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CONFIGURATION THEOREMS ON BIPARTITEFRAMEWORKSHELLMUTH STACHELDediated to Peter Gruber at the oasion of his 60th birthday
This paper disusses the relative position between two inongruent on-�gurations of a omplete bipartite framework with given edge lengths in theEulidean n-spae. It is proved that there is an appropriate displaement ofone on�guration suh that in the generi ase the two loations of eah knotbeome orresponding points of two onfoal quadris. Then the equal lengthsare a diret onsequene of Ivory's theorem. Modi�ations of the �rst on�g-uration theorem over the speial ases where one or both lasses of knots areloated in a hyperplane.IntrodutionThere are many examples showing that generially rigid frameworks an beome exiblewhen the knots are somehow related to seond order surfaes (see e.g. [4, 5, 10, 11, 8, 9℄). Itis well known that a bipartite framework is in�nitesimally exible of �rst order if and onlyif the knots are loated on a quadri (see e.g. [18, 12, 8℄). Also the in�nitesimally exibleross-polytopes are in a ertain way linked to quadris ([13℄). The following theoremsreveal one reason for this onnetion between exibility and quadris.The �rst theorem treats the generi ase in the Eulidean n-spae E n : Two inongruenton�gurations of a omplete bipartite framework with suÆiently many knots and givenedge lengths are always assoiated to two onfoal quadris suh that the equal distanesin both on�gurations result from Ivory's theorem. In the seond theorem the knots of onelass are oplanar. The third theorem haraterizes two on�gurations in the partiularase where the two lasses of knots are loated in two perpendiular hyperplanes.These theorems generalize results presented in [10℄ for E 3 . This time the neessaryand suÆient onditions for the on�guration theorems are formulated more preisely.1Parole hiave: rigidity, exibility, framework, bipartite graph, Ivory's theoremAMS Math. Subj. Classi�ation: 52C25, 51N10



336 H. STACHELAnd the new proofs reveal that Ivory's theorem is intimately related to selfadjoint aÆnetransformations.The results of [10℄ have originally been used to haraterize singular positions in satellitegeodesy (ompare also [17℄). Later it turned out that they were of basi importane forproving the exibility of strutures. E.g., it was a basis for a new proof of the uniquenessof Briard's exible otahedra [11℄. One an expet that the new theorems enable to provesome new results on the exibility of geometri strutures, e.g. of polytopes (f. [1℄). Theymight o�er a hane to prove or disprove the existene, e.g., of exible suspensions in E 3with a pentagonal equator or of exible ross-polytopes in higher dimensions (see [14℄ andreferenes there).These on�guration theorems are also true in the spherial n-spae. There are goodreasons to onjeture that they also hold in the Minkowski-n-spae and in hyperbolispaes.The �rst on�guration theoremTHEOREM 1: Let F0 be a omplete bipartite framework of type Kn+1;q+1 with givenbar lenghts lik. Suppose this framework admits two inongruent on�gurations F and F 0in the Eulidean n-spae E n . This means that the knots X0; : : : ; Xn; Y0; : : : ; Yq of F andX 00; : : : ; X 0n; Y 00 ; : : : ; Y 0q of F 0 obey the (n+1)(q+1) quadrati equationsl2ik = X 0iY 0k2 = XiYk2 for all i 2 f0; : : : ; ng and k 2 f0; : : : ; qg:(1)The knots X0; : : : ; Xn are supposed to form a simplex.1. There is an appropriate displaement � : E n ! En suh that for F and the displaed�(F 0) the following statement holds:For all i and k the knots Xi 7! �(X 0i) and �(Y 0k) 7! Yk are orresponding points oftwo onfoal 2 surfaes �, 	 of seond order (see Fig. 1).2. For any r; s 2 N the framework F0 an be extended to a omplete bipartite frameworkeF of type Kn+r+1; q+s+1 whih still admits two inongruent on�gurations eF, eF 0 withknots X0; : : : ; Xn+r 2 � and Y0; : : : ; Yq+s 2 	.3. For knots of the seond lass this is the only hoie for extending F0, i.e., for anypair of points Y , Y 0 the equationsX 0iY 0 = XiY for all i 2 f0; : : : ; ngimply Y 0 2 ��1(�).4. The analogous statement thatX 0Y 0k = XYk for all k 2 f0; : : : ; qgimplies X 2 � is not true. It holds for q � n under the ondition that the point setY 00 ; : : : ; Y 0q ontains a simplex.2The terms orresponding points and onfoal 2nd-order surfaes in En are used aording to [16℄ andthey will be explained in detail in the following proof. The surfae 	 an be singular.



CONFIGURATION THEOREMS ON BIPARTITE FRAMEWORKS 3375. Two di�erent knots Xi; Xj of F share their distane with the orresponding pointsof X 0i; X 0j of F 0 if and only if the spanned line [XiXj℄ is subset of the seond-ordersurfae �, i.e., XiXj = X 0iX 0j () [XiXj℄ � � :Conversely, for any Y 0i ; Y 0j 2 F 0 and the orresponding points Yi; Yj 2 F we haveY 0i Y 0j = YiYj () [Y 0i Y 0j ℄ � ��1(�):An immediate onsequene of Theorem 1 for the exibility of bipartite frameworksreads:COROLLARY 1: A omplete bipartite framework of type Kp;q in E n with knotsX1; : : : ; Xp spanning En admits a ontinuous exion if and only if there is an at leastone-parametri set of quadris � passing through X1; : : : ; Xp suh that a onfoal quadri	 ontains simultaneously all Y1; : : : ; Yq.Speify for example the X-knots as the verties (�i;1; : : : ;�i;n), i = 1; : : : ; n� 1, ofn � 1 boxes symmetri with respet to the axes of a artesian oordinate system in En .And selet the Y -knots as the verties of another suh box. Then the framework of typeK(n�1)2n ; 2n is ontinuously exible. It generalizes one of Dixon's mehanisms (ompare[5, 8, 10℄).
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338 H. STACHELof X 0i; Y 0k with respet to S 0:3 Then the equations (1) imply(xi � yk)2 = (x0i � y0k)2 for all i 2 f0; : : : ; ng and k 2 f0; : : : ; qg:(2)After subtrating the equations for the indies (0; k) and (i; k) we obtainx20 � x2i + 2(xi � x0)�yk = x0 20 � x0 2i + 2(x0i � x00)�y0k :(3)For eah k this an be seen as a �xed system of n linear equations for the unknown vetoryk. As X0; : : : ; Xn is supposed to form a simplex, this system has a unique solution forany given y0k. In order to express this solution in an appropriate form we take into aountthat there is a unique aÆne transformation� : En ! E n ; x 7! �(x) = a0 + l(x) with xi 7! x0i for all i 2 f0; : : : ; ng:(4)Here l denotes the indued linear map de�ned by l(xi � x0) = x0i � x00, i = 1; : : : ; n. Letl� : Rn ! Rn be the adjoint map obeyingl(u)�v0 = u�l�(v0) for all u; v0 2 Rn :(5) In the ase q � 1 we subtrat from (3) the equation for k = 0 and get(xi � x0)�(yk � y0) = l(xi � x0)�(y0k � y00) for all i 2 f1; : : : ; ng and k 2 f1; : : : ; qg:(6)Then we ful�ll all equations (6) by settingyk � y0 = l�(y0k � y00) for all k = 1; : : : ; q:This adjoint map l� together with one pair y00 7! y0 of points de�nes the aÆne transforma-tion �� : En ! E n ; y0 7! ��(y0) = b+ l�(y0) with y0k 7! yk for all k 2 f0; : : : ; qg:(7)We all � and �� \adjoint" aÆne transformations. Thus we an formulate the followingneessary ondition:LEMMA 1: Let F , F 0 in En be two inongruent on�gurations of F0 as de�ned inTheorem 1. Then there are two adjoint aÆne transformations �, �� with� : Xi 7! X 0i for all i = 0; : : : ; n, and �� : Yk 7! Y 0k for all k = 0; : : : ; q.Neither � nor �� is an isometry.Proof of the last statement in Lemma 1: Suppose � is an isometry. Then we speifythe oordinate system S 0 suh that x0i = xi holds for eah i = 0; : : : ; n. Eq. (3) gives rise toa homogeneous system of linear equations(xi � x0)�(yk � y0k) = 0 for eah k 2 f0; : : : ; qg:whih admits only the trivial solution y0k = yk. The two on�gurations F , F 0 are ongruent| thus ontraditing the initial assumption.3For the sake of brevity we identify points with their oordinate vetors.



CONFIGURATION THEOREMS ON BIPARTITE FRAMEWORKS 339Now we replae in (2) x0i by �(xi) and yk by ��(y0k) and obtainx2i � 2xi �[b+ l�(y0k)℄ + [b+ l�(y0k)℄2 = [a0 + l(xi)℄2 � 2[a0 + l(xi)℄�y0k + y0 2kor | beause of xi �l�(y0k) = l(xi)�y0k due to (5)x2i � l(xi)2 � 2xi �b� 2l(xi)�a0 + b2 = y0 2k � l�(y0k)2 � 2y0k �a0 � 2l�(y0k)�b+ a0 2:This equation holds for all i 2 f0; : : : ; ng and all k 2 f0; : : : ; qg. As the left side dependson i, the right side on k only, both sides must equal any onstant C. This results in twoquadrati funtionsf(x) := x2 � l(x)2 � 2x�[b+ l�(a0)℄ + b2 � C;g0(y0) := y0 2 � l�(y0)2 � 2y0 �[a0 + l(b)℄ + a0 2 � C and f(xi) = 0 8i = 0; : : : ; n ;g0(y0k) = 0 8k = 0; : : : ; q:(8)Conversely, for all x; y0 2 Rn the equations f(x) = g0(y0) = 0 implykx� ��(y0)k = k�(x)� y0k:We will see in the sequel that this is exatly Ivory's theorem for orresponding points ofonfoal surfaes in E n (see [16℄). We summarize inLEMMA 2: Let � and �� be adjoint aÆne transformations aording to (4) and (7).For any x0; : : : ; xp; y00; : : : ; y0q 2 Rn the pointsx0; : : : ; xp; ��(y00); : : : ; ��(y0q) and �(x0); : : : ; �(xp); y00; : : : ; y0q in Enonstitute two on�gurations of a omplete bipartite framework of type Kp+1; q+1, i.e. withkxi � ��(y0k)k = k�(xi)� y0kk;if and only if there is a onstant C suh that for f and g0 aording to (8) the followingequations hold true:f(xi) = 0 8i = 0; : : : ; p and g0(y0k) = 0 8k = 0; : : : ; q:We are now going to speify the oordinate systems S and S 0: It is well known thatthe omposite mapping l�Æl : Rn ! Rn is self-adjoint asu�[l�Æl(v)℄ = l(u)�l(v) = [l�Æl(u)℄�v for all u; v 2 Rn :There is an orthonormal basis of eigenvetors e1; : : : ; en obeyingl�Æl(ei) = �2i ei with �2i = l(ei)�l(ei) � 0;beause of l(ei)�l(ej) = [l�Æl(ei)℄�ej = �2i (ei �ej) = �2i Æij:(9)



340 H. STACHELWe assume �1 = � � � = �s = 0; �s+1; : : : ; �r 6= 0; 1; �r+1 = � � � = �n = 1with 0 � s � r � n and r � 1(10)beause of l�Æl 6= idRn aording to Lemma 1.The eigenvetors e1; : : : ; en have pairwise orthogonal images l(e1); : : : ; l(en) due to (9).Hene there is also an orthonormal basis e01; : : : ; e0n suh thatl(ei) = �ie0i and l�(e0k) = �kek for all i; k 2 f1; : : : ; ng:(11)We use e1; : : : ; en and e01; : : : ; e0n as the basis vetors of S and S 0, respetively. For anappropriate hoie of the origin there are two ases to distinguish:CASE 1: The omposite aÆne transformation ��Æ� keeps a point f �xed :Then we hoose f as the origin of S and �(f) as the origin of S 0. Due to (11) we obtainx = f+ nXi=1 xiei =) �(x) = �(f) + nXi=1 �ixie0i ;y0 = �(f) + nXk=1 y0ke0k =) ��(y0) = f+ nXk=1�ky0kek ;and therefore a0=o in (4) and b=o in (7). Hene beause of (10) the oordinate represen-tations of the quadrati funtions in (8) readf(x) = x21 + � � �+ x2s + (1� �2s+1)x2s+1 + � � �+ (1� �2r)x2r � C = g0(x):(12)The equation f(x) = 0 de�nes a surfae � of seond order. Its aÆne image �0 := �(�)obeys for s = 0: f 0(x0) := 1��21�21 x0 21 + � � �+ 1��2r�2r x0 2r � C = 0;for s > 0: x01 = � � � = x0s = 0 andf 0(x0) := 1��2s+1�2s+1 x0 2s+1 + � � �+ 1��2r�2r x0 2r � C � 0:(13)In the \singular" ase s > 0 we use the symbol ��0 for the boundary of �0 = �(�), i.e.,for the set ��0 = fx0 = (0; : : : ; 0; x0s+1; : : : ; x0n) j f 0(x0) = 0g:Now we displae the seond on�guration suh that the assoiated oordinate system S 0oinides with S. This isometry is denoted by � (see Fig. 1). Then beause of�2i1� �2i = 11� �2i � 1the seond-order surfae � and the displaed aÆne image 	 := �Æ�(�) or (in ase s > 0)�	 are onfoal in E n (ompare [16℄)4.These onfoal surfaes have e.g. the following properties:4As an example for the singular ase in E3 take an ellipsoid � and its foal ellipse �	. The aÆne image�Æ�(�) is the ellipti dis bounded by �	.



CONFIGURATION THEOREMS ON BIPARTITE FRAMEWORKS 341� Under C 6= 0 the setions of � and 	 with any prinipal 2-plane spanned by ei andej for s < i < j � r are onfoal onisx2i11��2i + x2j11��2j = C and x2i11��2i � 1 + x2j11��2j � 1 = Cof the same type. For i � s the seond oni degenerates.� For s = 0 the intersetions of �, 	 with the spae spanned by the oordinate axesx1; : : : ; xr are regular seond-order surfaes. If they are seen as quadrati sets oftangential hyperplanes, they span a one-parametri linear system together with theset of isotropi hyperplanes. This results from the fat that the tangential equationsof these quadris in homogeneous hyperplane oordinates (�0; : : : ; �r) obey� 11��21 �21 + � � �+ 11��2r �2r � 1C �20�� ��21 + � � �+ �2r� = � �211��21 �21 + � � �+ �2r1��2r �2r � 1C �20� :Hene � and 	 share the isotropi tangential hyperplanes. This holds also in thesingular ase s � 1 for � and �	 in the spae spanned by xs+1; : : : ; xr.� Points x 2 � and their images �Æ�(x) 2 	 are alled orresponding in the sense of[16℄ (see Xi; �(X 0i) in Fig. 1). Whenever another surfae onfoal to � passes throughx, then it passes also through the image �Æ�(x).5 This an be proved as follows:The onfoal set is given byF (x; t) := x2111��21 + t + � � �+ x2r11��2r + t � C = 0; t 2 R n n �11��21 ; : : : ; �11��2ro :From F (x; 0) = f(x) = 0 and F (x; t) = 0 with t 6= 0 we onlude F (�(x); t) = 0 asthe latter an be expressed as the aÆne ombinationF (�(x); t) = �1t F (x; 0) + �1 + 1t �F (x; t):This is a onsequene of�211��2 + t = �1t (1� �2) + �1 + 1t� 111��2 + t :CASE 2: There is no �xed point of��Æ� : x 7! b+ l�(a0 + l(x)) = b + l�(a0) + l�Æl(x):This means that the system of linear equations(l�Æl � idRn)(x) = �b� l�(a0)has no solution, i.e., the rank rk(l�Æl� idRn) = r is smaller than n, hene 1 is an eigenvalueof l�Æl, and d := �b� l�(a0) 62 (l�Æl � idRn)(Rn) = [e1; : : : ; er℄:5See in Fig. 1 the dotted hyperbolas passing simultaneously through Xi and �(X 0i).



342 H. STACHELWe deomposed = d0 + d1 suh that d0 2 [e1; : : : ; er℄ and d1 2 [er+1; : : : ; en℄with d1 6= o. Now we speify the origin f of S as a solution of(l�Æl� idRn)(f) = d0 :And we modify the basis vetors er+1; : : : ; en in the eigenspae of 1 suh that d1 = �2aenwith a 6= 0. This implies��Æ�(f) = �d0 � d1 + l�Æl(f) = �d1 + f = 2aen + f:Let f0 := �(f)� ae0n be the origin of S 0. Then we get with (11) and �n = 1�(f) = f0 + ae0n and ��(f0) = ��Æ�(f)� al�(e0n) = f+ aenand therefore a0 = ae0n in (4) and b = aen in (7). From (8) we obtainf(x) = x21 + � � �+ x2s + (1� �2s+1)x2s+1 + � � �+ (1� �2r)x2r � 4axn +D = g0(x)(14)with D := a2 � C. The image �0 of the quadrati surfae �: f(x) = 0 under � obeysx01 = � � � = x0s = 0; f 0(x0) := 1��2s+1�2s+1 x0 2s+1 + � � �+ 1��2r�2r x0 2r � 4a(x0n � a) +D � 0(15)where equality holds in the regular ase s = 0 only.
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CONFIGURATION THEOREMS ON BIPARTITE FRAMEWORKS 343with prinipal 2-planes spanned by ei and en for s < i � r are onfoal parabolas withequations (1� �2i )x2i � 4axn +D = 0; 1� �2i�2i x2i � 4a(xn � a) +D = 0as they share the axis of symmetry (=xn-axis) and the foal point(xi; xn) =  0; a + D4a + a�2i1� �2i ! =  0; D4a + a1� �2i ! :This provesLEMMA 3: Let F , F 0 in En be two inongruent on�gurations as de�ned in The-orem 1. There is an isometry � : En ! E n suh that the knots of F and �(F 0) areorresponding points of two onfoal surfaes �, 	, i.e., withX0; : : : ; Xn; �(Y 00); : : : ; �(Y 0q ) 2 � and �(X 00); : : : ; �(X 0n); Y0; : : : ; Yq 2 	.Remark 1: After applying � the aÆne transformations � and �� oinide, or morepreisely �Æ� = ��Æ��1 = (�Æ�)�:The last equation results from ��1 = �� for isometries and (�Æ�)� = ��Æ��. Hene theaÆne transformation �Æ� is self-adjoint (ompare [15℄).Proof of Theorem 1: The items 1, 2 and 3 are a onsequene of Lemmas 1, 2 and 3.For proving item 4, take any point X 2 � and X 0 = �(X). Then aording to 2. we haveX 0Y 0k = XYk for all k 2 f0; : : : ; qg. Suppose that the aÆne span Y := [Y0 : : : Yq℄ has adimension < n, and let fX be the image of X under the reetion in Y (or any other motionwhih keeps Y �xed). Then we obtain againfXYk = XYk = X 0Y 0k;though fX needs not be a point of � (note e.g. fX3 in Fig. 2).In order to prove item 5 in Theorem 1, we notie that [XiXj℄ � � is equivalent to thestatement that f (�xi + (1� �)xj) = 0 for all � 2 R. From (8) and f(xi) = f(xj) = 0 wegetf (�xi + (1� �)xj) == [�xi + (1� �)xj℄2 � l (�xi + (1� �)xj)2 � 2 [�xi + (1� �)xj℄�[b+ l�(a0)℄ + b2 � C == �2[x2i � l(xi)2℄ + (1� �)2[x2j � l(xj)2℄ + 2�(1� �)[xi �xj � l(xi)�l(xj)℄�� �[x2i � l(xi)2℄� (1� �)[x2j � l(xj)2℄ == �(1� �) h�x2i � x2j + l(xi)2 + l(xj)2 + 2xi �xj � 2l(xi)�l(xj)i == �(�� 1) h(xi � xj)2 � (l(xi)� l(xj))2i = �(�� 1) h(xi � xj)2 � (�(xi)� �(xj))2i ;



344 H. STACHELwhih gives the equivalene[XiXj℄ � � () kxi � xjk = k�(xi)� �(xj)k:The analogous omputation shows that [Y 0i Y 0j ℄ � ��1(�) is equivalent to YiYj = Y 0i Y 0j .This is also a onsequene of statements 2 and 3 in Theorem 1 as YiYj = Y 0i Y 0j impliesongruent triangles YiYjXk = Y 0i Y 0jX 0k for eah k 2 f0; : : : ; ng. Hene for any point Y ofthe line [Yi Yj℄ and its image Y 0 2 [Y 0i Y 0j ℄ under the isometry [Yi Yj℄! [Y 0i Y 0j ℄ with Yi 7! Y 0iand Yj 7! Y 0j we have Y Xk = Y 0X 0k and therefore Y 0 2 ��1(�).The other on�guration theoremsWe now suppose that at the bipartite framework the knots of one lass, say the X-knots,are loated in a hyperplane Hx. In this ase inongruent on�gurations with the same edgelengths arise by reeting single Y -knots in Hx. We exlude these in the following theoremby saying that we treat pairs of \essentially di�erent" on�gurations only.THEOREM 2: Let X0; : : : ; Xn�1; Y0; : : : ; Yq and X 00; : : : ; X 0n�1; Y 00 ; : : : ; Y 0q be theknots of two essentially di�erent on�gurations F , F 0 of a omplete bipartite frameworkF0 of type Kn; q+1 with given bar lenghts lik in En . Suppose that X0; : : : ; Xn�1 span ahyperplane Hx whih also ontains the knots X 00; : : : ; X 0n�1.1. There is an appropriate displaement � : En ! E n with Hx 7! Hx suh that for alli 2 f0; : : : ; n � 1g the knots Xi 7! �(X 0i) are orresponding points of two onfoalquadris �, �(�0) in Hx.For all k 2 f0; : : : ; qg the knots �(Y 0k) 7! Yk are orresponding points of two onfoalquadris �(	0k), 	k whih are symmetri with respet to Hx and interset Hx along� and �(�0), respetively (see Fig. 3).Thus the statement �(X 0i) �(Y 0k) = XiYk is a diret onsequene of Ivory's theorem.2. Two di�erent knots Yj; Yk of F share their distane with the orresponding points ofY 0j ; Y 0k of F 0 if and only if the spanned line [Y 0j Y 0k℄ is tangent to the seond-order sur-fae b	0 whose orresponding quadri b	 through �(�0) is at (see Fig. 4). Conversely| like in Theorem 1 | the equivalene holds:XiXj = X 0iX 0j () [XiXj℄ � � :3. For any r; s 2 N the framework F0 an be extended to a omplete bipartite frameworkeF of type Kn+r; q+1+s whih still admits two essentially di�erent on�gurations eF, eF 0with knots X0; : : : ; Xn�1+r 2 � and Y 00 ; : : : ; Y 0q+s 2 En n int( b	0).Proof: Again, eah on�guration F ;F 0 gets its own artesian oordinate system S;S 0,respetively. We suppose that in both systems the hyperplane Hx is spanned by the �rstn � 1 oordinate axes. If � : En ! Hx denotes the orthogonal projetion onto Hx, i.e.,parallel to the last basis vetor en of S and e0n of S 0, then we getyk = �(yk) + yk;nen; y0k = �(y0k) + y0k;ne0n:
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Figure 3: The statement of Theorem 2 for dimension n = 3We subtrat the quadrati equations (2) and notie that in (3) only the �rst n� 1 oordi-nates of yk are involved. In analogy to Lemma 1 we obtain the neessary onditions: Thereare two adjoint aÆne transformations� : Hx ! Hx; xi 7! x0i; i = 0; : : : ; n� 1�� : Hx ! Hx; �(y0k) 7! �(yk); k = 0; : : : ; q:As the two on�gurations F and F 0 are supposed to be essentially di�erent, neither � nor�� is an isometry.Now we substitute the representations (4) of � and (7) of �� in (2) and obtain thatkxi � ykk = kxi � ��Æ�(y0k)� yk;nenk = kx0i � y0kk = k�(xi)� �(y0k)� y0k;ne0nkis equivalent to x2i � l(xi)2 � 2xi �b� 2l(xi)�a0 + b2 == �(y0k)2 � l�Æ�(y0k)2 � 2�(y0k)�a0 � 2l�Æ�(y0k)�b+ a0 2 + y0 2k;n � y2k;n:(16)This equation holds for all i 2 f0; : : : ; n � 1g and all k 2 f0; : : : ; qg. As the left sidedepends on i, the right side on k only, both sides must equal any onstant C. This resultsin two quadrati funtionsf(x) := x2 � l(x)2 � 2x�[b+ l�(a0)℄ + b2 � C;g(y; y0) := �(y0)2 � l�Æ�(y0)2 � 2�(y0)�[a0 + l(b)℄ + a0 2 � C + (y0 �e0n)2 � (y�en)2;(17)and f(xi) = 0 8i = 0; : : : ; n� 1 ; g(yk; y0k) = 0 8k = 0; : : : ; q:



346 H. STACHELWe now speify the oordinate systems S;S 0 appropriate to � and �� like previously in theproof of Theorem 1 for the Cases 1 and 2:In analogy to (12) and (13) we obtain in Case 1 the oordinate representationsf(x) = x21 + � � �+ x2s + (1� �2s+1)x2s+1 + � � �+ (1� �2r)x2r � C;g(y; y0) = y0 21 + � � �+ y0 2s + (1� �2s+1)y0 2s+1 + � � �+ (1� �2r)y0 2r � C + y0 2n � y2n(18)with 0 � s � r � n� 1. The points xi are loated on the quadri�: f(x) = xn = 0 in Hx:The knots x0i belong to the aÆne image �0 := �(�) � Hx obeyingx01 = � � � = x0s = x0n = 0 and 1� �2s+1�2s+1 x0 2s+1 + � � �+ 1� �2r�2r x0 2r � C � 0:If the isometry � brings S 0 in oinidene with S then �(�0) beomes onfoal to � withthe pairs (xi ; �(x0i)) of orresponding points.In whih way are for any k 2 f0; : : : ; qg the points y0k and yk related under the onditions�(yk) = ��Æ�(y0k) and g(yk; y0k) = 0?Due to (18) and y2k;n � 0 there is a �k;n 2 R suh that for the quadrati funtionG0k(y0) := y0 21 + � � �+ y0 2s + (1� �2s+1)y0 2s+1 + � � �+ (1� �2r)y0 2r � C + (1� �2k;n)y0 2n(19)G0k(y0k) = 0 holds. Hene 	0k : G0k(y0) = 0 is a quadri passing through y0k. Fromg(y; y0) = G0k(y0) + �2k;ny0 2n � y2n and g(yk; y0k) = G0k(y0k) = 0we dedue yk;n = �k;ny0k;n whih spei�es the sign of �k;n uniquely. This implies togetherwith (11) for i = 0; : : : ; n� 1 that we an extend �� : Hx ! Hx to an aÆne transformation��k : En ! E n with y0k 7! yk. The aÆne image 	k := ��k(	0k) obeys under �k;n 6= 0y1 = � � � = ys = 0 and 1� �2s+1�2s+1 y2s+1 + � � �+ 1� �2r�2r y2r � C + 1� �2k;n�2k;n y2n � 0:Let b	0 denote the quadri 	0k in the speial ase �k;n = 0. Then b	 = ��k( b	0) obeysy1 = � � � = ys = yn = 0 and 1� �2s+1�2s+1 y2s+1 + � � �+ 1� �2r�2r y2r � C � 0:In all ases 	k is onfoal to the displaed �(	0k), and these two quadris have the propertieslisted in Theorem 2 (ompare Fig. 3). �(y0k) and yk are orresponding points. So, eahknot y0k de�nes its own pair (�(	0k); 	k) of onfoal quadris.The disussion of Case 2 leads to an analogous result whih proves the statement 1 ofTheorem 2 ompletely.Ad 2. Suppose kyj � ykk = ky0j � y0kk. As explained in the proof of Theo-rem 1, this is equivalent to the statement that all pairs of points �y := �yj + (1� �)yk ,



CONFIGURATION THEOREMS ON BIPARTITE FRAMEWORKS 347y0 := �y0j + (1� �)y0k� of the spanned lines h = [yj yk℄, h0 = [y0j y0k℄ share the propertykxi � yk = kx0i � y0k for all i = 0; : : : ; n � 1.6 The quadris 	0k with equations G0k(y0) = 0,k = 0; : : : ; q, aording to (19) belong to a penil spanned e.g. by the double hyperplaneHx : y0 2n = 0 and the quadrib	0 : bG0(y0) := y0 21 + � � �+ y0 2s + (1� �2s+1)y0 2s+1 + � � �+ (1� �2r)y0 2r � C + y0 2n = 0:(20)Therefore all quadris 	0k share the tangential hyperplanes at the points of the intersetionb	0 \Hx.PSfrag replaements
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Figure 4: The seond statement of Theorem 2 in the speial ase n = 2,� = idE2 , � = fX0; X1g, �0 = fX 00; X 01gWithout loss of generality we may suppose that the two points y0j; y0k belong to thesame 	0k, i.e., G0k(y0j) = G0k(y0k) = 0 (see Fig. 4). Then in Case 1 we havey0j = (y0j;1; : : : ; y0j;n�1; y0j;n); yj = (�1y0j;1; : : : ; �n�1y0j;n�1; ��k;ny0j;n);y0k = (y0k;1; : : : ; y0k;n�1; y0k;n); yk = (�1y0k;1; : : : ; �n�1y0k; n�1; �k;ny0k;n);and the distane equation y2j � 2yj �yk + y2k = y0 2j � 2y0j �y0k + y0 2k6It results also from the identity�xi � �yj � (1� �)yk�2 = �(xi � yj)2 + (1� �)(xi � yk)2 � �(1� �)(yj � yk)2:



348 H. STACHELis equivalent to(1� �21)y0j;1y0k;1 + � � �+ (1� �2r)y0j;ry0k;r + (1� �2k;n)y0j;ny0k;n � C = 0:(21)The upper sign haraterizes onjugate position of y0j and y0k with respet to 	0k withequation G0k(y0) = 0 due to (19), i.e., the onneting line [y0j y0k℄ is a generator of 	0k andtherefore tangent to b	 at a point in Hx.In order to �gure out the meaning of the ondition with the lower sign, we ompute thedisriminant of the polynomial bG0(�y0j + (1 � �)y0k) whih is quadrati in � aording to(20). Straight forward omputation reveals that this disriminant equals the produt ofthe left-side terms in (21) with di�erent signs. So eq. (21) holds if and only if the line[y0j y0k℄ is tangent to the quadri b	0 : bG0(y0) = 0 or subset of this quadri.An analogous disussion of Case 2 onludes the proof of statement 2 in Theorem 2, as theseond part has already been proved with Theorem 1.Remark 2: The equation g(y; y0) = 0 in (17) or (18) de�nes a 2-2-orrespondenebetween the points y0 = �(y0) + y0ne0n and y = ��Æ�(y0) + ynen. The quadri b	0 is mappedinto the hyperplane Hx. This gives exatly Jaobi's generation of a quadri b	0 in E n asthe set of points y0 with ky0 � x0ik = ky� xik, i = 0; : : : ; n� 1, for any y 2 Hx (see [7℄).In the ase of equal distanes kyj � ykk = ky0j � y0kk the 2-2-orrespondene must map theline h0 = [y0j y0k℄ onto the line h = [yj yk℄. Therefore [y0j y0k℄ an interset the quadri b	0 inone point only (see Fig. 4) or it totally lies on b	0, as the ommon points orrespond to[yj yk℄ \Hx.Ad 3. This follows from the fat that ky � xik = ky0 � x0ik for all i = 0; : : : ; n � 1 isequivalent to eq. (16) or in Case 1 to f(xi) = 0 and g(y; y0) = 0 in (18). For any point y0there is a orresponding y = ��Æ�(y0) + ynen with g(y; y0) = 0 if and only if the inequalityy2n = y0 21 + � � �+ y0 2s + (1� �2s+1)y0 2s+1 + � � �+ (1� �2r)y0 2r � C + y0 2n � 0:is true. This inequality exludes points in the "interior" of b	0 with equation (20). Thesame holds in Case 2.THEOREM 3: Let X0; : : : ; Xn�2; Y0; : : : ; Yq and X 00; : : : ; X 0n�2; Y 00 ; : : : ; Y 0q in En bethe knots of two essentially di�erent on�gurations F , F 0 of a omplete bipartite frameworkF0 of type Kn�1; q+1 with given bar lenghts lik. The knots X0; : : : ; Xn�2; X 00; : : : ; X 0n�2 areloated in a hyperplane Hx. The knots Y0; : : : ; Yq; Y 00 ; : : : ; Y 0q of the other lass belong to aperpendiular hyperplane Hy.The orthogonal projetions of X0; : : : ; Xn�2 onto Hy are supposed to span the (n � 2)-dimensional intersetion spae S := Hx \Hy.1. There is an appropriate displaement � : En ! E n with Hx 7! Hx and Hy 7! Hy suhthat for all i 2 f0; : : : ; n� 2g the knots Xi 7! �(X 0i) are orresponding points of twoonfoal quadris �i, �(�0i) in Hx, symmetri with respet to S.For all k 2 f0; : : : ; qg the knots �(Y 0k) 7! Yk are orresponding points of two onfoalquadris �(	0k);	k � Hy whih are symmetri with respet to S.All �i and �(	0k) interset S along the same quadri � whih is onfoal to theommon intersetion �0 = �(�0i) \ S = 	k \ S (see Fig. 5).Hene the statement �(X 0i) �(Y 0k) = XiYk is again a diret onsequene of Ivory'stheorem.



CONFIGURATION THEOREMS ON BIPARTITE FRAMEWORKS 3492. Two di�erent knots Xi; Xj of F share their distane with the orresponding pointsof X 0i; X 0j of F 0 if and only if the spanned line [X 0i X 0j℄ is tangent to the seond-ordersurfae b� whose orresponding quadri �(b�0) through �0 is at in S.Conversely | like in Theorem 2 | we have YjYk = Y 0jY 0k if and only if the spannedline [Y 0j Y 0k℄ is tangent to the quadri b	0 with a at orresponding quadri 	 through�0.3. For any r; s 2 N the framework F0 an be extended to a omplete bipartite frameworkeF of type Kn�1+r; q+1+s whih still admits two essentially di�erent on�gurations eF,eF 0 with arbitrary knots X0; : : : ; Xn�2+r 2 Hxnint(b�) and Y 00 ; : : : ; Y 0q+s 2 Hynint( b	0).
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Figure 5: The statement of Theorem 3 for dimension n = 3Proof: We again start with two di�erent oordinate systems S;S 0. In both ases thegiven hyperplanes Hx; Hy are supposed as oordinate planes: Hx is perpendiular to thelast basis vetors en and e0n. Hy is perpendiular to en�1 and e0n�1. Let � : E n ! S denotethe orthogonal projetion onto S. Thus we getxi = �(xi) + xi; n�1en�1; x0i = �(x0i) + x0i; n�1e0n�1;yk = �(yk) + yk;nen; y0k = �(y0k) + y0k;ne0n:



350 H. STACHELAfter subtrating the quadrati equations (2), we obtain (3) where only the �rst n � 2oordinates of xi and y0k are involved. Sine �(x0); : : : ; �(xn�2) are supposed to onstitute asimplex in S, we derive in analogy to Lemma 1 the following neessary onditions: Thereare two adjoint aÆne transformations� : S ! S; �(xi) 7! �(x0i); i = 0; : : : ; n� 2;�� : S ! S; �(y0k) 7! �(yk); k = 0; : : : ; q:Now we substitute the representations (4) of � and (7) of �� in (2) and obtain thatk�(xi) + xi; n�1en�1 � ��Æ�(y0k)� yk;nenk = k�Æ�(xi) + x0i; n�1e0n�1 � �(y0k)� y0k;ne0nkis equivalent to�(xi)2 � lÆ�(xi)2 � 2�(xi)�b� 2lÆ�(xi)�a0 + b2 + x2i; n�1 � x0 2i; n�1 == �(y0k)2 � l�Æ�(y0k)2 � 2�(y0k)�a0 � 2l�Æ�(y0k)�b+ a0 2 + y0 2k;n � y2k;n:(22)Again we onlude two quadrati funtionsf(x; x0) := �(x)2 � lÆ�(x)2 � 2�(x)�[b+ l�(a0)℄ + b2 � C + (x�en�1)2 � (x0 �e0n�1)2;g(y; y0) := �(y0)2 � l�Æ�(y0)2 � 2�(y0)�[a0 + l(b)℄ + a0 2 � C + (y0 �e0n)2 � (y�en)2;(23)and f(xi; x0i) = 0 8i = 0; : : : ; n� 2; and g(yk; y0k) = 0 8k = 0; : : : ; q:Now a disussion like in the proof of Theorem 2 leads to the stated properties.AknowledgementThis researh is partially supported by the INTAS-RFBR-97 grant 01778.Referenes[1℄ V. Alexandrov: A survey on reent results and open problems in exible polyhedra andrelated topis. private ommuniation, April 2001.[2℄ G. Albreht: Eine Bemerkung zum Satz von Ivory. J. Geom. 50 (1994), 1-10.[3℄ W. Blashke: Analytishe Geometrie. 2. Au., Verlag Birkh�auser, Basel 1954.[4℄ R. Briard: M�emoire sur la th�eorie de l'ota�edre artiul�e. J. math. pur. appl., Liouville3 (1897), 113{148.[5℄ A.C. Dixon: On ertain deformable frameworks. Mess. Math. 29 (1899/1900), 1{21.[6℄ J. Ivory: On the Attrations of homogeneous Ellipsoids. Phil. Trans. of the RoyalSoiety of London (1809), 345{372.[7℄ D.G.J. Jaobi: Geometrishe Theoreme. Gesammelte Werke, Bd. 7, Verlag G. Reimer,Berlin 1891, 42{68.[8℄ H. Maehara: Geometry of frameworks. Yokohama Math. J. 47 (1999), spe. Issue,41{65.
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