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1. Pliicker’s conoid

Pliicker’s conoid (or
Cylindroid) C is a ruled
surface of degree three
with a finite double line.

In cylinder coordinates
(r,p,z) the conoid
satisfles z = csin2p
with ¢ = const.

Cartesian equation: (x° 4+ y?)z — 2cxy = 0.
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1. Pliicker’s conoid

two string models of the Pliicker conoid

The generators connect opposite points of two periods of a Sine-curve wrapped around a right cylinder.
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C has

two torsal genera-
tors ty, t
and

two central gene-
y  rators ci, ¢ Inthe
Ceyl [xy]-plane.

CNTx =9gx U ex
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1. Pliicker’s conoid

Top view along the z-axis:

The tangent plane 7x at X € C
Intersects the conoid along the gene-
rator gx through X and an ellipse ex
with a circle as top view.

This ellipse has the principal vertices on
the torsal lines and the minor axis in the

[xy]-plane.
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1. Pliicker’s conoid

Each ellipse

e C C i1s the
intersection of C
with a cylinder of
revolution through
the directrix d.

C contains only

planar pedal
curves, and e Is
one of them.
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1. Pliicker’s conoid

Pliicker’'s conoid C with several ellipses
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2. Bisector of two skew lines

Given two skew lines
21,45, the bisector, I.e.,
{X|Xty = X&}, is
an orthogonal parabolic
hyperboloid P.

2d =014y, 2 = Y L14o

_ sin 2¢p
P z+ 5
The axes of symmetry
¢y, G of £1 and 45 are the

vertex generators of P.

xy =0.
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2. Bisector of two skew lines

The tangent plane to
P at X is the plane
of symmetry of the two
pedal points Fi, F» of X
on £1, 62.

The generators of P
are the axes of ro-
tations which send 44
to 5. Hence, they
are axes of one-sheeted
hyperboloids of revolu-
tion through £; and 45.
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2. Bisector of two skew lines

Two hyperboloids of revo-
lution Hq, H» through the
given skew lines £; and 4.
Both hyperboloids have the
same secondary axis b.

If two hyperboloids Hy, Ho
share two skew generators,
then their complete inter-
section contains two other
(not necessarily real) gene-
rators of the complemen-
tary regulus.

Y
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2. Bisector of two skew lines

Gorge circles of
hyperboloids  of
revolution passing
through #¢; and
5.

Their axes g form
one regulus of
the bisecting hyp.
paraboloid P.

Their centers M
lie on ¢.
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All pairs of skew
lines (41, 4>) sharing
the bisector

_ sin 2 B
P z+ g XY = 0
are located on

Pliicker's conoid

C: z=csin2p.

Generators g of P
are axes of hyper-
boloids H  which
intersect C in two
symmetric lines

(41, 45).
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2. Bisector of two skew lines

If £1,¢> coincide In ¢y, the
hyperboloid ‘H contacts C.

Normals of C along ¢ are
generators of P.

String  model of Plicker’s
conoid C together with P, the
normal surface of C along ¢
and ¢o.

This i1s model XXIIl, no. 10, of
Schilling’s famous collection of
mathematical models.
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Plucker's conoid C
together with P, the
normal surface along
c1 and oo.
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3. Hyperboloids of revolution with line-contact

For given skew axes ¢1, ¢>, find
pairs of hyperboloids Hi, Ho
with contact along a line £45.

Kinematics: the hyperboloids
are the axodes of the relative
motion of two bodies rotating
about 4; and 4> with constant
velocities w1, wo.

The common normal lines
along 415, must meet ¢; and
Z>. They form an orthogonal
hyperbolic  paraboloid  with
vertex generator 41, —
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3. Hyperboloids of revolution with line-contact

A result well-known In spatial
gearing:

The locus of the lines of
contact /i, (instant screw
axes) for variable ratio wy :
wo Is a Plucker conoid C
through 4; and 4> with the
axes of symmetry c¢;, ¢ of
21,45 as central axes.

On C, every symmetric
choice of £41,4> and of 41
ylelds contacting hyperbo-
loids of revolution.
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Schonbrunn Castle, Vienna

Thank you for your attention!
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