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1. Plü
ker's 
onoid

d

P

Plü
ker's 
onoid (or

Cylindroid) C is a ruled

surfa
e of degree three

with a �nite double line.

In 
ylinder 
oordinates

(r; '; z) the 
onoid

satis�es z = 
 sin 2'

with 
 = 
onst.

Cartesian equation: (x

2

+ y

2

) z � 2
 xy = 0:
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1. Plü
ker's 
onoid

two string models of the Plü
ker 
onoid

The generators 
onne
t opposite points of two periods of a Sine-
urve wrapped around a right 
ylinder.
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1. Plü
ker's 
onoid

PSfrag repla
ements

X

g

X

e

X

C

`

1

`

2




1




2





y l

x

y

z

t

1

t

2

C has

two torsal genera-

tors t

1

; t

2

and

two 
entral gene-

rators 


1

; 


2

in the

[xy ℄-plane.

C \ �

X

= g

X

[ e

X

Sept. 21, 2020: moNGeometrija2020 � The 7

th

Internat. Conferen
e on Engineering Graphi
s and Design, Belgrade 4/17



1. Plü
ker's 
onoid
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Top view along the z-axis:

The tangent plane �

X

at X 2 C

interse
ts the 
onoid along the gene-

rator g

X

through X and an ellipse e

X

with a 
ir
le as top view.

This ellipse has the prin
ipal verti
es on

the torsal lines and the minor axis in the

[xy ℄-plane.
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1. Plü
ker's 
onoid

d

P

e

Ea
h ellipse

e � C is the

interse
tion of C

with a 
ylinder of

revolution through

the dire
trix d .

C 
ontains only

planar pedal


urves, and e is

one of them.
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1. Plü
ker's 
onoid

Plü
ker's 
onoid C with several ellipses
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2. Bise
tor of two skew lines
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Given two skew lines

`

1

; `

2

, the bise
tor, i.e.,

fX jX`

1

= X`

1

g, is

an orthogonal paraboli


hyperboloid P.

2d := `

1

`

2

, 2' :=<) `

1

`

2

P : z +

sin 2'

2d

xy = 0 .

The axes of symmetry




1

; 


2

of `

1

and `

2

are the

vertex generators of P.
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2. Bise
tor of two skew lines
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The tangent plane to

P at X is the plane

of symmetry of the two

pedal points F

1

; F

2

of X

on `

1

; `

2

.

The generators of P

are the axes of ro-

tations whi
h send `

1

to `

2

. Hen
e, they

are axes of one-sheeted

hyperboloids of revolu-

tion through `

1

and `

2

.
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2. Bise
tor of two skew lines
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Two hyperboloids of revo-

lution H

1

, H

2

through the

given skew lines `

1

and `

2

.

Both hyperboloids have the

same se
ondary axis b.

If two hyperboloids H

1

, H

2

share two skew generators,

then their 
omplete inter-

se
tion 
ontains two other

(not ne
essarily real) gene-

rators of the 
omplemen-

tary regulus.
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2. Bise
tor of two skew lines
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2. Bise
tor of two skew lines
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gP
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All pairs of skew

lines (`

1

; `

2

) sharing

the bise
tor

P : z +

sin 2'

2d

xy = 0

are lo
ated on

Plü
ker's 
onoid

C : z = 
 sin 2' :

Generators g of P

are axes of hyper-

boloids H whi
h

interse
t C in two

symmetri
 lines

(`

1

; `

2

).
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2. Bise
tor of two skew lines

C
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If `

1

; `

2


oin
ide in 


1

, the

hyperboloid H 
onta
ts C.

Normals of C along 


1

are

generators of P.

String model of Plü
ker's


onoid C together with P, the

normal surfa
e of C along 


1

and 


2

.

This is model XXIII, no. 10, of

S
hilling's famous 
olle
tion of

mathemati
al models.
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2. Bise
tor of two skew lines
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Plü
ker's 
onoid C

together with P, the

normal surfa
e along




1

and 


2

.
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3. Hyperboloids of revolution with line-
onta
t

`
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12
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For given skew axes `

1

; `

2

, �nd

pairs of hyperboloids H

1

;H

2

with 
onta
t along a line `

12

.

Kinemati
s: the hyperboloids

are the axodes of the relative

motion of two bodies rotating

about `

1

and `

2

with 
onstant

velo
ities !

1

; !

2

.

The 
ommon normal lines

along `

12

must meet `

1

and

`

2

. They form an orthogonal

hyperboli
 paraboloid with

vertex generator `

12

=)

Sept. 21, 2020: moNGeometrija2020 � The 7

th

Internat. Conferen
e on Engineering Graphi
s and Design, Belgrade 15/17



3. Hyperboloids of revolution with line-
onta
t
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A result well-known in spatial

gearing:

The lo
us of the lines of


onta
t `

12

(instant s
rew

axes) for variable ratio !

1

:

!

2

is a Plü
ker 
onoid C

through `

1

and `

2

with the

axes of symmetry 


1

; 


2

of

`

1

; `

2

as 
entral axes.

On C, every symmetri



hoi
e of `

1

; `

2

and of `

12

yields 
onta
ting hyperbo-

loids of revolution.
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S
hönbrunn Castle, Vienna

Thank you for your attention!
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