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Abstract

This paper treats perpendlcularlty in the four di-
-mensional space and its visualization using ortho-
gonal projections orito planes. The elementary ap-
proach is based on the formula for the true lengt
of line segments and ends with a characterization ‘of
qrthogonal views of Cartesian 4D-frames.

Introduction

Theorem 1: Let p: E3-»n, Pw» P’
' “projection of the Euc]zdean 3-8 pac
‘plane I, Supposing that a and b are twe
‘1ma,ges a’ and b’, each two of ] ‘
ments imply the thzrd e

(iii) a orb __1§ par.

Remarks: None of these three i tion :
. for oblique projections On the other hand the
still holds for orthogonal pProjections p:; Eb > En-1 jp
the Euclidean n-space, n> 3, since the projection of
two especially mtersectmg hnes takes place within a
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3~-space.

If the dimension of the space of images is smaller
than n-1, then (i) and (iii) still. imply (ii), but this
is not the only way that the right angle is preserv-
ed under orthogonal projection.

In the following we deal with parallel projections
p: E42 11 of the Euclidean 4-space onto planes. Such
projections are also the underlying mappings, if
parallel projections E%- E3 are cbmposed with paral-
lel projections E3-> I, to say if e.g. the 3-dimensio-
nal image ‘of a 4-space-object is displayed on a
sheet of paper or on the screen (sge e.g. Seiner
and Slaby, 1988 or Zuji Wan, Qidi Lin and Duane,
1989). The center of projection p is a line at infin-
ity; there are completely parallel planes of si:g-ht.*)

Mating orthogonal projections of E%
Let (x;,XyXx3%,) and (x,y) be Cartesian coordi-
nates in E? and E2 respectively. Then the mappings
LI Et> E2, P = (fp 62,$3,€4) » P'= (spfz)s
%yt E4> E2, P = (fp 52’53)$4) » P"= (‘fas'f,;) -
give a bijection E*- (E2xE2), P» (P’,P").
o, can be. decomposed into the mapping
Py E4> n,, (€pfzr€3a€4) = (Epéz’O;O)
and a congruence
ﬂl i EZ, (gp 22’0) 0)" (G » 52)'
p; turns out to be an orthogonal projection; its

*) For two different pbin‘ts ’i’n 'the 'same plane of -

the other: Hence:it: deesn't. .,makev sense . to - _dlstm-—
guish between visible and invisible edges in two di-
mensional views of the 4-space (cf. Laghi, 1988).

o
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planes of sight under p, are parallel to the plane
n,: x,=x,=0, since (¢,9€,,0,0) is the point of inter-
section of NI, with the plane of sight x;=¢,, 3{2= £,
passing through P. I, is completely perpendicular
to I,.

Analogously o, is the product of the orthogonal
projection .

'Pzz E%- “2) (515529'?3’ 54) 4 (0a0’€3’€4)

and the congruence N, E2, (0,0,£5 ¢,) ? (-£3,-£4).

The mappings «,, «, with mutually perpendicular
planes of sight are called mating orthogonal projec—
tions of the 4-space. Such pairs of mappings have
e.g. been used in Shoute, 1902, Eckhart, 1929, Ho-
henberg and Tschupik, 1971, The congruences
I, E2 can be arbitrarily selected. We made the
particular choice above just for convenience.

The true distance PQ of P=(£y0.) and Q= (.0 )

'_.vi:;:'matches the equation (see fig. 1)

b (1.1) Féz = P,Qiz + P"Q"z,

since
PQ? = [(51°771)2 + (fz"nz)z] + [(53""13)2 + ($4"’"74)2]0

Now we state a right-angle-theorem in the
4-space:

Theorem 2: Let o, «, be mating orthogonal projec-—
tions P» (P’, P"). Supposing that a, b are two lines
with images a’, b’ and a", b" respectively, each two
of the following statements imply the third:

(i) a and b are perpendicular;

(ii) either a’ and b’ are perpendicular lines, or a’
or b’ is a point;
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(iii) either a" and b" are perpendicular lines, or a"
or b" is a point. )

Proof: We can assume that a and b are intersecting.
Let ABC be a triangle with A,C€a and B,C € b.
Then we have the following equivalences:

(i) <=> AB2 = AC2? + BCY

(i) {==> A'B’2 = A’C’2 + B’C’2;

(iii) {==> A"B"2 = A"C"2 + B"C" 2
Now due to (1.1) the sum or the difference of each
two equations on the right side implies the third.

Figure 1

In contrast with the 3-space the 4D-version of
the right-angle-theorem also holds for particular
oblique projections. For given angles ¢,, ¢,,
m>¢;>0, let us replace the image planes M; of p,
and I, of p, by planes ¥,, ¥,,

*) If a’ is a point, a" necessarily is a line.
7
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i=1,2, while the planes of sight remain unchanged.
The unit vectors
e = (sinvl,O,cova,O) and e, = (O,Sin-pl,O,cos«pl)
in ¥, and
e; = (cosy,,0, siny,,0) and e, = (0,cos ¥,,0,siny,)
in ¥, determinate Cartesian coordinate systems with
origin (0,0,0,0) in both planes. We calculate
P, (fpfz)far €4) g (fp £ ¢icote,, fcht*Pl)
= (€,e,+¢,e,)/sing,;
Py (fpfzify fq) 4 (faCOt‘Pz ’ G4C°tVz 13 h)
= (53e3+e4eq)/sinv2.
Hence the two images of P = (sl,ez,fa,e,) with plane
coordinates (tl/simp1 » £,/8iny ) in ¥, and
(es/sincpz, ¢4/5ing,) in ¥, are related to the initial
images P', P" by dilatations with factor 1/sine,>1,
For i=1,2 the plane ¥; makes equal angles ¢; with

,.Nt;he corresponding planes of sight. Therefore these
sparticular
-.isocline (see Manning, 1956, p.123), including ortho-

parallel projections should be called

» gonal projections under v, =1/2,

Remark: Theorem 2 holds also for two "complemen-

tary" orthogonal projections
P;: En> En. Pws P and py: En > En-= p o p"
for E= 1l Er-m, 1< m< n-1, n>4. The proof is based

on the fact that for each two vectors a, b the dot-
—product matches the equation a.b = a'.b’ + a".b".

Perpendicularity of planes in E4

The image of a plane ¥ under the mapping o, is
a point, if and only if ¥ is completely perpendicular
to I;. Planes ¥ that are half perpendicular to n

8

R ="
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appear in an edge view. For all other planes the
mapping ¥ * E2, P» P’ is a regular affinity. :

A plane A being half perpendicular to both ; and
l, is called double-projecting. A’ and A" are lines
and we have

PeEA <> P'€A’ and P"€eaA",

The plane A& contains lines 1, perpendicular to M,
and lines 1, perpendicular to II,. Due to theorem 2
the lines 1; and 1, are mutually perpendicular. This
gives raise to a method for finding the true shape
of figures lying in A: We define Cartesian coordi-
nates in A with axes parallel to 11, I, and with an
arbitrary origin O. According to (1.1) each view
shows one coordinate in true size. We construct the
true shape by assembling the two coordinates for
each point Q of A (see fig. 1).

Let A, be a double-projecting plane and let 4, be
completely perpendicular to A;. Then A, must be
double-projecting too and in both views the images
A’, 4," and A", A," must be perpendicular. This can
be deduced from theorem 2: We suppose that I,1,¢4,
are perpendicular to N,, 0, respectively. Then the
second view of each line perpendicular to I, must be
either a point or perpendicular to L". The same
holds for the first view of each line perpendicular
to 1,.

The double-projecting planes A, and A, can be
used as image planes of new mating orthogonal pro-
jections. We find these auxiliary views after con-
structing the true shape of 4, and 4, (cf. Lindgren
and Slaby, 1968). :

Now let ¥ be a plane that is neither double-pro-
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Jecting nor completely perpendicular to N, or o :
The (regular or singular) affinity ¥ » ge willzh P» ;’
maps an unit circle cc¥ onto an ellipse (or a line
segment) c’ (see fig. 2). Its axes m’, n’ of symmetry
are images of perpendicular diameters m, n of c,.
Due to theorem 2 the lines m" and n" must be
perpendicular too. If the semiaxes of ¢’ are denoted
by cosp and cosv, then according to (1.1) the
semiaxes of ¢" read sing and sinv., Here 2 and v
are the two angles made by ¥ and m,.

Figure 2

Let ¢ be the plane completely perpendicular to V¥
that passes through the center O of c. We span this
plane by lines Kk and 1 through O, that are
perpendicular to both m and n., We select line k
perpendicular to 1 within the double pProjecting
plane through m; then it is also Perpendicular to p

10
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because of thedrem 2. Analogously 1 is defined by
'=2n' and 1"=n". Due to theorem 2 k and 1 are
mutually perpendicular. The unit circle d< ¢ with
center O is mapped on ellipses (or line segments) d’
and d", symmetric with respect to the images of k
and 1. The true shapes of the double projecting
planes through m and n reveal that d’ must be
congruent to c" and vice versa. All four ellipses
have the same excentricity.

Theorem 3: Five points U’, A’, B’, C’, D' in a plane I
are the images of origin U and unit points A,...,D of
a 4D-Cartesian frame under orthogonal projection if
and only if the two eIIipses_*) with conjugate diame-‘
ters U’A’, U’B’ and U’'C’, U'D’ respectively have
focal points that are corresponding under a 909-ro-
tation about U’.

The edge length e = UA of the frame is given by

U’A’2 + U'B2 + U'C'2 + U'D? = 2¢2,

Proof: We can appoint the two ellipses as the first
images of two congruent and concentric circles c, d
in completely perpendicular planes. The second
views c", d" must be congruent to d’, ¢’ respec~
tively. The given conjugate diameters U’A’, U'B’ of
¢’ and U’C’ and U'D' of d’ are therefore images of
mutually perpendicular diameters of ¢ and d and
they define a Cartesian frame in Ef. It is wellknown

*X) If U’y A’, B’ are aligned, then the ellipse ¢ is in
edge view. The length 21 of the line-segment c’ is
given by 12 = U’A + U’B’2; the focal points of c'
coincide with its endpoints.

11
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that the semiaxes e.cosu, e.cosv of c¢' and e.sinp,
e.8inv of d' match the equations

U'A"2 + U'B2 = e?(cos?p + cos?v)

U'C'2 + U'D2 = eZ(sin2u + sin?v)
and this results in the e defining equation given in
theorem 3 (cf. Stachel, 1987).

Let a,...,d € C be the complex coordinates x+iy of
A’; ..., D’ with respect to a coordinate system in Il
with origin U’. Then due to Stiefel, 1938, the com-
plex coordinates #*y, %8 of the focal points of the
ellipses ¢’ and d’ are given by

72 = aZ + b2, 62 = ¢c2 + d2,
and from ¢ =%iy we derive the 4D-version of the
Gaussian formula '

a2 + b2 + c2+ d2 =0,
. .This shows that the relation between the four line
'j”:!‘:segments U’A’, U’B’, U'C’, U'D’ is symmetric. m-di-
7. mensional orthogonal views of n-dimensional Car-
tesian frames have already been characterized by
Naumann, 1957 (see Stachel, 1987).
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