati pyramides with

45

Æ

inlined planes over eah fae

of a ube.

Any two oplanar triangles an be

glued together forming a rhomb.

Question:

How does this polyhedron look like

from above when it is resting with

one fae on a table?

Cube and rhombi dodeahedron
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3.1 Improving spatial ability

The rhombi dodeahedron is the

intersetion of three quadrati

prisms with pairwise orthogonal

axes.
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3.1 Improving spatial ability

The rhombi dodeahedron is the

intersetion of three hexagonal

prisms with axes in diretion of the

ube-diagonals.

The side and bak walls of a

honey omb belong to a rhombi

dodeahedron.

Eah dihedral angle has 120

Æ

, and

there is an in-sphere (ontating all

faes of the initial ube).
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3.1 Improving spatial ability

The rhombi dodeahedron is a spae-�lling polyhedron.

Proof:

� Start with a `3D-hessboard' built from blak and white ubes.

� Then the `white' ubes an be partitioned into 6 quadrati pyramides

with the vertex at the ube's enter.

� Glue eah pyramide to the adjaent `blak' ube thus enlarging it to

a rhombi dodeahedron.
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3.2 Appliations of Geometry

The most important role of Geometry

within mathematis, tehnial sienes,

mediine and omputer siene is to o�er

modelle and thus provide visualizations.

This works in di�erent spaes, the spae of

funtions, of olors, of data.

The word `geometry' usually stands for

metrial properties or dimensions of

objets.

Right: an example from Statistis

orrelation oe�ient r =

√

1� (d=D)

2

,

ellipse of onentration
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3.2 Appliations of Geometry

Computer-aided geometri design:

Bézierurves and -surfaes as well as B-

spline-urves and surfaes o�er new meth-

ods of design
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3.2 Appliations of Geometry

In Freeform Arhiteture most of the surfaes are designed as quad meshes

� like the Capital Gate in Dubai (height = 160 m, inlination 18

Æ

)

Steel-glass onstrution: Wagner Biro, Austria
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3.2 Appliations of Geometry

Moleular Geometry:

Guido Raos, Polytenio di Milano:

`Moleular Geometry is of pervasive

importane for hemistry, from the 19th

entury up to the present day. Advanes

in moleular graphis, alongside those in

experimental and omputational meth-

ods, allow hemists, materials sien-

tists and biologists to reveal struture

and properties of ever more omplex

materials.'

Left: The four polypetide hains making

up Hemoglobin
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3.2 Appliations of Geometry

Kinematis and Robotis

are emerging �elds of applied

geometry.

Right: Design of a �lm-pull meh-

anism in a professional (analog)

motion piture amera of ARRI
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3.2 Appliations of Geometry

Biology:

Spiral grids play a role in

Phyllotaxis, a topi of plant

morphogenesis.

The grid approximates the

position of leaves.
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3.2 Appliations of Geometry

Sometimes, the re-

searh in geometry

is drawn from an

appreiation for aes-

thetis:

Left: A 3-web of

isogonal trajetories

on a Dupin ylide

(by ourtesy of

Georg Glaeser).

Sept. 29, 2018: 14th Miklós Iványi International PhD & DLA Symposium, University of Pés/Hungary 54/55



3.2 Appliations of Geometry

spiral arrangement of irles

Thank you

for your attention !
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